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Abstract. In this paper, the concept of complete finite prefixes for pro-
cess algebra expressions is extended to stochastic models. Events are
supposed to happen after a delay that is determined by random vari-
ables assigned to the preceding conditions. Max-plus algebra expressions
are shown to provide an elegant notation for stochastic prefixes not con-
taining any decisions. Furthermore, they allow for the computation of
performance measures. The derivation of the so called k-th occurrence
times is shown in detail.

1 Introduction

Stochastic process algebras (SPA) have become accepted languages for the de-
scription of functional and quantitative aspects of distributed systems. Their
compositionality allows for easy-to-read specifications and for the reuse of mod-
ules. The evaluation and verification of SPA models is frequently based on in-
terleaving semantics, which are prone to state-space explosion. Action delays
are often restricted to exponential distributions, so that results can be obtained
by Markovian analysis. Most interleaving semantics do not allow for general
distributions.

In this paper, we avoid some of the above restrictions by using a true-
concurrency semantics: a finite stochastic event structure prefix. Because of its
non-interleaving nature, it is generally smaller than an interleaving transition
system, and has an explicit notion for the concurrent execution of actions. Ad-
ditionally, it allows for general distributions for the description of action delays.
Our semantics for a simple stochastic process algebra is based on the complete
finite prefix for (non-stochastic) process algebra introduced in [9], which in turn
was inspired by a McMillan prefix for Petri nets [10] (improved by [5]) . Expres-
sions in max-plus algebra [2] are shown to be a natural description for timing
properties of systems. We show that our approach is appropriate for the deriva-
tion of performance measures. Similar work can be found in [13].

The rest of this paper is organised as follows. In Section 2 we briefly review
the derivation of a complete finite prefix for simple stochastic process algebra
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expressions. Section 3 gives an overview of max-plus algebra, especially of max-
plus matrix operations and their application to graphs and systems of linear
equations. We use max-plus methods in Section 4 for the description and evalu-
ation of prefixes. Section 5 concludes with a discussion of the results, drawbacks
and further ideas. The material presented in this paper is based on [4].

2 Complete Finite Prefix for Stochastic Process Algebra

This section gives a brief outline on computing prefixes. Further details can be
found in [49].

2.1 Stochastic Process Algebra
We use a simple SPA throughout this paper. Its syntax is defined as follows.

Definition 1. Let a be an action, F a distribution function with F(x) =0 for
x <0, and A a set of actions. The stochastic process algebra expressions are
defined by the following rules:

P = stop | (a,F)P | P+ P | P||laP | Id o
stop is the process that does nothing. (a, F).P is the process that executes
action a after a delay that is distributed according to F. We can think of a
clock that is set to a randomly chosen delay (according to F') and that counts
downwards to 0, where it eventually expires. After the clock has expired, action a
can be executed. The execution of an action does not consume time. The process
P; + P, may behave either as P; or as P,. Which behaviour is chosen depends on
the clocks that are running for P, and Ps: the fastest wins. If the winner can not
be uniquely determined, the choice is made non-deterministically. The process
Py || 4o P> describes the independent parallel execution of P; and P,. Ounly if one
of them wants to execute an action that is contained in the synchronisation set
A, it has to wait until the other process becomes ready to execute this action as
well. Both execute the action synchronously. An identifier (Id) is a place-holder
for an expression P that is defined by an equation Id = P. We can instantiate
a process several times, i.e., for recursive definitions.

Ezxample 1. As running example, we consider a simple buffer with a writing and
a reading agent. Data of random length is written into the buffer (in) and later
read from the buffer (out). In order to reflect the random length, both operations
require an exponential delay, but reading is faster than writing.

The writer thinks for a uniformly distributed amount of time (between 1 and
5 time units) and writes then something into the buffer:

Writer = (thinkW,uniform([1,5])).(in, exp(5)).Writer
The reader waits exactly 2 time units before it reads from the buffer:

Reader = (thinkR,det(2)).(out, exp(8)).Reader
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with
Buffer = (in,det(0)).(out,det(0)).Buffer.

The entire system is described by
System = Writer| (i Buffer|| (o Reader.

Note that the buffer itself does not delay the Writer nor the Reader upon in
and out actions, respectively, since its delay is 0 time units with probability 1.
O

2.2 Condition Event Structures

The base structure for prefixes are condition event structures. Events describe
the possible occurrences of actions. Each possible occurrence of an action is
denoted by an unique event. We will here identify events by their corresponding
action name, possibly adding a subscript in order to form a unique name.

Definition 2. A stochastic condition event structure is a tuple (D, E, §, <,lr)
where

— D is a set of conditions,

— FE is a set of events,

— # C D x D is the choice relation (symmetric and irreflexive)

— <C (D x E)U(FE x D) is the flow relation,

— Iy : D — DF is a mapping from conditions to distribution functions. <

Note that neither D nor E has to be finite. For technical reasons, we assume
E to contain a bottom event L that denotes the start of the modelled system
behaviour.

Stochastic condition event structures have a simple graphical representation.
Conditions are drawn as circles, labelled with their names and distributions.
Events simply appear with their names. The flow relation is represented by
arrows, the choice relation by lines with a  on them.

An event structure models all possible behaviours of a system. With the start
of the system, we also set imaginary clocks assigned to the conditions directly
following the bottom event 1, ie., for all d € D : L < d. If for any event
the clocks of all directly preceding conditions have expired, this event occurs
immediately, starting the clocks of the succeeding conditions, and so on.

The occurrence of an event e inhibits forever the occurrence of all events
being in conflict with e.

Downwards closed sets of pairwise non-conflicting events are called configu-
rations. The local configuration [e] of an event e is defined by

[e] :={e' € Ele’ <* e}.

() is the local configuration of L. Corresponding to configurations are cuts: a cut is
the set of conditions “following” a configuration. Each configuration corresponds
to a cut and vice versa. After the occurrence of an event, usually some time has
to pass before the next occurrence of an event. Consequently, cuts represent
states in which the system may spend time.
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2.3 Unfolding

The algorithm in [9] for the construction of a condition event structure for a
process algebra expression is derived from the unfolding algorithm for Petri nets
[T0]. So we refer to the resulting event structure as unfolding as well. As shown
in [4], the unfolding algorithm in [9] can directly be used to derive unfoldings
for SPA expression, yielding stochastic event structures.

The unfolding algorithm, which we do not describe in detail here, “un-
folds” the SPA expression, generating conditions and events step by step. The
conditions are additionally labelled with so-called components (via a mapping
l¢). Components are basically prefixed stochastic process algebra expressions,
equipped with a notion for the synchronisation context in which they occur.

Definition 3. Let P be a stochastic process algebra expression, a an action, and
A a set of actions and F' a distribution function. A component C is defined by

C u= stop | (a,F).P | Clla | aC. o

Stochastic process algebra expression are decomposed into components (roughly
by splitting parallel and choice expressions).

Components are assigned to conditions. The choice relation between com-
ponents, derived during the decomposition of SPA expressions, determines the
choice relation between the respective conditions.

For sets of components a structured operational semantics (SOS) can be
defined [9]. Starting from a set of initial components, all possible transitions
(labelled with actions) are derived according to this SOS. For each transition, a
new event and its successor conditions (with appropriately assigned components)
is introduced in the unfolding. Hence, each occurrence of an action is transformed
into a unique event. The whole unfolding is created by successive application of
this derivation of transitions from “unused” components in the unfolding.

If an action is executed by a single component, the corresponding event will
have exactly one preceding condition; if it is the result of a synchronisation, it will
have several predecessors. Apart from the explicit choice, described by the choice
relation on components, there can also be choice as a result of synchronisation on
common labels that can be recognised by the existence of conditions with more
than one succeeding event. In general (for recursive SPA expressions) there is an
infinite number of possible occurrences of actions, and so the resulting stochastic
condition event structure will be an infinite structure.

States. A cut in the unfolding corresponds to a set of conditions, and so it
does (via the mapping l¢) to a set of components. These sets will be such that
they correspond to a valid stochastic process algebra expression that is reachable
(via the classical interleaving semantics) from the original SPA expression. The
expressions can be assembled by undoing the decomposition. They are called
the states of the cut (resp. of the corresponding configuration). In [9] it is shown
that ezactly the reachable states are represented in the unfolding.
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2.4 Prefix

For finite state SPA processes, the possible behaviour is already represented in
a finite prefix of the unfolding. In this section we comment on the construction
of the prefix.

Events are made comparable by a so-called adequate order C such that
(roughly) €’ C e if ¢ is encountered earlier in the unfolding process. There
is a local configuration [e] for all events e in the unfolding and consequently we
have local states, written St([e]). We use the idea of states assigned to events for
the construction of a finite prefix: Whenever we find an event e, such that there
exists an event €' with ¢/ C e and St([e]) = St([¢/]) we call it a cutoff event.
We do not consider the unfolding beyond the cuts of cutoff events. The resulting
prefix is finite and complete (although not always the smallest possible).

The events in the prefix can be seen as representatives of whole classes of
events. They represent the finite number of possible actions, the occurrences of
which determine the event classes. These classes may have an infinite number of
elements.

Ezample 2. In Figure[Il the unfolding and the complete finite prefix for the SPA
expression System of Example [[] is depicted. In order to distinguish different
occurrences of an action, events have action names with unique subscripts. We
name conditions with capital letters. m]

3 Max-Plus Algebra

3.1 Introduction

The so-called max-plus algebra has been developed for the description and eval-
uation of discrete-event systems (DES). A complete survey can be found in [2].
Stochastic DES are treated in [12]. The max-plus algebra is an algebraic ring
comprising the set of real numbers (extended by —oo) as carrier set and @ and
® as operations. @ is interpreted as max and ® as + (we also write @ for —). In
our models we express time by random variables that are mappings from some
probability space into the set of real numbers. By 0 we denote the random vari-
able which is —oo with probability 1; it is the zero-element for the maximum
operation @. With 1 we denote the random variable which is 0 with probability
1; it is the unit-element for ®.

3.2 Matrices and Weighted Directed Graphs

The operations @ and ® can be extended to vectors and matrices whose elements
are drawn from the max-plus algebra.

Definition 4. A directed graph (digraph) G = (V, E) consists of a set V. =
{1,2,...,n} of nodes (vertices) and a set E CV x V of arcs (edges).

G is a maz-plus weighted digraph, if it comes with a mapping w that assigns
to each arc a maz-plus random variable. &
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Fig. 1. Unfolding and Complete Finite Prefix for Writer ||in Buffer ||o. Reader

An alternative representation for a graph is an adjacency matriz A, where

w((i,5)), if (i,j) € E,

Az’j = {07

otherwise.

Of course it is also possible to construct a graph to a given nxn max-plus matrix.
Squaring the adjacency matrix A results in A%, which represents the graph with
an arc between two nodes n; and ns into the resulting graph, if there is a path
of length two in the graph described by A from node n; to node no. Its weight
is given by the sum of the original weights. In the star of a matrix, paths of
arbitrary length are subsumed.

Definition 5. For A an adjacency matriz, A* is defined by the maz-plus sum,

that is the maximum, of all its powers:

A* = é AR,
k=0

In an acyclic graph, there is a maximum length for all paths, and so it is possible
to compute the star with a finite number of operations:

k=0

n
A* = @Ak, for some n < oo.

<&
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3.3 Systems of Linear Equations

We can formulate systems of linear equations in max-plus algebra, as we can
do in the field of real numbers. The well-known techniques for the solution of
systems of linear equations depend on the inverse of @. Unfortunately, max
has no inverse. Consequently, we are not able to solve general systems of linear
equations in the max-plus algebra. However, there is a special case that is well
suited for our purposes [2], as we will see in Section [4.

Theorem 1. Consider a system of linear equations as follows: T =T A& S,
where T is the solution vector we are looking for, A is a matrix and S a given
vector of suitable dimensions. If A is strictly upper triangular, the solution is
gwen by T = S ® A*.

Proof. By insertion of S ® A* in the equation T =T A® S. %

4 Application to Prefixes

We use the max-plus methods introduced in the previous section for the notation
and evaluation of prefixes.

4.1 Occurrence Times and Linear Max-Plus Expressions

The flow relation of the event structure prefixes describes the causal depen-
dencies between events. Conditions are equipped with random variables that
describe the delay between events. Combining dependencies and delays, we can
determine a random variable O(e) describing the time the event e is bound to
occur.

We can derive these occurrence times recursively, starting with the bottom
event | which we assume to happen at time O(L) = 0 = 1. Then, we look at
immediate successor events of 1: their occurrence times are determined by the
maximum delay assigned to the conditions between | and themselves (plus the
occurrence time of 1, which is zero). We introduce for each condition d a random
variable X distributed according to [ (d). Then we can express occurrence times
for all events: we add the random variable of the appropriate conditions to the
occurrence times of the predecessors and then take the maximum.

Definition 6. The occurrence time O(e) of an event e is defined recursively as
O(L) =1 and O(e) := P, 4. O(e') @ Xq for e # L, respectively. &
The resulting expressions are linear in the max-plus algebra.

Ezxample 3. For the unfolding in Figure [[lwe have the following occurrence times:

O(thinkW;) = O(L) ® X4

O(thinkRy) = O(L) ® X¢  deterministic
O(in3) = (O(thinkW;) ® Xp) & (O(L) ® XB)
O(thinkWs) = O(in3) @ Xp
O(outy) = (O(in3) ® X¢g) @ (O(thinkRs) ® Xg)
O(thinkR;) = O(outy) ® X
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O(thinkW;) is a uniform random variable with expectation 3; O(ing) is the
sum of a uniform and an exponential random variable, its expectation is 3.2.
O(thinkR7) is the sum of a deterministic random variable and the maximum of
sums of random variables. Its expectation is 5.6857. O

4.2 Representation of Prefixes

In their graphical form, prefixes have a close resemblance to max-plus weighted
graphs. We now show how to construct a graph (and the corresponding matrix)
for a stochastic event structure prefix.

We interpret events as the nodes of a graph. The flow relation seen at event
level represents the arcs, i.e., if there is a condition d such that e; < d < es, then
there is an arc from ey to es, denoted (e1, e3). The weight of this arc is given by
the delay assigned to d.

Definition 7. For a finite stochastic condition event structure (D, F,4,<,lr)
the corresponding weighted digraph G is defined as follows:

- V=F,

—(e1,e9) EE:<= AdeD:eg <d=<e3
and w((e1,e2)) := Xg with X ~ lx(d) . o

Note that we are loosing information: the conflict between two events is no longer

expressed!

Ezample 4. The graph (left) and matrix (right) of Figure 2 represent the prefix

of Figure [T
O

X g Xe 0XaXeXB0
. . 00 0 Xpo
& B 00 0 0 Xg
X 00 0 0 Xg

3 xe 00 0 0 0
\ 00 0 0 O

Fig. 2. Graph and Matrix for the Prefix of Figure [l

4.3 The Repeating Part

In the preceding section we have shown how max-plus matrices can be used for
the representation of prefixes, although they do not reflect the conflict situations
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between events. Therefore, we have to restrict ourselves to decision-free prefixes,
i.e., prefixes without conflicts between events; all events must eventually occur.
For the corresponding SPA expressions this means that they are not allowed
to contain the choice operator and that they have to avoid synchronisations on
common labels.

Finite prefixes are constructed by finding cutoff events in the unfolding of a
stochastic process algebra expression. To any such cutoff event e in an unfolding
there is another event e’ that is smaller w.r.t. the chosen adequate order (¢ C e)
and has the same local state (St(e’) = St(e)). As a consequence, for an event
e*’' succeeding the local configuration of €/, there is an e* succeeding the local
configuration of e and St(e*) = St(e*’). Thus, by repetition of this argument we
can state that the events of the prefix between ¢’ and e, i.e., the set [e] \ [¢],
represents event classes with an infinite number of members. Since in decision-
free systems all events must eventually happen, the occurrence of representatives
of these classes are observed infinitely often in the evolution of the system.

Definition 8. Let Cutoff be the set of all cutoff events in a given decision-free
prefiz (D, E,0,=<,lF,lc) and Cutoff’ the set of those preceding events that have
the same local state. Then the set of repeating events of the prefix is defined as

E= U N U [

ee Cutoff ere Cutoff’

The set of repeating conditions is given by D" :={d € D|Je € E" : d < eVe <
d}. The repeating part of the prefiz is given by (D", E",0,< [(D" x E" UE" x
Dmy). &

Ezample 5. Figure Bl (a) shows the repeating part of the prefix of Figure [l O

4.4 The k-th Occurrence Time

When does the k-th representative of a certain infinite event class occur? As all
time intervals in our system are described by random variables, the instant can
also be expressed as a random variable.

To make the formal treatment easier, we identify the events (or more precise,
the event classes) E” of the repeating part with natural numbers starting with
1, in such a way that < on the natural numbers respects the partial order on
events. With respect to the graphical representation, we do a topological sorting
of events; for the running example we actually have already done this with the
subscripts added to action names.

Definition 9. For event class i, T;(k) is the instant of time when the k-th rep-
resentative of this class occurs. T(k) is then a max-plus vector containing the
k-th occurrence times for all event classes.
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Fig. 3. Repeating Part of the Prefix

T(1) is easily determined. We simply take the original prefix and compute
the occurrence times for all events in the repeating part. Put in the order given
by the topological sorting, we obtain 7'(1).

Theorem 2. Let e; be the minimal element of event class i according to <*.
The first occurrence time of class i is then given by the occurrence time of e;:

T;(1) = O(ey).

Proof. If e; <* e, then e; must occur before e. Because of being minimal, e; is
the first representative of class i to happen.

For our example
T(1) = (Xa,Xc,Xa® Xp,Xa®Xp® Xo® Xp).

But how do we derive T'(k) for k > 17 We can append a new instantiation
of the repeating part to the prefix by identifying (final) conditions of the prefix
with equally labelled (initial) conditions of the repeating part (cf. Figure Bl (b)).
Doing this infinitely often, we obtain the whole infinite unfolding.

The events of this new instantiation constitute the second occurrences of
the infinite event classes. One can easily calculate their occurrence times. But
there is a formal problem: we must distinguish between the random variables of
conditions with identical labels from the first and the second instantiation. We
do this by introducing explicitly the parameter k: X;(k) denotes the random
variable associated to d in the k-th instantiation of the repeating part.



162 L. Cloth, H. Bohnenkamp, and B. Haverkort

We already know T'(1) when computing 7'(2). Similar to the derivation of
ordinary occurrence times, we are able to describe T;(2) by max-plus expressions
concerning the direct predecessors of i. In general, T;(2) depends on T;(2) for
its predecessor events j in the second instance of the repeating part. If any of
the conditions preceding ¢ is initial in the repeating part, 7;(2) depends also on
T(1). For our example

T1(2) = T5(1) ® Xa(2),
T5(2) = Tu(1) ® X (2),
T3(2) = Th(2) ® Xp(2) @ Tu(1) ® X(2),
T4(2) = T5(2) ® X¢(2) © T2(2) © Xp(2).

A sharp look reveals that this is a system of linear equations in the max-plus
algebra. It can be rewritten in matrix form:

00Xp(2) 0 0 0 0
00 0 Xg(2)
00 0 Xg(2)
00 0 0 0 Xco(2) X5(2)0

T2)=|T2)®

T(1) is already known, so the second part of the sum forms a vector, hence
the equation is in the general form described in Theorem [

The results for T'(2) can be generalised. The vector T'(k+1) depends on itself
for “internal” event classes, and on T'(k) for “initial” event classes.

Definition 10. The internal dependencies within the (k + 1)-th instantiation
of the repeating part are expressed by

Xalk+1), ifi<d=j,
0, otherwise,

Aij(k+1) ::{

The dependencies between the k-th and the (k + 1)-th instantiation of the
repeating part are given by

- [ Xu(k+1), if d indtial,d < j,d" final,i < d',lc(d) = lc(d),
Bij(k+1) := {(D, otherwise,

With these definitions we get
Theorem 3.

Ty(k+1) = éT k+1)®Ayk+1)| @ éTj(lﬂ)(@Bij(k—&-l)

j=1 j=1

In matriz form:

T(k+1) = (T(k +1)® Ak + 1)) ® (T(k:) ® B(k + 1))
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Due to the acyclic topology of the repeating part and the adequate labelling
of event classes, the A(k) are strictly upper triangular matrices. Hence, according
to Theorem [I we state

Theorem 4.
Tk+1)=Tk)@Bk+1)® A(k+1)*, for k> 1.

Proof. Application of Theorem [l %

The calculation of T'(k+ 1) now simply depends on T'(k). Starting with T'(1),
which is given by the occurrence times, all T'(k) can be determined recursively,
step by step. For short, set C'(k) := B(k)®A(k)*, such that the equation becomes

T(k+1) == T(k) ® C(k + 1).

B(k) contains the dependencies of all event classes to the previous oc-
currence of final events. A(k)* cumulates the internal delays such that they
are expressed directly from one event to another without intermediate event.
C(k) = B(k) ® A(k)* expresses the delay between the terminal events of instan-
tiation number k and the (k + 1)-th occurrence of all event classes. Thus, only
the rows corresponding to terminal event classes contain entries different from 0
at all.

Ezample 6. For the running example, taking into account that X g (k) and Xq (k)
are deterministically 0, we find:

0 0 0
0 0 0
C(k) = Xa(k) 0 X4(k)® Xp(k) Xa(k)® Xp(k)
0 Xo(k) 0 Xo(k) @ Xp(k) O

4.5 Cycle Time

Based on the k-th occurrence times of the event classes we can derive recurrence
times for the different classes. As recurrence time we designate the time between
the occurrence of two subsequent representatives of a single event class. It is
again a random variable, describing the distribution of time. The recurrence
times of all event classes are comprised in a vector RT'(k):

Definition 11. RT;(k) denotes the recurrence time between the k-th and the
(k + 1)th occurrence of an representative of event class i:

RT(k):=T(k+1) @ T(k) o
The distributions of the recurrence times can change over time. We are interested
in the long term behaviour of a system, so we take the limit of RT'(k) as a measure
for the general recurrence times (given existence):

RT := lim RT(k).

k— o0



164 L. Cloth, H. Bohnenkamp, and B. Haverkort

The expected limiting recurrence time must be the same for all event classes.
If one class were “faster” than the others, it would have to wait for its predeces-
sors, so it would no longer be faster. Clearly this is only true for those prefixes
with connected repeating part.

We take this identical limiting recurrence times as cycle time for the whole
system. It denotes the time it takes to execute one instantiation of the repeating
part of the system.

Definition 12. Let CT be the expected limiting recurrence time for any event
class:
CT := E[RT;], for arbitrarily chosen 1 <1i <n.

C'T is called the mean cycle time of the system. %

Unfortunately, the calculation of the mean cycle time comes with all those
problems known from the solution of task graph models [I].

Ezample 7. For our example, the mean cycle time for all event classes is

OT = E[(Xa® Xp) @ (Xc ® Xg)] = 5.6857.

4.6 Condition Holding Times

So far we presented two simple performance measures that can be derived from
a complete finite prefix: the k-th occurrence times of events and the mean cycle
time of the repeating part. In this section we show how to use the k-th occur-
rence time of events for the calculation of a performance measure concerning
conditions.

Conditions are assigned stochastic delays. If the system enters a condition, a
clock is started according to the specified distribution function. When this clock
reaches zero, the succeeding event is locally activated. But it does not need to
be the case that the event is also globally activated. Sometimes the system must
remain in a condition, even when the clock already has reached zero. The amount
of time the system actually spends in a condition, i.e., the delay plus the possible
waiting time, is called its holding time.

Definition 13. Let o be a non-terminal condition of the repeating part. Then

Ho(k) = T (k) @ Tja(k), if jo < a < ji1,
T Ti (k) © Tje(k — 1), if a indtial, o < j1, jo < &/, lc(&) = lc(a),

denotes the holding time of condition o in the k-th instantiation of the repeating
part.

In a decision-free unfolding, each condition has exactly one predecessor and
one successor event. The holding time in the k-th instantiation of a condition 4
is then easily determined: it is the difference of the k-th occurrence time of its
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successor and the k-th occurrence of its predecessor. If the condition is initial,
the (k — 1)-th occurrence of the predecessor event has to be considered.

The long-run holding time of a condition « is determined by the expectation
of the limit of H,(k), given existence:

H, =FE [ lim Ha(k)} .
k—o0

Ezample 8. Since H(k) = 3 for all k, H4 = 3. The sum of the mean holding
times for A and D has to be equal to the mean cycle time: Hp = CT — Haq =
5.6857 — 3 = 2.6857. Compare this to E[Xp| = 0.2. The mean holding time for
C'is Ho = 2. Consequently, Hg = 3.6857 (compared with E[Xg| = 0.125).
The writer is expected to think for three time units, then he is expected to
wait for the buffer. This takes (on average) 2.4857 time units. Writing into the
buffer takes 0.2 time units. For the reader process it is quite similar O

4.7 Stationary Probabilities

Prefixes are a semantics for stochastic process algebra expressions. Those ex-
pressions are composed of different agents, which interact with each other. The
agents are further subdivided into components, which are then used as condition
labels in the prefix. We can rebuild the agents from these labels, even if we only
have the prefix. An agent is then represented by a set of conditions forming a
chain w.r.t. the flow relation <.

Exzample 9. In Fig. [ the three agents of the repeating part of our example are

depicted. O
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! !
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\4
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Writer Buffer Reader

Fig. 4. The agents (Writer, Buffer and Reader) of the repeating part

For the repeating part of an agent we know the holding times of the corre-
sponding conditions. Furthermore, we know the time the system needs for one
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cycle. This is exactly the same time the agent needs for one cycle. Consequently,
the sum of all holding times of one agent must be the cycle time. But this means
that we are able to determine the part of time the agent spends in a particular
condition. In other words, we can determine the stationary probability of a condi-
tion. In contrast to stationary probabilities of Markov chains, these probabilities
are local to the agent and do not concern the global system state.

Definition 14. Let C'T be the expected cycle time of a system and H, the ex-
pected holding time of condition «. Then the local stationary probability of
condition « is given by the fraction

cT’ &

Ezample 10. For the writer and the reader of the example, we obtain the fol-
lowing local stationary probabilities:
— The writer is thinking with probability m4 = % = % = 0.5276. He is
waiting for or writing in the buffer with probability 7p = 0.4724.
— The reader is thinking with probability m¢ = 0.3518. He is waiting for or
reading from the buffer with probability 7 = 0.6482.

5 Conclusion

In this paper, we considered complete finite stochastic event structure prefixes
as true-concurrency semantics for simple SPA expressions. After a short intro-
duction in max-plus algebra, a method for the computation of occurrence times
has been presented. Using the idea of cutoff events, we found the repeating event
classes of a prefix. Similar to the calculation of occurrence times, k-th occurrence
times can be derived that are the basis for other performance measures.

Max-plus algebra methods provide an elegant way to describe the timing
behaviour of decision-free stochastic prefixes. The timing of repeating behaviour
can be determined via the solution of a system of linear equations. Unfortunately,
this solution is generally a complex task, as it involves sums and maxima of
random variables, that even might be dependent. So, complexity may make
max-plus matrices useful only for notational purposes.

Finally, we have shown how some performance measures of SPA models with
general distributions can be expressed in terms of the stochastic prefix and max-
plus algebra.
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