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Abstract. CEDAR (Counter Example Driven Antichain Refinement) is a new
symbolic algorithm for computing weakest strategies fdetyagames of im-
perfect information. The algorithm computes a fixed poirgrave lattice oton-
travariant antichainsHere contravariant antichains are antichains peéis con-
sisting of an information set and an allow set representiregaissociated move.
We demonstrate how the richer structure of contravariatitfzains for represent-
ing antitone functions, as opposed to standard anticham®presenting sets of
downward closed sets, alloweEDAR to apply a significantly less complex con-
trollable predecessor step than previous algorithms.

1 Introduction

Many problems related to synthesis and verification of systeeduce naturally to solv-
ing games [13, 8]. In particular, games of imperfect infotioraform a class of games
where the players have only partial access to the curretet sthich leads to the play-
ers having imperfect information about the game’s exadtioa. In our field this class
of games is important since the concept of partial obselityaseems to arise quite
naturally in several applications.

For example, the Controller Synthesis problem requiresitrabstrategy for a plant
to be automatically synthesized [9, 10]. Here, in gene@lenerything about the plant
will be directly observable for the controller. On a more fimained level of control, the
problem of Motion Planning with Uncertainty naturally eklis aspects of imperfect
information. Finally, for a general problem like InterfaCempatibility Checking [5]
on componentized, object-oriented programs, we may censiig private fields and
methods of an object leading to internal, non-observaltiaeur.

When we restrict ourselves to safety objectives but mainpaitial observability
we are dealing with safety games of imperfect informatiar. this class, if a game is
solvable, there always existangeakessolution which subsumes all other solutions to
the same game.
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Complexity. Itis known that partial observability bumps the complexifywo player
games with perfect observation to a higher class [11]: thme&ntial complexity for
solving games of imperfect information derives from an i@me subset construction
needed to analyze the information sets of the player.

Recently, however, progress has been made in the form of @jerddgorithms
that are able to analyze nondeterministic automata whitédang the explicit subset
construction for determinization [14, 15, 6]. One such nkags of algorithms works by
computing fixed points over antichains which are sets ofyia@ incomparable sets of
states (information sets). Although the inherent compyexdithe problem still remains
exponential, on instances the authors report significdictexicy gains [2].

Contribution. In our approach we limit the scope to safety objectives wiailkbws
for a symbolic algorithm that can compute weakest strasedibis is complementary
to the approach of [4]. Our approach is useful for cases wfigreverything that one
wants to synthesize is expressible as a safety property keugl timeliness constraints
for instance are expressible as a safety property) andydn¢Zesult must be reusable
and amenable to further analysis/composition/optimaatit is especially in case (2)
where weakest strategies really shine.

Since a weakest strategy for a given game subsumes all fossife strategies
it is useful as asafety monitor(i.e: for supervising software or users that cannot be
completely guaranteed safe). Computing the weakest gyratay also form part of a
preprocessing step for generating a safe input graph toandesynthesis procedure
that can optimize some performance measure that is not &sipke as a safety prop-
erty. Finally, weakest safety strategies are useful in apmmitional setting where the
behaviour of the context is not known beforehand so that a g@seral solution is
necessary in order not to exclude possible safe compositiith a concrete context.

Our main contribution is a new algorithm namedaDAR (Counter Example Driven
Antichain Refinement). In a nutshell, the algorithm compudefixed point over an
enriched form of antichains which we cathntravariant antichainsContravariant An-
tichains enjoy most of the properties of normal antichaisthey can represent knowl-
edge based strategies, which are antitone functions fréiomiration sets to allow sets,
rather than just sets of downward closed information séiis additional structure al-
lows us to symbolically compute, not just the set of winninigial information sets, but
the entire weakest knowledge based strategy.

As a second contribution our approach permits to signiflganplify the control-
lable predecessor step. In contrast to [4] we only treatglesitounterexample observa-
tion to the observation-closedness condition for the @wattiant antichain, as opposed
to treating all counterexample observations at everytitara

Related Work. A result that contrasts with the symbolic approach is [3]r¢Hgames
are solved by searching the knowledge based subset caistrinca forward direction
(starting from the initial information set). The winningategy is constructed while
traversing this graph using an efficient on-the-fly fixed paigorithm due to [7]. This
means that loosing states are pruned out and back propagatedarly stage but it does



not constitute a fully symbolic algorithm since the alglomit still explicitly constructs
(a subgraph of the) knowledge based subset construction.

The algorithm presented in [4] works for omega regular wigréonditions, which
from one point of view makes it more general thegDAR, which works only for safety
objectives. However this generality also comes at a priceesfor omega regular ob-
jectives there is in general eeakesstrategy [1]. Indeed the algorithm computes the
set of winning information sets, i.e.: the weakest infoliorasets from which there still
existsa winning strategy.

Recently the same authors show that the antichain repeggemof the largest win-
ning regions for a given parity game does not allow to rectlierwinning strategy
directly [2]. The authors present an algorithm that can troota winning strategy us-
ing antichains as the underlying datastructure for repitésg sets of downward closed
state sets. Clearly, since they are dealing with parity gathe algorithm will construct
a strategy that is not necessarily the weakest. This appiatbe seen as complemen-
tary to ours. Our approach is limited to safety games, butmdas the strategy directly
in the form of a contravariant antichain, and ensures thatrdisulting strategy is the
weakest.

Structure of the paper. The paper is structured as follows. In Section 2 we define and
discuss imperfect information safety games, strategirebwaeakest strategies. In Sec-
tion 3 we introduce contravariant antichains which is the datastructure underlying
CEDAR. In Section 4 we present tleEDAR algorithm. And finally in Section 5 we give
preliminary experimental results and concluding remarks.

2 Safety Games of Imperfect Information

In this section we introduce formally the notion o$afety game of imperfect informa-
tion, and we define theveakest, antitone knowledge based strafegwa given game.

Definition 1 (Safety Games)A safety game of imperfect informatichis a tuple
G _ (L, Cout’ Cin’ a, ﬁ, 57 iinit)

consisting of a finite set afame locations., a finite set ofcontrol outputsC°“t, a
finite set ofcontrol inputsC™®, anoutput labelinge : L — C°%, aninput labeling
B : L — C™, agame boardd C L x L, and a set oinitial locations; ™™t C L (also
called thanitial information se}. We defineD = C°" x C'* as the set obbservations
an observatiom € O is written aso = ¢°%*/c™m. As a convenience we define labeling
v : L — O such thaty(¢) = a(£)/3(¢). We defined = 20™" as the set oéllow sets
Leta=l(a) = {£ € L |3 € a.a(f) =}, andy~ (o) = {{ € L | v(¢) = o};
since it is always clear from the context where a set of locatis required, throughout
the paper we will leave the conversiams®(-) andy~!(-) implicit. <

A safety game of imperfect information should be interpdeds a game between
two playersithe safety playeandthe reachability playerThe objective for the safety



player is to keep the game running forever. The objectivetferreachability player is
to reach a deadlock state, i.e.: a locatidn which it holdsd (¢) = .

Since we aim for a framework where strategies are orderddne#ipect to permis-
siveness we introduce moves for the safety playatlasv setsIn this way we can have
a subsumption relation on the moves for the safety player.ribves for the reachabil-
ity player are then theoncrete successor locatiotigt are allowed by the game board
andby the allow set chosen by the safety player. For exampleg éxe in game location
¢ € L and the safety player chooses mave A, the reachability player must choose
a successor location from thercing setwhich is defined ag(¢) N a. It is up to the
safety player to ensure that her forcing set never becompg/erBelow we illustrate
the definition with a concrete example of a safety game.

Example 1 (Pennymatching)We introduce a simple game pénny-matchingn this
game, at each round, both players choose a side to a penmg.défety player forfeits
her choice by playing = {h,t} (headsor tails) the reachability player will choose
for her. This may seem counterintuitive on this simple exi@npowever note that,
from a control perspective, this is a reasonable model: whersafety player permits
two possible, distinct control outputs and the game-boagkdhot resolve this choice
either, she automatically yields this forcing power to hgpanent.

The rules of the game are now as follows: if both players pkgds the game is over
and it is a win for the reachability player, in all other caiesgame simply continues.
To make the game slightly more interesting we stipulate thatreachability player
cannot surprise the safety player by playing heads twicaawa

Finally, in order to investigate the effect of imperfectanhation, we introduce two
variants of the gamepenpennymatching where the safety player can observe the coin
of the reachability player, and, the harder variafihd pennymatching where the safety
player has no information about what side the reachabildygr chooses at each turn.
According to definition 1 we may model these games as follows:

LPEHH}{ : {h7t} X {h7t} Cci)rllaen = {h’ t} Cki)rllind = {X} Cglelrtmy = {h7t}
i}fé’fmy = {ht} Bopen(s7) = 1 | Bolind (57) = X| Apenny(s7) = 5

596““3’:{(37"75’7”’)€LXL|ﬁ(3:7‘=h)/\(r:h—>r’7&h)}

Note that we consistently shorten a locatienr) € Lpenny as a juxtapositiosr. In
Figure 1 we show a fragment of the unraveling of this gameamgame dagThe inter-
mediate forcing sets (where the reachability player wib@be his move) are shown as
dotted boxes. Note that the mowe= {h, t} (the weakest move for the safety player)
played from the initial game state transitively leads td@tir possible game locations
including the deadlock ahh’. Further note that, played from the locatiath® the same
move transitively leads tcht’ or * tt’ which are both still safe.

The dashed lines connecting two nodes of the game dag ieditat for theblind
version of the game these states in the unraveling of the gaemedistinguishabldor
the safety player. Note that for tlepenversion of the game it is immediately clear what
would be the rational strategy for the safety player, thetggblayer just has to avoid
the deadlock state marked with hence she has to play= {t} all the time until she
observest/h’ after which she may relax her movedo= {h, t}. For theblind version
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Fig. 1. Game DAG for the pennymatching game of Example 1.

of the game this is not so straightforward since her obsenmvatx cannot distinguish
between the successor locatiahsandtt, and for that reason she can never know for
sure to be in locationh. How this is analyzed formally is shown in Example 2. <

Knowledge Based Subset ConstructionSo far we have not explicitly dealt with the
fact that the safety player has only a limited number of olatérns at her disposal. The
fact that the safety player can only make a limited obseswadif the current state is
commonly referred to agartial observability Partial observability leads to the safety
player having onlyimperfect informatiorabout the exact location of the game. The
impact of imperfect information in the analysis of gamesugéd due to the fact that
the game graph is notobservation deterministicThis means that distinct branchings
in § are not always distinguishable for the safety player. Itél wnown that this type
of non-determinism can be resolved by applying a subsetteartion. We give the
definitions below. Recall that, for a given location¢) = o denotes the observable
information on¢, in this sense the set of observatigngartitionsL.

Definition 2 (Knowledge Based Subset Construction}or a given game, withi we
denote the set oihformation setsdefined asI = 2%, and with A we denote the
knowledge based subset constructidrich is defined as a graph over information sets
A C T x I asfollows:

A={(i,#)eIxI|3oe0.i =56)No}

Note that the image of oni is 6(i) = J,c, 6(£), nowi’ = 4(i) N o represents the
strongest knowledge the safety player has about the suedesation upon observing
o with knowledgei about the source location. <

Example 2 (Knowledge Based Subset Constructionfrigure 2 shows a fragment of
the knowledge based subset construction forltlired version of the pennymatching
game from Example 1. We do not normally draw the empty infdiomaset, we do
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Fig. 2. Knowledge based subset construction for the blind penngtmreg game.

include the intermediate forcing sets again for clarityd aow, in addition, we also
show the observations that result from the moves for thenagaility player.

From this graph it is clear what is the rational strategy fier blind pennymatching
game: always play = {t} to avoid information sets that include a deadlock state.

Knowledge Based StrategiesWe are now in a position to introduce the concept of a
strategy for the safety player. This definition also detessithe winning condition: the
safety player wins the game iff she has a strategy to forcafanite play.

Definition 3 For a given game, knowledge based strateggya functionf : I — A.

With F' we denote the set of all knowledge based strategies. Forea givategyf €

F and information set, € I, with outcome(G, f,ip) we denote theutcome off

on G starting fromi, as a set of non-empty traces of game locations annotated with
information statesoutcome(G, f, i) C (L x I)T. This is defined as follows:

outcome(G, f,io) = {loio ... Lnin | Vi < n.t; € ij, andVj < n.
(¢j,€j+1) € 6 and(ij, ij+1) € Aanda(l;t1) € f(i;)}

These are all possible finite (partial) plays that may aribemwour safety player is
playing according to knowledge based strat¢gyAn outcome issafeiff no play ends
in a deadlock (every finite play has a proper extension). \Welest a strategy is safe
for Giffforall i € I eitheroutcome(G, f, 1) is safe, orf (i) = &. A strategy isvinning
iff it is safe andf (i™™i*) # @. A game issolvableiff it permits a winning strategy. <

An Inductive Definition of Safety. For the exposition 0EEDAR we need to give an
equivalent, inductive characterization of safety in teofthe following two elementary
properties of knowledge based strategies. The first prpjgedbstinacy intuitively a



strategy is obstinate if it blocks completely on informatieets for which an empty
forcing set is possible, or, equivalently, it returns a monpty allow set only if each of
the states in the information set has at least one valid ssocén the underlying game
board intersected with the allow set. The second properppgervation-closedness
intuitively a strategy is observation-closed if it can quatee that non-blocking states
will, for every possible observation, lead to non-blocksugcessor states.

One may think of these two properties as an inductive dedimitif safety where
obstinacy forms the base case, and observation-closefmessthe inductive case.

Definition 4 (Inductive Safety) For a given game, a knowledge based strategy F’
is obstinateiff for all < € I such that there exists< i for which§(¢) N f(i) = @ it
holds f(i) = @. A knowledge based strategy € F' is observation-closedf for all
i € I ando € O such thav (i) N f(i) N o # @ it holds thatf (5(i) N o) # @. <

The following lemma establishes thalistinacyandobservation-closednease suf-
ficient conditions to characterize safety for knowledgesblastrategies.

Lemma 1 (Inductive Safety) For a given game, a strategy is safe iff it is both obstinate
and observation-closed. <

Weakest Strategies.In the previous sections we have consistently defagalution to

a safety game amnywinning strategy. In this section we sharpen thithe weakesior
most permissivevinning strategy. Intuitively, a winning strategy is the shpermissive
winning strategy if for all plays the strategy always yiells largest possible allow set
that is sufficient for keeping the future play safe. Formaltis means we introduce an
ordering onF' with respect to which we may select the greatest elementisubset of
safe strategies.

Definition 5 For a given game, we define a weak partial o/dem F such thatf’ 3 f
iff forall < € T'itholds f'(i) D f(i). We sayf’ is weakeror more permissivéhanf. A
strategyf € F is antitoneiff for all 4,7’ € I itholds:i C ' impliesf(i) 2 f(i'). <

We first show that for obtaining weakest, safe strategiesamaestrict our attention
to antitone strategies.

Lemma 2 For a given game, for any safe stratefjthere exists a weakest, safe, anti-
tone strategyf’ such thatf’ I f. <

Proof Given a strategy that is obstinate and observation-closed, we can define=
U{f (@) |« Ci'}. Itis straightforward to show thgt J f, andg is antitone, obstinate,
and observation-closed.

Given any two antitone, obstinate and observation-closategiesf; and f», it can be
checked that their join, defined @& Li f2)(i) := f1(i)Uf2(7) is also antitone, obstinate,
and observation-closed. Hence, as the lattice of antitafeedrategies is finite, it is a
complete lattice, and the weakest safe antitfhg g exists. O

We can summarize this discussion by the following definitiod theorem:
Definition 6 With f; we denote the weakest, safe, antitone strategy on game <

Theorem 3 For any gamé it holds thatG is solvable iff /¢ (i"1') # @. <



3 A Datastructure for Representing Antitone Functions

In this section we develop an efficient, symbolic reprederidor antitone functions as
contravariant antichainswhich are antichains over domain/codomain pairs. First we
give the general definition of a contravariant antichaixt mes instantiate this definition
and use it as the main datastructure underh@eg@AR. As it turns out, contravariant
antichains are suitable for representing both knowledgedbatrategies as well as the
set of open counterexample observations.

Definition 7 (Contravariant Antichains) Let (.S, C®) be some finite, partially ordered
domain that forms a complete lattice, afifl, C*) some finite, partially ordered co-
domain that forms a complete lattice.cAntravariant relationis a seth C S x T that
represents a functiofh] : S — T such thafh](s) = J{t' | (s',t') € h,s C° s}, i.e.
an element from the domainS is implicitly mapped to an elemenbf the codomain
T that is the join of allt’ to which weaker’ thans areexplicitly related ink. We will
frequently abuse notation and write simplgs) instead of[2](s). We define the weak
partial orderC{&*) on 'S x T as the product ordets, t) C{& (s ¢') iff s C° s' and
t Ct ¢'. The corresponding strict partial order is denoted§" .

A contravariant antichainis a contravariant relation consisting of pairwisé*-
incomparable domain/codomain pairs. Witt, 7'] we denote the set of contravariant
antichains fromS'to 7'. <

Below we give an example of the use of contravariant antichr representing
knowledge based strategies.

Example 3 (Strategies as Contravariant Antichains)Assuming the definition in ex-
ample 1, the following contravariant antichdif.n.y € C[I, A] represents a knowledge
based strategy for the pennymatching game:

hpenny = {<{ht7 ttv th}a {t}>7 <{th}7 {ha t}>}

Note that[hpenny] iS @ winning strategy for the (blind) pennymatching game. this
specific instantiation of Definition 7 we will refer to the dam/codomain pairs as
info/allow pairs.

It is clear that contravariant antichains with their ser@nin the domain of an-
titone functions form an adequate representation of knidgedbased strategies. They
are, however, natanonical To see this note that the following contravariant antiohai
kpenny 1S €Quivalent tdh,enny in the sense that they represent the same strategy:

kpel’my = {<{ht’ tt, th}v {t}>’ <{th}’ {h}>}
Note that[kpenny] ({th}) = {h} U {t} = {h,t}. <

Apparently there is still structure in a contravariant elndiin. To characterize it,
we lift C* andC* to preorderson S x T, by defining(s,t) C& (s ¢') iff s C° &/,
and similar forC{-*), Note that for the corresponding strict partial orders, \ageh
C(Srt>: (C<5:> N g(ﬂ) @] (g<5:> N C<1t>)



We now propose two possible canonical classes of conteaviagintichains called
saturated contravariant antichainandsparse contravariant antichainsgspectively.
A contravariant antichain is calleshturatedif it contains allC (*)-maximal domain/
codomain pairs in the graph of the antitone function it repries. The strategypenny
from example 3 is saturated. A contravariant antichaisgarseif it contains only
C)-principal pairs, which are all pairs for which the targedisjoint from the joined
targets of all domain/codomain pairs that have a weakercsoelement. The strategy
kpenny from example 3 is sparse. Both on saturated and sparsedestan® " is anti-
symmetric.

A contravariant antichain in its sparse normal form is gatgsmaller because it
only contains pairs that have “added value”. However, imgigle, it carries the same
information as a contravariant antichain in its saturatedmal form. In Section 4 we
show how both normal forms are useful in practice.

Definition 8 (Sparse Contravariant Antichains) Let (S, C®), (T, C%) be complete,
finite lattices. For a given contravariant relatibnC S x T'ands € S with hTs
we denoteh aboves, defined asis = {(s',t') € h | s C® s'}. With S(h) we denote
thesource sebf h defined as(h) = {s € S| 3t.(s,t) € h}. With | h] we denote the
sparse normal form of. This is defined as follows:

|h] = {(s,t) | s € S(h) andt = [h](s) \ [I1s](s) andt # &}

We sayh is sparseiff h = |h]. With |C][S,T] we denote the set of all sparse con-
travariant antichains frorf to 7'. <

Definition 9 (Saturated Contravariant Antichains) Given any contravariant relation
h C S x T, with [1] we denote theestriction ofh to C{*)-maximal elementd his is
defined as follows:

[h]={(s,t)eh|t#D andf(s',t') € h.(s,t) st (s, 1)}
We define theeontravariant closures follows:

H—hJ] = |—{<S,t> | 3<81,t1>, Ceey <Sm,tm> € h.s= Ni<j<m$; andt = Ulgjgmtj}.|

i.e.: for any non-empty subset of domain/codomain pairsake the meet of the source
elements and the join of the target elements. Wels@ysaturatediff » = [h |, with
IC|1S,T] we denote the set of all saturated contravariant anticHeons S to 7'. For
h,k € [C|[L, A] we leth U k be thejoin of h andk, definedasi Uk = [hUK]. <

4 An Algorithm for Computing Weakest Strategies

Algorithm 1 computes the weakest, safe knowledge basetégirdor a given safety
game of imperfect information. The algorithm works by apqmuating from above
an obstinate, observation-closed fixed point in the lattfceaturated contravariant an-
tichains. We recall our characterization of safety in teainsbstinacy and observation-
closedness in Definition 4. The algorithm is based on thetfedtwe can maintainb-
stinacyas an invariant by never allowing any source location wittpgnforcing sets



into the strategyObservation-closednefisen remains as the fixed point condition that
the algorithm needs to work towards. The idea is to apprdeefixed point by treating,
at each iteration, a counterexample against observatomea@ness. A counterexample
against observation-closedness consists of an informatt € I and an observation
o € O, suchthat(i) N f(i) No # @ and f(4(i) N o) = &, i.e.,o can actually be
observed, but the strategy blocks on the resulting infaonaget.

In order to avoid an explicit iteration over all possible ebh&tions,CEDAR com-
putes, for a given € I, the set of counterexample observatisgmbolically To show
how this is done we now give an alternative characterizaifdhe set of counterexam-
ple observations as the setwifexplained observations

Intuitively, an observatiom € O from an information set € I is explainedby
another information set’ € I, if the successor information sét= §(i) N o is a subset
of i and f(i”) # @. Note that, since is antitone, it follows thaff (') # @ hence
(i,0) is not a counterexample to observation-closedness. The set efwvai®ns that
arenot explainedy anyi” can now be computed symbolically as

N A IR CORVOING @)

iELf(i") A<D

Thatis:O' contains all observations for which the successor infoilonatet fromi
is not completely inside any suitabté. In Definition 10, we see how the contravariant
antichain representation of strategies simplifies the$etgtion in Equation 1 further.

Prerequisite Functions. Before we discusseDAR in more detail we first define the
three helper functions in terms of which the algorithm isresged.

Definition 10 (Unexplained Observations)For h € [C|[I, A] we leth be the an-
tichain of maximal information sets i, defined ash = {i" € S(h) | $i’ € S(h).i"” C
i'}. We letUobs(h) € |C][I,29] be the set ofinexplained observationsgefined as
follows:

Uobs(h) = [{(i,0") |i € S(h) andOt = (1) 4((6(i) N h(@)\ ")} (2)
i"eh
Note the restriction to maximal information sets in Equa®oThis is valid since an
observation that is not explained by any of the maximal imfation sets will certainly
not be explained by any of the weaker information sets. Belengive an example of
how defining Equation 2 is used to compute the set of courdenple observations.

Example 4 (Unexplained Observations for PennymatchingWe leth € [C][I, 4]
beh = {{{ht,tt,th}, {h,t})}, this is the weakest obstinate strategy for the penny-
matching game. So let= {ht, tt,th} anda = {h,t}. To computeUobs(h) we first
compute the forcing sé¥(i) N a = {hh, ht, tt, th}. We then compute the set of unex-
plained observations, we have only one maximal informagietit’ = {ht, tt, th} € &,

we subtracti” from the forcing set and obtaifhh}. For this set we compute the
set of corresponding observation§{hh}) = {h/x}. Since there is only one maxi-
mal information set, in this case, the intersection is aliyidone: fori we get simply

O' = {h/x}, and henc&Jobs(h) = {({ht, tt, th}, {h/x})}. <

10



After explaining how to detect counter examples as unerpthobservations, we
now explain how to treat such a counterexaniple). First, leth | i be thesubstrategy
of honi, defined asil}i = {(¢/,a’) € h | ' C i}. This represents the behaviour of the
strategy[/] on all the information sets that are stronger-than-or-etpua Now, if i has
an unexplained observatiefi**/c™ € [Uobs(h)](i), since allstrongeri’ C i have a
weakerallow seth(i’) 2 h(i) these stronger will also allowc®". Hence, to effectively
“treat” the unexplained observati@eDAR will replace the entire affected substrategy
by the most permissive substrategy that is observatioped®no = c°u*/c". This
most permissive substrategy will actually be the join of tsubstrategies, which are
based on the restricted successor, and the controllabdeessor.

The controllable predecessor substrategy, illustratefigare 3 (a), contains the
weakest, obstinate info/allow pairs that explain the olegon by strengthening the
information set to the weakest controllable region thatdésrthe successor information
set within one of the existing maximal information séts 1, i.e.: this new substrategy
solves the problem by requiringore knowledge

Definition 11 (Controllable Predecessor)For some strategh € [C][I, 4], a set of
maximal information setg C I, and some observation = °¥c* € O we let
Cpre(h, g,0) € [C][I, A] be thecontrollablec®®/c"-predecessor strategy bf defined
as follows:

Cpre(h, q,0) = [{(i®,a) | (i,a) € h,i" € ¢,i* =i\ 67" ((8() o) \ i")}]

The restricted successor substrategy, illustrated inrEigub), contains the weak-
est, obstinate info/allow pairs that avoid the unexplaiokservation by restricting the
allow set and hence preventing the observation from ariatral, i.e.: this new sub-
strategy solves the problem by becomiegs permissive

(a) controllable predecessors (b) restricted successors

Fig. 3. lllustration of Definitions 11, 12(a) for a giveni, o and:” we compute the weake#t C i
such thati(i°) No C i, i.e.:s” explains(i®, o). Here,i¢ is the left dashed region, and the gray
region denoted(:°) No. (b) for a giveni, a anda® C a we compute the weakest C 4 such that
(i*, a*) is obstinate. The gray region denotds’) N a’.
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Definition 12 (Restricted SuccessorWe let Rsucc(h, c°"*) € [C][I, A] be there-
strictedc®u*-successor strategy df, defined as follows:

Rsucc(h, c®™) = [{({i",a") | (i,a) € h,a" = a\ {c"™},i* =iNd 1 (6(i) Na")}

Description of the Algorithm. We have now all prerequisites to present Algorithm 1,
and illustrate its working on the blind penny matching exémp

In line 1 the contravariant antichain is initialized to béywninformed, except that
the system is not initially in a deadlock state, and maxiynpéirmissive, i.e. it allows
all control outputs. The while condition in line 2 states whdiasically the negation of
observation-closedness, in terms of Definition 10. In livee3select a counterexample
information set and concrete observation from the (synohaét of its unexplained
observations. In line 4 we compute the most conservativeaefent needed to make the
contravariant antichain observation-closed for the $etbecounterexample observation.
The most permissive substrategy is computed based on Dafsit1l and 12.

Note that this refinement istrict since (1) in the restricted successor, the allow
seta’ of each newly introduced pair is guaranteed to be a strictetubfa, and (2)
in the controllable predecessor, the informationi§dbr each newly introduced pair
is guaranteed to be a strict subsetiofurther note that, for (1), using saturated
contravariant antichain for info/allow pairs makes surat thesides beingtrict, the
restricted successor strategy is also mhest permissiveand, for (2), using &parse
contravariant antichain for the counterexample pairs makee that the nevf pairs
are never fully absorbed by the existing pairs aboivethe saturated strategy.

After one iteration of the while loop we have obtained thetreatravariant an-
tichain which is strictly below the previous one but alwapewee-or-equal-tgs in the
strategy subsumption ordering. The algorithm terminates when there are no more
counterexamples to observation-closedness. Since tlee @huirement orf, obsti-
nacy, is an invariant of the algorithm it follows that, atrténation,[z] = f¢. Inline 5
we do a final test to see jf; is winning from the initial state, if so then the results are
useful andh is returned. If we are not interested in any particular ahistate we may
setii™ = g since, upon termination, it always holdgw) = f(@) = C°u.

Algorithm 1: CEDAR (Counter Example Driven Antichain Refinement)
Data: G = (L, C°",C™, o, 3, 6,i™") — a game.
Result the contravariant antichaimsuch thafh] = f¢, or @ in caseG is unsolvable.
h—{({teL|d{)#a} C)}
while Uobs(h) # @ do
select somei, O) € Uobs(h) and c**/c™ € OF
h— (h\ h{4) U ( Rsucc(h {4, c®*) U Cpre(h {4, h, c®%/c™) )
if h(i™%) # @ then
| return h

else
L return @

o g A~ W N PP

o0 ~
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Example 5 (Solving pennymatching withCEDAR) The next table shows the succes-
sive values of the main program variables during a run of tgerghm on the blind
pennymatching game of Example 1.

line 1; initialization: h «— {{{ht, th, tt}, {h,t})}
line 2; observation closed? Uobs(h) = {({ht, th,tt}, {h/x})}
line 3; select counterexample: i < {ht, th, tt}

cout/cin - h/X
line 4; refinement: Rsucc(h i, h) = {({{ht, th, tt}, {t})}

Cpre(h i, h,h/x) = {({th}, {h, t})}

h — {{{ht, th, tt}, {t}), {{th}, {h, t})}
line 2; observation closed? Uobs(h) = @
line 5; strategy is winning? h({ht}) = {t}
line 6; yes, return h = {{{ht, th, tt}, {t}), ({th}, {h,t})}

As can be seen, on this simple example, the fixed point is eebatter a single iteration.
And the resulting strategy is indeed tiweakes{and in this cas&inning) strategy. <

5 Experiments and Conclusion

We made a prototype implementation of the algorithm usirgBhDDy package [12]
for BDD manipulations. For comparison, we also implemeraeadn-the-fly, forward
fixed point evaluation over the knowledge based subsetieanitn as described by [3].
We refer to that algorithm asTFOE (On-The-Fly fOrward Exploration). The compar-
ison is not completely fair, becausaFOE computes a partial weakest strategy only
for reachableinformation sets, and, vice versa, cedar does not compateetichable
information sets. Although the algorithms compute sligldifferent results, still it is
interesting to contrast the fully symbolic approach with ¢éxplicit forward exploration.

We evaluated both algorithms on two different architectuiiéne first architecture
is a singlemonolithicgame graph. The second architecture tomposedjame graph
generated by four randomly synchronizing components ofkvbnly the first one con-
tains a deadlock and control in- and outputs. Both architestare illustrated in Fig-
ure 4. The distinguishing difference of the compositionah#tecture, as opposed to
the monolithic architecture, lies in the concurrency arwlity exhibited by the former
and not by the latter.

¥1,2 2.3 3.4
) [Lo| = 32 ) ¢ ¢ ¢
o —(3 3 init Cin —(2)— ‘(Lzl‘ i;it4 2 Lo) = 4 2 |y = 4 2] Ly =4
cont {3y 5 erlror— cont (24 1 err) —(2)—| (2 init) k(2)—| (2 init) k(2) (2 init)
locations) 2l 032 o

Fig. 4. Themonolithic(left) andcompositionalright) architectures. For the compositional archi-
tecture we make sure that componens input enabled with respect to the internal synchroniza-
tion labels inC¥®. These special labels are projected away in the final ganpgra
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Table 1. Results forcEDAR andoTFOEoON monolithic and compositional games. Undes.we
give the number of(-) andé ' (-) operations performed. Undsizewe give thefinal (maxima)
size of the contravariant antichain foEDAR and theexplored(safg information sets fooTFOE

monolithic games compositional games
CEDAR OTFOE CEDAR OTFOE
ops. sizelops. size ops. sizg ops. size
18 4(4) 327 105(69 13 2(2) 23 8(0
207 1(8) 11 4(0 9 3(3) 116 43(30
290 1(12) 265 69(0 16 3(3) 200 68(24
90 6(8) 340 103(62 16 4(4) 17 7(4
62 5(6) 303 98(60 42 1(4) 260 81(0
37 5(5) 229 78(42 9 3(3) 219 80(60
203 1(11) 11  4(0 77 3(4) 27 1000
314 5(14) 20 700 15 3(3) 13 5(@3
212 1(10) 183 44(0 27 4(5) 39 15(9

©CoO~NOOADWNPRPH®
© ONO D WNPEPIH*

The game components are randomly generated with a fixed mofiloeations and
labels (cf. Figure 4). Randoihrelations are generated componentwise. We take care
that eachy,. is input enabled so that the products always deadlock free. We then
introduce deadlocks on a random set of error locations.Hetransition density;; =
|6]/|L|?, we maintain-s = 0.3 for the monolithic architecture arido4 < rs < 0.08 for
the compositional architecture. Around these values wervks the maximal number
of safely reachable information sets on average. Note tigbiases our experiments
to dense, solveable game graphs.

We solved 9 random games for each architecture and measigedinber of(-)
and§—!(-) operations performed. These are principal operationsdtr GEDAR and
OTFOE In particular,0oTFOE uses onei(-) for determining the forcing set of each
newly generated information set, and afié (+) to test obstinacy whenever an allow
set changes (i.e. for new states and for backpropagatirjeiosntrol outputs).

The results of the experiments are shown in Table 1 and Figuwe see that,
on dense game graphs generated by many comporeaig,R performs better than

T2 B CEDAR
2 P 7z OTFOE

B CEDAR
7 OTFOE

0 100 200 300 400 0 50 100 150 200 250 300
Number of operations Number of operations

Fig. 5. Sorted charts of the data in Table 1; fapnolithic(left) andcompositionagames (right).
The dotted and solid lines show averages over 100 gamesrfapEand CEDAR, respectively.
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OTFOE We still see evidence of bad worst-case behaviour in tha fafroutliers like
random compositional game number 7. For sparser game gnagpblserved the worst
performance oEEDAR aroundrs; = 0.1 for monolithic games# 3.3 - 10° operations
on average), and aroung = 0.01 for compositional gamesy 46 ops.). Whether
or not bad worst-case behaviour plays a significant role ahinstances needs to be
evaluated by testing the algorithm on real-world models.

As future work, we suggest to investigate the degrees ofltmeeallowed iINCEDAR,
for instance in selecting the next counter example. Dyngrogramming techniques
could speed up the implementation, by avoiding the compéstemputation of the next
counter example. In order to preserve memory usage, ond atad store the strategies
in a sparsecontravariant antichain, and recompute its saturated raiach iteration.
Finally, one could compare the efficiency ©EDAR with the antichain method in [2].
However, a fair comparison is complicated because bothi#thgos compute essentially
different objects. In a separate paper, we will show how #milts can be used for
compositional controller synthesis.
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