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Abstract—Most fingerprint recognition systems are based on the
use of a minutiae set, which is an unordered collection of minutiae
locations and orientations suffering from various deformations
such as translation, rotation, and scaling. The spectral minutiae
representation introduced in this paper is a novel method to
represent a minutiae set as a fixed-length feature vector, which
is invariant to translation, and in which rotation and scaling
become translations, so that they can be easily compensated
for. These characteristics enable the combination of fingerprint
recognition systems with template protection schemes that require
a fixed-length feature vector. This paper introduces the concept
of algorithms for two representation methods: the location-based
spectral minutiae representation and the orientation-based spec-
tral minutiae representation. Both algorithms are evaluated using
two correlation-based spectral minutiae matching algorithms. We
present the performance of our algorithms on three fingerprint
databases. We also show how the performance can be improved
by using a fusion scheme and singular points.

Index Terms—Biometrics, fingerprint recognition, minutiae
matching, template protection.

I. INTRODUCTION

A MONG various biometric identiÞers, such as face, sig-
nature, and voice, the Þngerprint has one of the highest

levels of distinctiveness and performance [1] and it is the most
commonly used biometric modality. Compared with most other
biometric techniques, Þngerprint recognition systems also have
the advantages of both ease of use and low cost. All these rea-
sons explain the popularity of Þngerprint recognition systems.

Minutiae are the endpoints and bifurcations of Þnger-
print ridges. They are known to remain unchanged over an
individualÕs lifetime [1] and allow a very discriminative clas-
siÞcation of Þngerprints. Each minutia can be described by
parameters , where is the location of the minutia
and its orientation [2].
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Today, many Þngerprint recognition systems are based on
minutiae matching [3], [4]. However, minutiae-based Þngerprint
matching algorithms have some drawbacks that limit their ap-
plication. First, due to the fact that minutiae sets are unordered,
the correspondence between individual minutia in two minutiae
sets is unknown before matching and this makes it difÞcult to
Þnd the geometric transformation (consisting of translation, ro-
tation, scaling, and optionally nonlinear deformations [4]) that
optimally registers (or aligns) two sets. For Þngerprint identi-
Þcation systems with very large databases [5], in which a fast
comparison algorithm is necessary, minutiae-based matching al-
gorithms will fail to meet the high performance speed require-
ments. Second, a minutiae representation of a Þngerprint cannot
be applied directly in recently developed template protection
schemes based on fuzzy commitment and helper data schemes,
such as [6] and [7], that require as an input a Þxed-length feature
vector representation of a biometric modality1.

The spectral minutiae representation as proposed in this
paper overcomes the above drawbacks of the minutiae sets,
thus broadening the application of minutiae-based algorithms.
Our method is inspired by the Fourier—Mellin transform, which
allows a representation of images in a way that is invariant
to translation, rotation, and scaling [9]—[11]. By representing
minutiae as a magnitude spectrum, we transform a minutiae set
into a Þxed-length feature vector that at the same time does not
need registration to compensate for translation, rotation, and
scaling. Our algorithm does not distinguish between endpoints
and bifurcations, because the type of a minutia can be easily
confused due to acquisition noises or pressure differences
during acquisition. However, the orientation remains the same
when this occurs. By using a spectral minutiae representation
instead of minutiae sets, we meet the requirements of a template
protection system and allow for faster matching as well.

The spectral minutiae representation method can be easily in-
tegrated into a minutiae-based Þngerprint recognition system.
Minutiae sets can be directly transformed to this new representa-
tion, which makes this method compatible with the large amount
of existing minutiae databases.

This paper is organized as follows. First, the concept of spec-
tral minutiae representation is explained in detail in Section II.
Next, in Section III, two spectral minutiae matching algorithms
are proposed. Then, Sections IV and V present the experi-
mental results and discussions. Finally, we draw conclusions in
Section VI.

1Other template protection systems exist [8] that do not pose this Þxed-length
feature vector requirement.
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II. SPECTRAL MINUTIAE REPRESENTATION

The spectral minutiae representation is based on the shift,
scale, and rotation properties of the two-dimensional (2-D) con-
tinuous Fourier transform. If we have an input signal

(we denote the transpose of a vector as ), its con-
tinuous Fourier transform is

(1)

with . The Fourier transform of a translated
is

(2)

with the translation vector. The Fourier trans-
form of an isotropically scaled is

(3)

with the isotropic scaling factor. The Fourier trans-
form of a rotated is

(4)

with

(5)

Here is the (orthonormal) rotation matrix, and is the (coun-
terclockwise) rotation angle of .

It can be seen from (2) that if only the magnitude of the
Fourier spectrum is retained, this results in a translation in-
variant representation of the input signal. Furthermore, from (3)
and (4), it follows that scaling and rotation of the input signal
results in a scaled and rotated Fourier spectrum.

In order to exploit the above properties of the 2-D Fourier
transform, we remap the Fourier spectral magnitude onto a
polar-logarithmic coordinate system, such that the rotation
and scaling become translations along the angular and radial
axes, respectively. The detailed steps are as follows. Consider
a signal that is a translated, scaled, and rotated replica of

(6)

then the magnitude of the Fourier transforms of and
are related by

(7)

which is a translation invariant representation of the input
signal. If we remap the Fourier spectral magnitude onto a
polar-logarithmic coordinate system as

(8)

(9)
(10)

then we have the Fourier spectral magnitude of and
on the polar-logarithmic coordinates

(11)

Equation (11) is a translation invariant description of the
input signal, while the rotation and scaling have become
translations along the new coordinate system axes. If we
would perform a second Fourier transform on , this is
called a Fourier—Mellin transform [12], [13]. By retaining the
magnitude of this Fourier—Mellin spectrum, we can obtain a
translation, rotation, and scaling invariant representation of the
input signal.

We will introduce a similar procedure as shown in (7)—(11),
which can be applied to minutiae sets in order to Þnd a repre-
sentation that is invariant to translation and where rotation and
scaling are translations.

A. Location-Based Spectral Minutiae Representation (SML)

When implementing the Fourier transform there are two im-
portant issues that should be considered. First, when a discrete
Fourier transform is taken of an image, this results in a repre-
sentation of a periodic repetition of the original image. This is
undesirable because it introduces errors due to discontinuities at
the image boundaries. Second, the remapping onto a polar-log-
arithmic coordinate system after using a discrete Fourier trans-
form introduces interpolation artifacts. Therefore, we introduce
an analytical representation of the input minutiae, and then use
analytical expressions of a continuous Fourier transform that
are evaluated on a grid in the polar-logarithmic plane. These
analytical expressions are obtained as follows. Assume we have
a Þngerprint with minutiae. With every minutia, a function

is associated where
represents the location of the th minutia in the Þnger-

print image. Thus, in the spatial domain, every minutia is rep-
resented by a Dirac pulse. The Fourier transform of is
given by

(12)

and the SML is deÞned as

(13)

In order to reduce the sensitivity to small variations in minu-
tiae locations in the spatial domain, we use a Gaussian low-pass
Þlter to attenuate the higher frequencies. This multiplication
in the frequency domain corresponds to a convolution in the
spatial domain where every minutia is now represented by a
Gaussian pulse. A 2-D Gaussian in the space domain
and its Fourier transform are

(14)
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Equation (14) shows that the parameter of the Gaussian in the
space domain appears as its reciprocal in the Gaussian in the
frequency domain.

Following the shift property of the Fourier transform, the
magnitude of is taken in order to make the spectrum invariant
to translation of the input and we obtain

(15)

Equation (15) is the analytical expression for the spectrum,
which can directly be evaluated on a polar-logarithmic grid. The
resulting representation in the polar-logarithmic domain is in-
variant to translation, while rotation and scaling of the input
have become translations along the polar-logarithmic coordi-
nates.

B. Orientation-Based Spectral Minutiae Representation
(SMO)

The SML only uses the minutiae location information. How-
ever, including the minutiae orientation as well may give better
discrimination. Therefore, it can be beneÞcial to also include the
orientation information in our spectral representation. The ori-
entation of a minutia can be incorporated by using the spatial
derivative of in the direction of the minutia orientation.
Thus, to every minutia in a Þngerprint, a function
is assigned being the derivative of in the direction ,
such that

(16)

As in the SML algorithm, using a Gaussian Þlter and taking
the magnitude of the spectrum yields

(17)

C. Implementation
In the previous sections, we introduced analytical expres-

sions for the spectral minutiae representations of a Þngerprint.
In order to obtain our Þnal spectral representations, the contin-
uous spectra (15) and (17) are sampled on a polar-logarithmic
grid. In the radial direction , we use samples be-
tween and . In the angular direction , we
use samples uniformly distributed between and

. Because of the symmetry of the Fourier transform for
real-valued functions, using the interval between 0 and is suf-
Þcient. This polar-logarithmic sampling process is illustrated in
Figs. 1 and 2.

The sampled spectra (15) and (17) will be denoted
by and , respectively, with

Fig. 1. Illustration of the polar-logarithmic sampling (SML spectra).
(a) Fourier spectrum in a Cartesian coordinate and a polar-logarithmic sam-
pling grid; (b) Fourier spectrum sampled on a polar-logarithmic grid.

. When no confusion can
arise, the parameter and the subscripts and will be
omitted.

Examples of the minutiae spectra achieved with SML are
shown in Fig. 3, and those achieved with SMO are shown in
Fig. 4. In these Þgures, (15) and (17). For
each spectrum, the horizontal axis represents the rotation angle
of the spectral magnitude (from 0 to ); the vertical axis rep-
resents the frequency of the spectral magnitude (the frequency
increases from top to bottom). It should be noted that the minu-
tiae spectrum is periodic on the horizontal axis.

III. SPECTRAL MINUTIAE MATCHING

After representing Þngerprints by minutiae spectra, the next
step is matching: the comparison of two minutiae spectra. The
result of matching is either a ÒmatchÓ (the two spectra appear to
be from the same Þnger) or a ÒnonmatchÓ (the two spectra ap-
pear to be from different Þngers). Normally, in this step, we will
Þrst compute a number (similarity score), which corresponds
to the degree of similarity. Then, by using a threshold, we can
make a match/nonmatch decision [14].

In this paper, two matching algorithms are presented. In the
Þrst algorithm (direct matching), the correlation of two spectral
images was chosen as a similarity score, which is a common
similarity measure in image processing. The second algorithm
is the Fourier—Mellin matching, in which the Fourier transform
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Fig. 2. Illustration of the polar-logarithmic sampling (SMO spectra).
(a) Fourier spectrum in a Cartesian coordinate and a polar-logarithmic sam-
pling grid; (b) Fourier spectrum sampled on a polar-logarithmic grid.

of the minutiae spectrum is taken, and only the magnitude is re-
tained. This will generate a complete translation, rotation, and
scaling invariant descriptor of the minutiae set, and then a cor-
relation-based method is used to calculate the similarity score
of the Fourier—Mellin spectra.

A. Direct Matching

Let and be the two sampled minutiae
spectra in the polar-logarithmic domain, respectively, achieved
from the reference Þngerprint and test Þngerprint. Both

and are normalized to have zero mean and
unit energy. We use the 2-D correlation coefÞcient between
and as a measure of their similarity.

In practice, the input Þngerprint images are rotated and might
be scaled (for example, depending on the sensor that is used
to acquire an image). Since the minutiae spectra are transla-
tion invariant but not rotation and scaling invariant, this method
has to test a few different combinations of rotation and scaling,
which are translations in the minutiae spectra. To be speciÞc,
the scaling becomes the shift (or translation) in the vertical di-
rection, and the rotation becomes the circular shift in the hori-
zontal direction. We denote as a shifted version
of , with a shift of in the vertical direction and a cir-
cular shift in the horizontal direction. Then, the correlation

Fig. 3. Examples of minutiae spectra using SML. (a) and (c) are Þngerprints
from the same Þnger; (e) and (g) are Þngerprints from the same Þnger. (b) Minu-
tiae spectrum of (a). (d) Minutiae spectrum of (c). (f) Minutiae spectrum of (e).
(h) Minutiae spectrum of (g).

coefÞcient between and is deÞned as

(18)

In most Þngerprint databases, there is no scaling difference
between the Þngerprints, or the scaling can be compensated for
on the level of the minutiae sets [15]. Therefore, in practice only
a few rotations need to be tested. We chose to test rotations from

15 units to 15 units in steps of three units, which corresponds
to a range from 10 to 10 in steps of 2 . The maximum
score from the different combinations is the Þnal matching score
between and

(19)

with

for (20)
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Fig. 4. Examples of minutiae spectra using SMO. (a) and (c) are Þngerprints
from the same Þnger; (e) and (g) are Þngerprints from the same Þnger. (b) Minu-
tiae spectrum of (a). (d) Minutiae spectrum of (c). (f) Minutiae spectrum of (e).
(h) Minutiae spectrum of (g).

B. Fourier�Mellin Matching

The Fourier—Mellin transform is often used to obtain a com-
plete translation, rotation, and scaling invariant descriptor. It is
based on the scale-invariance property of the Mellin transform.
The Mellin transform [16] is deÞned for complex as

(21)

If we deÞne the Mellin transform on the imaginary axis, thus
, then the Mellin transform becomes

(22)

The Mellin transform of a scaled with a scaling factor is

(23)

If we make a change of variable , thus , then
(23) becomes

(24)

Equation (24) shows that the scale change in the time domain
just becomes a phase change in the Mellin domain. Therefore,
the magnitude of the Mellin transform is scale-invariant

(25)

A standard Fourier—Mellin transform, sometimes called a cir-
cular Fourier and radial Mellin transform [17], is written as

(26)

If we make a change of variable , thus , and
let , thus deÞning the radial Mellin transform on the
imaginary axis, then the Fourier—Mellin transform becomes

(27)

This is a 2-D Fourier transform of the function . Equa-
tion (27) shows that the Fourier—Mellin transform can be
implemented by a polar-logarithmic transform of the original
signal, and then using a 2-D Fourier transform. Therefore, by
performing a 2-D Fourier transform on the minutiae spectra,
we implement a Fourier—Mellin transform, and we can obtain
a Fourier—Mellin descriptor by only retaining the magnitude.
We denote and as the magnitude of the
2-D Fourier transform of the spectral minutiae spectra
and . In the Fourier—Mellin matching algorithm, the
correlation of two Fourier—Mellin magnitude and

was chosen as a similarity score

(28)

IV. EXPERIMENTS

A. Measurements

We test the spectral minutiae representation in a veriÞcation
setting. A veriÞcation system authenticates a personÕs identity
by comparing the captured biometric characteristic with the
corresponding biometric template(s) prestored in the system.
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