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Abstract. We prove the correctness of a two-way sliding window protedth pig-
gybacking, where the acknowledgments of the latest redela¢a are attached to the
next data transmitted back into the channel. The windowdib®mth parties are con-
sidered to be finite, though they can be of different sizesskigav that this protocol is
equivalent (branching bisimilar) togair of FIFO queues of finite capacities. The pro-
tocol is first modeled and manually proved for its correcsringhe process algebraic
language of:CRL. We use the theorem prover PVS to formalize and to mechiwi
prove the correctness. This implies both safety and live(esder the assumption of
fairness).

Keywords. two-way sliding window protocol, specification inCRL, verification
with PVS, a pair of FIFO queues

Introduction

A sliding window protocol [6] (SWP) ensures successful srarssion of messages from a
sender to a receiver through a medium, in which messagese&sg) Its main characteristic
is that the sender does not wait for incoming acknowledgelesfiore sending next messages,
for optimal use of bandwidth. Many data communication systénclude a SWP, in one of
its many variations.

In SWPs, both the sender and the receiver maintain a buffercédsider awo-way
SWP, in which both parties can both send and receive dateeeksrirom each other. One way
of achieving full-duplex data transmission is to have twpasate communication channels
and use each one for simplex data traffic (in different dioexsl). Then there are two separate
physical circuits, each with a forward channel (for dataj ameverse channel (for acknowl-
edgments). In both cases the bandwidth of the reverse chiarelenost entirely wasted. In
effect, the user is paying for two circuits but using the @atyaof one. A better idea is to
use the same circuit in both directions. Each party maistuo buffers, for storing the two
opposite data streams. In this two-way version of the SWRcanowledgment that is sent
from one party to the other may get a free ride by attachingat data element. This method
for efficiently passing acknowledgments and data elemémgigh a channel in the same
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direction, which is known agiggybackingis used broadly in transmission control protocols,
see [39]. The main advantage of piggybacking is a better tisganlable bandwidth. The
extra acknowledgment field in the data frame costs only a fiésy Whereas a separate ac-
knowledgment would need a header and a checksum. In add#éwer frames sent means
fewer ‘frame arrived’ interrupts.

The current paper builds on a verification of a one-way varsiche SWP in [8,1]. The
protocol is specified ipCRL [14], which is a language based on process algebra atidebs
data types. The verification is formalized in the theorenverd®VS [28]. The correctness
proof is based on the so-callednes and foamethod [17,9], which is a symbolic approach
towards establishing a branching bisimulation relatiome Btarting point of the cones and
foci method are twq.CRL specifications, expressing the implementation and #wred
external behavior of a system. $tate mappingy relates each state of the implementation
to a state of the desired external behavior. Furthermoesusler must declare which states
in the implementation arfocus pointswhereby each reachable state of the implementation
should be able to get to a focus point by a sequence of hiddesitions, carrying the label
If a number ofmatching criteriaare met, consisting of equations between data objects, then
statess and ¢(s) are branching bisimilar. Roughly, the matching criteria:dd) if s — s’
theng(s) = ¢(s'), (2) each transitios = s’ with a # 7 must be matched by a transition
#(s) = ¢(s'), and (3) ifs is a focus point, then each transitionddfs) must be matched by a
transition ofs.

The crux of the cones and foci method is that the matchingraiare formulated syn-
tactically, in terms of relations between data terms. Thas,obtains clear proof obligations,
which can be verified with a theorem prover. The cones andnfi@thod provides a general
verification approach, which can be applied to a wide rangmofmunication protocols and
distributed algorithms.

The main motivation for the current research is to provideeximanized correctness
proof of the most complicated version of the SWP in [39], udthg the piggybacking mech-
anism. Here we model buffers (more realistically) as orddists, without multiple occur-
rences of the same index. Therefore two buffers are equuliiley are identical. That is,
any swapping or repetition of elements results in a diffeberffer. It was mainly this shift to
ordered lists without duplications (i.e. each buffer isqualy represented with no more that
once occurrence of each index), that made this verificattencese hard work. Proving that
each reachable state can get to a focus point by a sequeneganfsitions appeared to be
considerably hard (mainly because communication stegsedito data streams can happen
simultaneously).

The medium between the sender and the receiver is modelddssyajueue of capacity
one. With buffers of size&n; and2n,, and windows of sizes; andn,, respectively, we
manually prove that the external behavior of this protosdlranching bisimilar [43] to a pair
of FIFO queues of capaciB3n; and2n,. This implies both safety and liveness of the protocol
(the latter under the assumption of fairness, which intelyi states that no message gets lost
infinitely often).

The structure of the proof is as follows. First, we linearilze specification, meaning
that we get rid of parallel operators. Moreover, commumcaactions are stripped from
their data parameters. Then we eliminate modulo arithmesimg an idea from Schoone
[35]. Finally, we apply the cones and foci technique, to prtivat the linear specification
without modulo arithmetic is branching bisimilar to a pairFdFO queues of capacityn,
and2n,. The lemmas for the data types, the invariants, the tramsftons and the matching
criteria have all been checked using PVS 2.3. The PVS fileaaiable viahttp: //wuw.
cs.utwente.nl/~vdpol/piggybacking.html.

The remainder of this paper is set up as follows. Section @cdé&d to the related
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works ([8]). In Section 1 th@CRL language is explained. In Section 2 the data types needed
for specifying the protocol are presented. Section 3 feattineuCRL specifications of the
two-way SWP with piggybacking, and its external behaviorSection 4, three consecutive
transformations are applied to the specification of the SiWHnearize the specification,
eliminate arguments of communication actions, and getfrrdadulo arithmetic. In Section

5, properties of the data types and invariants of the tramsfd specification are formulated,;
their proofs are in Appendix.B. In Section 6, it is provedtttiee three transformations pre-
serve branching bisimilarity, and that the transformeasjation behaves as a pair of FIFO
queues. In Section 7, we present the formalization of thiéieation of the SWP in PVS. We
conclude the paper in Section 8.

Related Work

Sliding window protocols have attracted considerableregefrom the formal verification
community. In this section we present an overview. Many efsthverifications deal with
unbounded sequence numbers, in which case modulo arithisetvoided, or with a fixed
finite buffer and window size at the sender and the receiaseGtudies that do treat arbitrary
finite buffer and window sizes mostly restrict to safety mdes.

Unbounded sequence numberStenning [38] studied a SWP with unbounded sequence
numbers and an infinite window size, in which messages camdbeduplicated or reordered.

A timeout mechanism is used to trigger retransmission. risdgngave informal manual
proofs of some safety properties. Knuth [24] examined mereegal principles behind Sten-
ning’s protocol, and manually verified some safety propertHailpern [18] used temporal
logic to formulate safety and liveness properties for Sitagia protocol, and established their
validity by informal reasoning. Jonsson [21] also verifiedety and liveness properties of
the protocol, using temporal logic and a manual compostigarification technique. Rusu
[34] used the theorem prover PVS to verify safety and liverm@eperties for a SWP with
unbounded sequence numbers.

Fixed finite window size Vaandrager [40], Groenveld [11], van Wamel [44] and Bezerh an
Groote [3] manually verified in process algebra a SWP withdeum size one. Richiegt al.
[32] specified a SWP in a process algebra based languagéeBRiaind verified safety prop-
erties for window size up to eight using the model checkeraXddadelaine and Vergamini
[27] specified a SWP in Lotos, with the help of the simulatiomionment Lite, and proved
some safety properties for window size six. Holzmann [1Ppy&@d the Spin model checker
to verify safety and liveness properties of a SWP with seqe@mumbers up to five. Kaivola
[23] verified safety and liveness properties using modetkimg for a SWP with window
size up to seven. Godefroid and Long [10] specified a full da@WP in a guarded com-
mand language, and verified the protocol for window size tgiogia model checker based
on Queue BDDs. Stalet al.[37] used a combination of abstraction, data independeoce;
positional reasoning and model checking to verify safety lareness properties for a SWP
with window size up to sixteen. The protocol was specifiednonkela, the input language
for the Spin model checker. Smith and Klarlund [36] speciae8WP in the high-level lan-
guage IOA, and used the theorem prover MONA to verify a sgbetyperty for unbounded
sequence numbers with window size up to 256. Jonsson ansbNi[22] used an automated
reachability analysis to verify safety properties for a SWikh a receiving window of size
one. Latvala [25] modeled a SWP using Coloured Petri netsughéss property was model
checked with fairness constraints for window size up toetev

Arbitrary finite window size Cardell-Oliver [5] specified a SWP using higher order logic,
and manually proved and mechanically checked safety ptieparsing HOL. (Van de Snep-
scheut [41] noted that what Cardell-Oliver claims to be aress property is in fact a safety
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property.) Schoone [35] manually proved safety propeftieseveral SWPs using assertional
verification. Van de Snepscheut [41] gave a correctnessf pfom SWP as a sequence of
correctness preserving transformations of a sequentaram. Paliwoda and Sanders [29]
specified a reduced version of what they call a SWP (but which fact very similar to the
bakery protocol from [12]) in the process algebra CSP, anifie® a safety property mod-
ulo trace semantics. Rockl and Esparza [33] verified theectmess of this bakery protocol
modulo weak bisimilarity using Isabelle/HOL, by expligithecking a bisimulation relation.
Chkliaevet al.[7] used a timed state machine in PVS to specify a SWP with adirhmech-
anism and proved some safety properties with the mechaupglort of PVS; correctness is
based on the timeout mechanism, which allows messages meateims to be reordered.

1. uCRL

1CRL [14] (see also [16]) is a language for specifying disttdal systems and protocols in an
algebraic style. It is based on the process algebra ACP [2heéed with equational abstract
data types [26]. We will use for equality between process terms aaébr equality between
data terms.

A 1 CRL specification of data types consists of two parts: a sigeaf function symbols
from which one can build data terms, and axioms that inducecprality relation on data
terms of the same type. They provide a loose semantics, ngp#mat it is allowed to have
multiple models. The data types needed for pGRL specification of a SWP are presented
in Section 2. In particular we have the data sort of booldang with constantzrue and
false, and the usual connectivesV, -, — and«. For a booleanh, we abbreviaté = true
tob andb = false to —b.

The process part QiCRL is specified using a number of pre-defined process algebra
operators, which we will present below. From these opesatoe can build process terms,
which describe the order in which the atomic actions fromtaskenay happen. A process
term consists of actions and recursion variables combigelddprocess algebraic operators.
Actions and recursion variables may carry data paramelibese are two predefined actions
outsideA: § represents deadlock, amch hidden action. These two actions never carry data
parameters.

Two elementary operators to construct processesaeential compositigmvrittenp-q,
andalternative compositiorwrittenp+¢. The procesg-q first executep, until p terminates,
and then continues with executingThe procesg+¢ non-deterministically behaves as either
p or ¢. Summatiord ;. , p(d) provides the possibly infinite non-deterministic choicewoa
data typeD. For example) . a(n) can perform the actioa(n) for all natural numbers.
Theconditionalconstruct <1 b > ¢, with b a data term of sotBool, behaves agif b and as;
if —b. Parallel compositiory || ¢ performs the processgsandg in parallel; in other words, it
consists of the arbitrary interleaving of actions of thegesse® andq. For example, if there
is no communication possible between actiarendb, thena || b behaves aéa-b) + (b-a).
Moreover, actions fronp andg may also synchronise to a communication action, when this is
explicitly allowed by a predefinecommunication functigriwo actions can only synchronise
if their data parameters are equBhcapsulationdy (p), which renames all occurrences in
p of actions from the set{ into §, can be used to force actions into communication. For
example, if actions andb communicate te, thendy, ;1 (a || b) ~ c. Hiding 7z(p) renames
all occurrences i of actions from the sef into 7. Finally, processes can be specified by
means of recursive equations

X(dllpl, .. ,ann) ~Dp

where X is a recursion variable]; a data parameter of typ®; fori = 1,...,n, andp
a process term (possibly containing recursion variablesthae parametersg;). For exam-
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ple, let X (n:N) ~ a(n)-X(n + 1); then X (0) can execute the infinite sequence of actions
a(0)-a(1)-a(2) - ---.

Definition 1 (Linear process equation)A recursive specification is a linear process equa-
tion (LPE) if itis of the form

X(d:D) =) > " a;(fi(d, ;)X (g;(d, e;)) < hy(d,e;) > 6

JjEJ EJEJ
with J a finite index setf; : D x E; — D;,g; : D x E; — D, andh; : D x E; — Bool.

Note that an LPE does not contain parallel composition, gsuwdation and hiding, and uses
only one recursion variable. Groote, Ponse and Usenko [fEsjgmted a linearization algo-
rithm that transformg&CRL specifications into LPEs.

To eachuCRL specification belongs a directed graph, called a laltededition system.
In this labeled transition system, the states are processi@and the edges are labeled with
parameterised actions. For example, given48&L specificationX (n:N) ~ a(n)-X (n+1),

a(n)

we have transition&'(n) — X (n + 1). Branching bisimilarity«—, [43] and strong bisim-
ilarity < [31] are two well-established equivalence relations otesta labeled transition
systems. Conveniently, strong bisimilarity implies branching Iisiarity. The proof theory
of CRL from [13] is sound with respect to branching bisimilgrineaning that ip ~ ¢ can
be derived from it thep <, q.

Definition 2 (Branching bisimulation) Given a labeled transition system sé&ong bisimu-
lation relationB is a symmetric binary relation on states such thatft and s £ ¢, then

there exists’ such that - ¢’ and s’ B¢'. Two states andt are strongly bisimilar denoted
by s < t, if there is a strong bisimulation relatiof such thats B .
A strong and branching bisimulation relatins a symmetric binary relation on states

such that ifs Bt and s — s', then
- either? = 7 ands’ Bt
- or there is a sequence of (zero or moreiransitionst — - - - = ¢ such thats B¢ and
i 5 v with s’ B
Two statess andt are branching bisimilardenoted by <, ¢, if there is a branching bisim-
ulation relation3 such thats B ¢.

See [42] for a lucid exposition on why branching bisimilagbnstitutes a sensible equiva-
lence relation for concurrent processes.

The goal of this section is to prove that the initial statehaf torthcominguCRL spec-
ification of a two-way SWP is branching bisimilar to a pair F® queues. In the proof of
this fact, in Section 6, we will use three proof techniquedeaave that twquCRL specifica-
tions are branching (or even strongly) bisimilar: invatgrisimulation criteria, and cones
and foci. Aninvariant/ : D — Bool [4] characterises the set of reachable states of an LPE
X(d:D). Thatis, ifI(d) = true and X can evolve fromi to d’' in zero or more transitions,
then/(d') = true.

Definition 3 (Invariant) [ : D — Bool is an invariant for an LPE in Definition 1 if for all
dID,j eJ andej:Ej. ([(d) VAN hj(d, Ej)) — [(g](d, 6]'))-

1The definitions of these relations often take into accourpexial predicate on states to denote successful
termination. This predicate is missing here, as succetsfuination does not play a role in our SWP specifi-
cation.
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If I holds in a statel and X (d) can perform a transition, meaning thiatd, e;) = true
for somee;:E, then it is ensured by the definition above tliatolds in the resulting state
9j (d> ej)'

Bisimulation criteriarephrase the question wheth€(d) andY (d') are strongly bisim-
ilar in terms of data equalities, wheré(d:D) andY (d":D’) are LPEs. Astate mappingp
relates each state iXi(d) to a state irt’(d’). If a number of bisimulation criteria are satisfied,
then¢ establishes a strong bisimulation relation between texii andY (¢(d)).

Definition 4 (Bisimulation criteria) Given two LPEs,

X(d:D) 3 5y ey, @i(f5(d, €5))-X(g;(d, ¢5)) < hy(d,e5) > &
Y(d'D) m 3 jes 2oermy ai(f5(d €5))- X (g5(d', €5)) < hy(d',e5) >

and an invariant/ : D — Bool for X. A state mapping : D — D’ andlocal mappings
Y; + By — Effor j € J satisfy thebisimulation criteriaif for all statesd € D in which
invariant I holds:

| VjeJVe;:E; (hj(d, ej) < I (¢(d),wj(ej))),
Il VjeJ Ve Ej (hi(d,ej) A ( )) = (a;(f5(d, ;) = a;(fi(o(d), ¥i(e;)))),
N VjeJVe;:Ej (hi(d,e;) NI(d)) — (9(g5(d, e5)) = g;(é(d), ¥(e;)))-

Criterion | expresses that at each summanhde corresponding guard &f holds if and only
if the corresponding guard af holds with parametergs(d), 1;(e;)). Criterion 1l (Ill) states
that at any summangthe corresponding action (next state, after applyiog it) of X could
be equated to the corresponding action (next stat®)wfth parameterge(d), 1;(e;)).

Theorem 5 (Bisimulation criteria) Given two LPEsSX (d:D) and Y (d':D’) written as in
Definition 4, andl : D — Bool an invariantforX. Let¢ : D — D" andvy; : E; — E for
j € J satisfy the bisimulation criteria in Definition 4. Thefi(d) « Y (¢(d)) forall d € D
in whichI holds.

This theorem has been proved in PVS. The proof is availablett: //www.cs.utwente.
nl/~vdpol/piggybacking.html.

The cones and focmethod from [17,9] rephrases the question whethéX (d)) and
Y'(d') are branching bisimilar in terms of data equalities, wh¥i@:D) andY (d":D’) are
LPEs, and the latter LPE does not contain actions from sotieaanternal actions. Astate
mappingy relates each state iKi(d) to a state ik’ (d'). Furthermore, somé D are declared
to befocus pointsTheconeof a focus point consists of the statesNiid) that can reach this
focus point by a string of actions frof It is required that each reachable statif) is in
the cone of a focus point. If a numbermftching criteriaare satisfied, then establishes a
branching bisimulation relation between terméX (d)) andY (¢(d)).

Definition 6 (Matching criteria) Given two LPEs:

X(d:D) =2 jes 2e;m, 4(fi(d, €)X (g;(d; €5)) < hy(d e5) >0
( ) Z{]eﬂa QI}Z ( ( e j))'Y(g;‘(dlvej» < h;’(dlvej> >0

Let FC: D — Bool be a predicate which designates the focus points,zad{q; | j € J}.
A state mapping : D — D’ satisfies thanatching criterigfor d: D if for all j € J with
a; ¢ Zand allk € J witha;, € Z:

| Ver:Ey (hi(d, ex) — o(d) = ¢(gr(d, er)));
. Ve;:Ej (hi(d,e;) — hi((d). e)));

EJJ



Il FC(d) — Ve;:E; (h(8(d), e;) — hy(d, e;));
v Vej:Ej (h,j(d, ej) — fj(da ej) = f]/(¢(d)? ej));
V Vej:Ej (hj(d, ej) - ¢(g](d> 6j)) = g;(¢(d)> 6j))'

Matching criterion | requires that the internal transiBaatd are inert, meaning that and
gx(d, ex) are branching bisimilar. Criteria Il, IV and V express thatlke external transition
of d can be simulated by(d). Finally, criterion Il expresses that if is a focus point, then
each external transition of{d) can be simulated by.

Theorem 7 (Cones and foci)Given LPESX (d:D) andY (d":D’) written as in Definition 6.
Let/ : D — Bool be an invariant forX. Suppose that for all: D with 7(d):

1. ¢: D — D’ satisfies the matching criteria fal, and

2. there is ad: D such thatFC(d) and X can perform transitionsl = ... 2% d with
C1y...,cp €L,

Then for alld: D with I(d), 77(X (d)) <, Y (é(d)).

PVS proof of this is in [9]. For example, consider the LPE®: Bool) ~ a-X (b) < b > § +
e X(=b) <—br>dandY (d:D') = a-Y(d'), withZ = {c} and focus pointrue. Moreover,
X (false) = X(true), i.e.,false can reach the focus pointin a singkransition. For any
d':D’', the state mapping(b) = d’ for b: Bool satisfies the matching criteria.

Given an invarianf, only d: D with I(d) = true need to be in the cone of a focus point,
and we only need to satisfy the matching criteriaddp with 7(d) = true.

2. Data Types

In this section, the data types used in {i@RL specification of the two-way SWP are pre-
sented: booleans, natural numbers supplied with modulbnaetic, buffers, and lists. Fur-
thermore, basic properties are given for the operationselfon these data types. Th€
RL specification of the data types, and of the process paprasented in here.

Booleans We introduce constant functionsue, false of type Bool. A andV both
of type Bool x Bool — Bool represent conjunction and disjunction operators, atsand
— of the same exact type, denote implication and bi-implagtand— : Bool — Bool
denotes negation. For any given sartwe consider a functiorf : Bool x D x D — D
which functions an If-Then-Else operation, and also a mappq : D x D — Bool such
that eq(d, ) holds if and only ifd = e. For notational convenience we take the liberty to
write d = e instead ofeq(d, e).

Natural Numbers. Below we specify the data type natural numbers.

sort: N

cons. 0:—N

func: S:N—N
+,—,-:NxN—=N
<,<,>,>:Nx N — Bool
| ' NxN-—>N
div: NxN—N

var . 1, j, n:N

rew . 1+ 0=1

i+ () = 5(i-+.)



0=i=
S() = S(j) =i~

-0 =
i-S(j) = (i-]) + i
0 <1=true

S(1) <0 =false

S() < S(G) =i <

0 < S(i) = true

1 < (0= false

SG) < SG) =i < j
12j==( <1

i>j==(<19)

iln = if(i < n,i, (i = n)l,)

idivn =if(i <n,0,S((i = n)divn))

0 denotes zero anfl(n) the successor of. The infix operations+, — and- represent addi-
tion, monus (also called cut-off subtraction) and mult@gation, respectively. The infix oper-
ations<, <, > and> are the less-than(-or-equal) and greater-than(-or-gqpakations.

Since the buffers at the sender and the receiver in the SWBfdmgite size, modulo
calculations will play an important rold,, denotes modulon, whilei div n denotes integer
divided byn.

In the proofs we will take notational liberties like omittjrihe sign for multiplication,
and abbreviating:(i = j)toi # j, (k < () AN({ <m)tok < ¢ <m, S(0)to 1,andS(S(0))
to 2.

We will use induction schemes to prove some properties atiata types. Below we
formulate two of them.

Definition 8 (Standard induction) For any : N — Bool,
(f(0) A VMmN (f(m) — f(S(m)))) — VN f(n)
Definition 9 (Special induction) For any : N — Bool,
(F(0) A Vm:N f(S(m))) — ¥n:N f(n)

Buffers. The two parties in the two-way SWP will both maintain twofleu$ containing
the sending and the receiving window (outside these windmtis buffers will be empty).

cons: [|:— Buf
func: inb: A x N x Buf — Buf
add: A x N x Buf — Buf
| - Buf x N — Buf
| : Buf x N — Buf
smaller: N x Buf — Bool
sorted: Buf — Bool
test: N x Buf — Bool
retrieve: N x Buf — A
remove: N x Buf — Buf
releasereleas¢, : N x N x Buf — Buf
next-emptynext-empty, : N x Buf — N
in-window: N x N x N — Bool
max: Buf — N
var . i, 7, n: N



q : Buf
d, e: A

rew: addd, i,[]) = inb(d,,[])
addd, i,inb(e, j, q)) = if

[ln =1

inb(d, i, q)|, = inb(d, i|,, q|»)

(lln =1

inb(d, i, q) ||n = addd, i, q|n)

smallefi, [|) = true

smallers,inb(d, j,q)) = ¢ < j A smalleli, q)

sorted|]) = true

sortedinb(d, j, q)) = smallel(j, ¢) A sortedq)

testi, [|) = false

tes(i, inb(d, 7, q)) = i=j Vv testi, q)

retrieve(i, inb(d, 7, q)) = if(i=j, d, retrievei, q))

remove, []) = [|

removéi, inb(d, j, q)) = if(i=7, removési, ¢), inb(d, j, removéi, q)))

releaséi, j, q) = if(i > j, ¢, releaséS(i), j, removéi, q)))

release, (7, j, q) = if(i|,=j|n, ¢, releasé, (S(i), j, removeéi|,, q)))

next-emptyi, q) = if(tes(i, ¢), next-emptyS(i), q), )

next-empty, (i, q) = if(next-emptyi|,,, q) < n, next-emptyi|,, q),
if(next-emptg0, ¢) < n, next-empt§0, ¢),n))

in-window(i, j, k) =i < j<kVk<i<jVji<k<i

max(]) = 0

max(inb(d, i, q)) = if(i > maxq).i, maxq))

(i>7,inb(e, j,addd, i, q)),
inb(d, i, removeéi, inb(e, 4, q))))

A represents the set of data elements that can be communluetieden the two parties.
The buffers are modeled as a list of pajidsi) with d:A andi:N, representing that cell (or
sequence numberpf the buffer is occupied by datudh cells for which no datum is specified
are empty. The empty buffer is denoted [byandinb(d, i, ¢) is the buffer that is obtained
from ¢ by placing datumi in cell i, possibly overwriting the previous datum in celif this
cell was not empty).

addis similar toinb, except that given a sorted bufigwithout duplicationsadd(d, i, q)
is again sorted without duplications. ,, the sequence numbersgrare taken modula,
and inq||,, the resulting buffer is moreover sorted without duplicasisortedchecks whether
a buffer is sorted, ansmalleris a help function that is needed in the definitiorsofted

tes(i, ¢) producestrue if and only if cell i in ¢ is occupied retrievei, q) produces
the datum that resides at ceélin buffer ¢ (if this cell is occupiedf, and removéi, q) is
obtained by emptying cell in buffer q. releasét, j, q) is obtained by emptying cellsup
to but not includingj in ¢, andreleasé, (i, j, ¢) does the same moduta next-emptyi, q)
produces the first empty cell iy counting upwards from sequence numbenward, and
next-empty, (i, ¢) does the same moduta in-window(i, j, k) producestrue if and only if
j lies in the range fromi to £ — 1, modulon, for n greater than, j andk. Finally, maxq)
produces the greatest sequence number that is occupjed in

2Note thatretrieve(i, []) is undefined. One could choose to equate it to a default valoe or to a fresh error
element inA. However, with the first approach an occurrenceeatfieve(i, [|) might remain undetected, and
the second approach would needlessly complicate the dagaNyWe prefer to work with an underspecified
version ofretrieve which is allowed inuCRL, since data types have a loose semantics. All operatignSRL
data models, however, are total; underspecified operdgango the existence of multiple models.
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Lists. We introduce the data type afist of lists, which will be used in the specification
of the desired external behaviour of the SWP: a pair of FIF€ugs of siz&n.

cons: ():— List
d() : A

func: inl: A x List — List
length: List — N
top : List — A

tail : List — List

append: A x List — List

4+ : List X List — List
var . A, N i List

rew : Iengtl‘(<>|)

I
appendd, inl(e, A)) = inl(e, appendd, \))

inl(d, \) XN = inl(d, A+ X))
qli..j) = if(i > 7, (), inl(retrieve, q), q[S(i)..7)))

() denotes the empty list, andl (d, ) adds datund at the top of list\. A special datum,
is specified to serve as a dummy value for data paramééargth \) denotes the length of
A, top(\) produces the datum that resides at the top,afzil()\) is obtained by removing
the top position in\, appendd, \) adds datuml at the end of\, and A+ )\’ represents list
concatenation. Finallyi..j) is the list containing the elements in buffeat positionsi up
to but not including.

3. Two-Way SWP with Piggybacking

This section contains the specification of the protocqQi@RL. Figure 1 illustrates the the
protocol we work on (i.e. a two-way SWP with piggybacking)this protocol sendeS(/R)
stores data elements that it receives via channel A in aiboifi@ze2n, in the order in which
they are received. It can send a datum, together with itsesegunumber in the buffer, to
a receiverR/S via a medium that behaves as lossy queue of capacity oneseged by
the mediumK and the channels B and C. Upon reception, the receiver mag thte datum

in its buffer, where its position in the buffer is dictated tyg attached sequence number. In
order to avoid a possible overlap between the sequence marobdifferent data elements
in the buffers of sender and receiver , no more than one hatboh of these two buffers
may be occupied at any time; these halves are called thergpadd the receiving window,
respectively. The receiver can pass on a datum that is edtthe first cell in its window
via channel D; in that case the receiving window slides fadAzy one cell. Furthermore, the
receiver can send the sequence number of the first emptyngelt just outside) its window
as an acknowledgment to the sender via a medium that behawvessy queue of capacity
one, represented by the medidmand the channels E and F. If the sender receives this
acknowledgment, its window slides forward accordinglyaltwo-way SWP, data streams
are in both directions, meaning thafR and R /S both act as sender and receiver at the
same time. In addition to this, in our protocol when a datunves, the receiver may either
send an acknowledgment back to the channel or it might idsteét until the network layer
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Figure 1. A two sided Sliding window protocol

passes on the next datum. In latter case, once this new dattabe sent into the channel,
the awaited acknowledgment can be attached to it, and hext@fgee ride. This technique
Is known agpiggybacking

3.1. Specification

The sender/receivé/R is modeled by the proceSs'R (¢, m, q, ¢4, /), whereq is its send-
ing buffer of size2n, ¢ is the first cell in the window of;, andm the first empty cell in (or
just outside) this window. Furthermorg, is the receiving buffer of sizén,, and/, is the
first cell in the window ofys.

The CRL specification o8 /R consists of seven clauses. The first clause of the specifi-
cation expresses th8fR can receive a datum via channel A and place it in its sendimng wi
dow, under the condition that this window is not yet full. Timext two clauses specify that
S/R can receive a datum/acknowledgment pair via channel F;dteeghrt is either added to
qo if it is within the receiving window (second clause), or iged if it is outside this window
(third clause). In both clauseg,is emptied from¢ up to but not including the received ac-
knowledgment. The fourth clause specifies the receptionsafigle (i.e., non-piggybacked)
acknowledgment. According to the fifth clause, data elesmémttransmission via channel
B are taken (at random) from the filled part of the sending wwmdhe first empty position
in (or just outside) the receiving window is attached to thatum as an acknowledgment. In
the sixth clause§ /R sends a single acknowledgment. Finally, clause seven sgsehat if
the first cell in the receiving window is occupied, tH&fR. can send this datum into channel
A, after which the cell is emptied.

S/R(6:N, m:N, n:N, no:N, ¢: Buf , g : Buf , £5:N)
~ Y aaTa(d)-S/R(L, S(m)|an, addd, m, q), g5, ) < in-window’, m, (£ 4+ n)|2,) > 0
+ 3 gA oin opn TE(dy 7, k)-S/R(k, m, releaseéy, (¢, k, q), add(d, i, ¢5), €5)
< in-window(¢,, i, (65, + n2)|an,) > &
+ 2 aa 2oin 2 TF(d, 3, k)-S/R(k, m, releasey,, (£, k, q), g, £5)
< —in-window(4s, 4, (05 + na)lan, ) > 0
+ >, nTr(k)-S/R(k, m,releasey, (¢, k, q), ¢y, {5)
+ 2k sp(retrieve(k, q), k, next-emptig,,, (65, ¢3))-S/R(€, m, ¢, 43, £3) < testk,q) > &
+ sp(next-emptig,., (¢5, ¢5))-S/R(L, m, q, g5, £5)
+ sa(retrieve(lh, ¢5))-S/R(£, m, g, removéls, ¢5), S(€5)|an,) < tes(th, gb) > 6
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The ,CRL specification oR /S (explained in details inAppendix A) is symmetrical to
the one ofS/R. In the proces®R/S(¢y, m2, q2,¢', '), ¢’ is the receiving buffer of sizén,
and/’ is the first position in the window qf. Furthermoreys, is the sending buffer of size
2ns, {5 is the first position in the window af,, andm, the first empty position in (or just
outside) this window.

MediumsK andL, introduced below, are of capacity one. These mediums acfsgu
in away that they may lose frames or acknowledgments:

K~ Zd:A Zk:N Zi:N TB(d7 k’ Z)(jSC(d, ka Z) + j)K + Zi:N TB(z)(]SC(Z) + ])K

For each channel € {B,C,E,F}, actionss; andr; can communicate, resulting in
the action¢;. The initial state of the SWP is expressed by (0x(S/R(0,0,[],[],0) |
R/S(0,0,[],[],0) || K || L)) where the set{ consists of the read and send actions over the
internal channels B, C, E, and F, namé{y={sg, 75, sc, rc, Sk, e, Sr, 7r } While the setZ
consists of the communication actions over these inteftmahicels together with, namely
I={cp, cc,cr; Ccr,j}

3.2. External Behavior

Data elements that are read from channel A should be senthiatonel D in the same order,
and vice versa data elements that are read from channel Dddbegent into channel A in
the same order. No data elements should be lost. In otheswibrel SWP is intended to be a
solution for the following lineay.CRL specification, representirggpair of FIFO queues of
capacity2n and2n,.

Z(\i:List, \a:List) = Y, A ra(d)-
+ sp(top(A1))-

+ 2 aarp(d)
).

+ sa(top(A2)

(appendd, A1), A2) < length(A\y) < 2n > 6
(tail(\1), A2) < length A1) > 0> §
(A1, appendd, X2)) < length(A2) < 2n2 > §
(A1, tail(N2)) < length Ag) > 0> &

N N N N

Note thatr,(d) can be performed until the list; contains2n elements, because in that
situation the sending window &/R and the receiving window dR /S will be filled. Fur-
thermore sp(top(\1)) can only be performed iX; is not empty. Likewiseyp(d) can be per-
formed until the list\, contains2n, elements, and, (top(A2)) can only be performed iX,

IS not empty.

4. Modifying the Specification

This section witnesses three transformations, one to réditaiparallel operators, one to elim-
inate arguments of communication actions, and one to editaimodulo arithmetic.

Linearization. The starting point of our correctness proof is a linear dpmtion
M.,...4, in which no parallel composition, encapsulation and lgdaperators occuiM,, .,
can be obtained from theCRL specification of the SWP without the hiding operator, i.e
o (S/R(0,0,]],1,0) || R/S(0,0,[],[],0) || K || L) by means of the linearization algorithm
presented in [15]; and according to [15], the following desan be obtained:

Proposition 10 d+(S/R(0,0,[],[],0
(

I R/S(0,0,{1,{1,0) | K[| L) =
M 00 0,5

) |
O>0a []7[]7 ) >Oad07075a07d07070a07 []7[]70)
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M,,.., contains eight extra parametetse,:D and g, ¢’, h, h', ho, h:N. Intuitively, g
is 5 when mediunK is inactive, is 4 or 2 wheikK just received a data frame or a single
acknowledgment, respectively, and is 3 or 1 wi€imas decided to pass on this data frame
or acknowledgment, respectively. The parameters and i, represent the memory df,
meaning that they can store the datum that is being sent §0R to R /S, the position
of this datum ing, and the first empty position in the window gf, respectively. Initially,
or when mediunK is inactive,g, e, h andh/, have the values 5j,, 0 and 0. Likewiseg’
captures the five states of medidmande,, h, andh’ represent the memory @f.

The linear specificatioM,,,,; of the SWP, with encapsulation but without hiding, is
written below. For the sake of presentation, in states thsults after a transition we only
present parameters whose values have changed.

Mnod(b,m, q,q5, 0y, g, h, e, hy, g’ ha,ea, B la,ma, qa, ', ')

R DA TA(d) Mo (m:=S(m)|2n, g:=addd, m, ¢)) < in-window¢, m, (£ + n)|an) > 6 (A1)

+ .y ca(retrievek, q), k, next-emptls,,, (5, g5))-Mpoa(g:=4, e:=retrievek, q), h:=k,
hb:=next-empty,,, (¢4, q5)) < tes{k,q) Ag=51> ¢ (B1)

+ 7 Miod(g:=1,e:=dp, h:=0) <« g=21§ (C1)

+ J-Mn0d(g:=5,e:=dp, h:=0,he:=0) <« g=2Vg=41> (D1)

+ - Mmod(g:=3) < g =41 (E1)

+ cc(e, by hl) Mnod(la:=hh, ¢':=add(e, h,q'), g:=5, e:=dy, h:=0, h}:=0,

go:=releaséy,, (2, hh, q2)) < in-window?', h, (¢ + n)|an) Ag=31> ¢ (F1)
+ cole, hy, hl) Mnod(€a:=hh, g:=5, e:=dy, h:=0, hy:=0, go:=releasey,,, (¢2, hb, ¢2))

< —in-window(?’, h, (¢ + n)|2n) Ag=3 1> d (G1)
+ sp(retrieveld’, ¢'))- M pnoa (¢ :=S(¢') |2, ¢':=removél’, ¢')) < tes(¥’',q') > § (H1)
+ cg(next-emptlg,, (¢, ¢')) M noa(g':=2, ha:=0, h':=next-empty,, (¢',¢')) <« ¢ =5>§ (I1)
+ 7 Minod(g':=1,e2:=dp, ha:=0) <« ¢’ =2 > ¢ (J1)
+ - M,n04(g':=5, ho:=0, e9:=dp, h':=0) <« ¢’ =2V g =4>§ (K1)
+ i Mpoa(g:=3) < g’ =4> 0 (L1)
+ cp (W) Mpnoq(6:=h', g:=releasey, (¢, ', q), g':=5, ha:=0, ea:=dg, h':=0) <« ¢ =115 (M1)

+ > 4.a "D (d) Mipoa(ma:=S(ma)|2n, g2:=add(d, ms, ¢2))

< in-window(ly, ma, (2 + n2)|2n,) > 0 (N1)
+ > 4. cu(retrievek, g2), k, next-emptig,, (¢, ¢'))-M0a(g':=4, ex:=retrieve(k, ¢2),
ho:=Fk, h/:=next-emptl,, (¢',¢’)) < tes{k,q2) Ag' =5p> 4 (01)

+ cr(ez, ho, h)-Mpoq(€:=h', ¢h:=add es, ha, qb), g':=5, ea:=dy, ho:=0, h':=0,
g:=releaséy,, (¢, h',q)) < in-window(¢5, ha, (5 + na)|an,) Ng' =3 > 8 (P1)

+ cr(ea, ho, B)-Mpoq(b:=h', g':=5, ea:=dy, ho:=0, h':=0, g:=releaséy, (¢, 1, q))

<4 =in-window(és, ha, (65 + na)lan,) Ay =3 > 6 (Q1)
+ sa(retrieve(fh, ¢5)) Moo (65:=S(05)|an, , gh:=removéls,, ¢5)) < tes{ly, qb) > § (R1)
+ cg(next-emptys,,, (45, ¢5)) - Munod (g9:=2, h:=0, hy:=next-empt,,, (¢5,¢5)) < g=51> ¢ (S1)
+ cc(hhy) Mmod (b2:=hb, go:=releaséy,, ({2, by, g2), g:=5, h:=0, e:=dy, hy:=0) <« g=1> 6 (T1)

In this specification

e The first summand describes that a datuoan be received b§/R. through channel
A, if ¢'s window is not full fn-window(¢, m, (¢ + n)|2,)). This datum is then placed
in the first empty cell of’s window (¢:=add(d, m, ¢)), and the next cell becomes the
first empty cell of this window::=S(m)|2,).
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e By the second summand, a franetrieve(k, ¢), k, next-empty,,, (¢5, ¢5)) can be
communicated t&, if cell £ in ¢’s window is occupiedtés{k, ¢)). And by the nine-
teenth summand, an acknowledgmeext-empt,,, (¢, ¢5) can be communicated to
K.

e The fifth and third summand describe that medikndecides to pass on a frame or
acknowledgment, respectively. The fourth summand desstibatk decides to lose
this frame or acknowledgment.

e The sixth and seventh summand describe that the frame inumeHRi is com-
municated toR/S. In the sixth summand the frame is within the window f
(in-window(?', h, (¢’ + n)|2,)), SO it is included {:=add(e, h, ¢')). In the seventh
summand the frame is outside the windowgfso it is omitted. In both cases, the
first cell of the window oty is moved forward ta, (¢5:=h5), and the cells beforg,
are emptiedd,:=releasey,, ({2, hj, ¢2)).

e The twentieth and last summand describes that the ackngmiext in mediunk is
communicated t&® /S. Then the first cell of the window af is moved forward tdi,
and the cells beforg’, are emptied.

e By the eighth summand /S can send the datum at the first cell in the window of
q (retrieve?’, ¢')) through channel D, if this cell is occupiete$(/’, ¢')). This cell
is then emptied(:=remové(’, ¢’')), and the first cell of the window aof is moved
forward by one (:=5(¢')|2,).

e Other summands are symmetric counterparts to the onesluabove.

N.,..a: No Communication Action’s Arguments.

The linear specificatioiN,,,,; (Written inAppendix A) is obtained fromd,,,; by renaming

all arguments from communication actions (e:g(es, h2, 1)) to a fresh action. Sine we
want to show that the “external” behavior of this protocobranching bisimilar taa pair

of FIFO queues (of capacityn and2n,), hence the internal actions can be removed. The
following proposition is then a trivial result of this renarg:

Proposition 11 77(M,,,,4(0, 0, [], [], 0, 5,0, do, 0, 5,0, dy, 0, 0,0, [], [],0)) =
T{CJ}(NmOd(O, 0, [], [], 0,5,0,do,0,5,0,dy,0,0,0, [], [], O))

N onmod. NO Modulo Arithmetic.

The specification ofN,,,...« IS obtained by eliminating all occurrences Bf, (resp.
lan,) from N4, and replacing all guards oin-window(s, j, (i + k)|2,) (respectively
in-window(z, j, (i + k)|2n,)) kind withi < j < i4n (respectively < j < i+n,). According

to what just mentioned, onlyt1, F'1, G1, N1, P1 and@1 whose guards are of this form, will
be subjected to change. We name each new clause after &sponding one by removing
the indexl from it, that is e.g. A1 will becomeA, and so forth. As an example we show this
clause below, the whole specificationdsf,,,....q With its all clauses is presented inAppendix
A.

Y an TA(d) Nyonmod (m:=5(m), g:=addd, m,q)) <« [ <m < l+np> 6 (A)

In Section 6.1, we will prove thaN ,,,,,.,a andNN,,,,; are strongly bisimilar. In order to
demonstrate the correctnessif,,..... (see Section 6.2) there will be a number of proper-
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ties on the Data Types which should be investigated firsthénrtext section we list these
properties, and thereatfter, in its following section, wé piiove the correctness.

5. Properties of Data Types

This section presents some properties of the data typesharadderedbuffers, also some
invariants of the final specification of the system; theirgisacan be found inAppendix B.

5.1. Basic Properties

These properties contain some mathematical reasoning tbeefunctions in our spec-

ification of the system, with/without modulo arithmetic. ©f them for example is:

testk,q) — addretrievek,q), k,q)[i..j) = ¢[i..j). The entire list together with proofs, are
written inAppendix B.1.

5.2. Ordered Buffers

Lemma 12 Some properties on add.) function:

testi,q) — testi,addd, j,q))

next-emptyi, add(d, j, ¢)) > next-emptg, q)

testi, add(d. j, q)) = (i=j V testi, q))

retrievegi, addd, j, q)) = if(i=j7, d, retrieve(i, q))

remové:, addd, i, q)) = removéi, q)

J # next-emptyi, ) — next-emptyi, add(d, j, ¢)) = next-emptyi, q)
next-emptyi, add(d, next-emptyi, ¢), ¢)) = next-emptyS (next-emptyi, q)), q)
i <j — removéi,addd, j,q)) = addd, j, removéi, q))

i#j — adde,i,addd, j,q)) = addd, j,addle, i, q))

Lemma 13 Ordered buffers maintain the following properties:

©CoOoNOA~WNE

smallefi,q) — smalleri,removéy, q))

i < j Asmallefi,q) — smallefi,add(d, j,q))

smallefi,q) — removéi,q) = q

i < j Asmallely,q) — smalleri,q)

sortedq) — sortedaddd,i,q))

smalle(i,q) — addd,i,q) = inb(d,i,q)

sortedg) A j <i — removéi,addd, j,q)) = addd, j, removéi, q))
sortedq) — add(d,i,q) = addd,i,removéi, q))

ONok~WNE

Lemma 14 For n > 0, the following results hold ogq||,,.

sortedg]|,,)
testi, qln) = testi, )
retrieve(il,, ql,) = retrieve(il,, q||»)
j # i — remov&i, addd, j, q|l)) = addd, j, removei, g|..))
Vi:N(tes(j,q) i <j<i+n)ANi<k<i+n-—

neXt-emptMn(k‘Qna Q‘Qn) - neXt-emptMn(k‘Qna QH2n>
Vi:N(testj, ) —i<j<i+n) Ni<k<i+n — removék, q) |2, = removék|.,, ql/2,)
Vi:N(tes(y, ¢)—i<j<i+n) AN i<k<i+n — releaséi, k, q)||2,=

releasey, (il2n, kl2n, q|2n)

8. Vj:N(tes(j, ) —i<j<i+ n)ANi<k<i+n — add(d, k, q)||2, = add(d, k|25, q|2n)

arwpdPE

N o

All the abovementioned lemmas are proved in details inAppeB.2.



5.3. Invariants

Invariants of a system are properties of data that are atigfroughout the reachable state
space of the system (see Definition 3). Lemma 15 collectsviE@iamts ofN ...« (@nd their
symmetric counterparts). Occurrences of variablgN in an invariant are always implicitly
universally quantified at the outside of the invariant.

Invariants 6, 8, 15 and 17 are only needed in the derivatiattadr invariants. We pro-
vide some intuition for the (first of each pair of) invariatitat will be used in the correctness
proofs in Section 6 and in the derivations of the data lemmmaariants 4, 11, 12, 13 express
that the sending window & /R is filled from ¢ up to but not includingn, and that it has size
n. Invariants 7, 10 express that the receiving windoWRg8 starts at’ and stops at' +n. In-
variant 2 expresses th8fR cannot receive acknowledgments beyoedt-empty’, ¢'), and
Invariant 9 thaR/S cannot receive frames beyond— 1. Invariants 16, 18, 19 are based on
the fact that the sending window B8fR, the receiving window oR/S, andK (when active)
coincide on occupied cells and frames with the same sequemaber. Invariants 1, 3, 5 and
14 give bounds on the parametérandh’ of mediumsK andL.

Lemma 15 N,onmoa (€, m, ¢, @b, Uy, g, hye, by, g’ hayea, B 0o, mo, go, ¢/, €') satisfies the fol-
lowing invariants.

R < next-empty’.¢') and hf < next-emptyls, ¢))

¢ < next-empty’, ¢') and /¢y < next-emptit}, q5)

g #5 — (<K and g#5 — (5 <h)

test{i,q) — i <m and tes(i,q) — < my

(9=3Vg=4) - h<m and (¢ =3Vg =4) — hy <my

testi,¢’) — i <m and tes{i,q,) — i< my

testi,¢) — ¢ <i<{+n and tes(i,q¢)) — 0 <i</ly+ny

' <m and 05 <my

next-empty?’, ¢') < m and next-emptil,, ¢5) < mo

10. next-empt{?’, ¢') < ¢’ +n and next-emptil,, ¢,) < 5 + no

11. tes{i,q) — ¢ <i and tes(i,q) — (<1

12. {<i<m — tesli,q) and fly <i<my — tes{i, qo)

13. m</l+n and my </ly+ny

14. (g = 3Vvg = 4) — next-empty’. ¢') < h+n and
(¢ =3Vyg =4) — next-emptil,, ¢5) < hay + no

15. 0/ <i<h — tes(i,q¢') and ¢, <i<hl — testi,q,)

16. (¢ =3V g=4)Atesth,q) — retrievgh,q) =e and
(¢ =3V g =4)Ntesthy,qz) — retrievghq, q2) = ey
(testi, q) Ntes(i,q')) — retrievei, q) = retrieve(i,¢’) and
(testi, q2) Atest(i, q¢y)) — retrieve(i, ¢o) = retrievei, ¢b)

18. ((9 =3V g=4)Atesth,q)) — retrieveh,q) =€ and
(
(
(

©CoOoNh~wWNE

17.

(9" =3V g =4)Ntesthy,q3)) — retrieve(hs, g;) = €3
¢ <iAj<nextempty,q)) — qli..j) =¢[i..j) and
by <A j < next-emptyi, ¢;)) — gofi.j) = gsi..j)

19.

In the initial stateN,,,,...4(0, 0, [],[],0, 5, 0,do, 0, 5,0, dy, 0,0,0,[], ], 0) all these invariants
are satisfied; this can be easily checked. So they are satisfiall reachable states of
N..onmod- FOr a proof of this lemma seeAppendix B.3.



6. Correctness ofN,, 4

In Section 6.1, we establish the strong bisimilarity™f,,; andN ,,m0q- IN Order to prove
this, we show that the bisimulation criteria in Definitiondl¢h. Then according to Theorem 5,
proof is complete. Section 6.2 demonstratesMgat,... behaves like pair of FIFO queues.
Finally, the correctness of the two-way SWP is establishegiiction 6.3.

6.1. Equality ofN,,,; andN ., .04

Proposition 16 N,,,m04(0, 0, [],[],0, 5,0, do, 0,5, 0, dy, 0,0,0,],[],0) <
Nmod(07 07 []7 H? 07 57 07 d07 07 57 07 d07 07 07 07 H? H? 0)

Proof. By Theorem 5, it suffices to define a state mappingnd local mappings); for
j = 1,2,...,20 that satisfy the bisimulation criteria in Definition 4, witkspect to the
invariants in Lemma 15.

Let= abbreviateN x N x Buf X Buf X NXNXNXxAXNXxNXxNxAXNxNxNx Buf x
Buf x N. We uset:= to abbreviatg (¢, m, q, ¢4, t5, g, h, e, hly, g', ha, ea, B, la,ma, go, ¢, '),
then we define® : = — = by:

¢(£) = (E‘Qm m|2n> QHQm QQ”Qny 6,2|2n2a g, h|2na €, hl2‘2n2>
g/, h2‘2n27 €2, h/bm 52‘2@, m2‘2n27 Q2||2n2, Q/H2m £/|2n>

Furthermorey), : N — N mapsk to k|, andiy; : N — N mapsk to k|,,,; the other 18
local mappings are simply the identity.

We show thaty and they, satisfy the bisimulation criteria. For each summand, we lis
(and prove) the non-trivial bisimulation criteria thatndiuces. For a detailed proof, seeAp-
pendix C.

|

6.2. Correctness dN,,..mod

We prove thaiN,,,....q IS branching bisimilar to the pair of FIFO queuégsee Section 3.2),
using cones and foci (see Theorem 7)

The state mapping : = — List x List, which maps states @Y ,,,,.,..¢ t0 states o, is
defined by:

Qb(é) = (¢1 (m7 q, Elu q/)v ¢2 (m27 42, 6/27 qé))

where

br(m,q.0'.q) = ql..next-emptif’, ¢)-+qlnext-emptie’, ¢')..m)

P2(ma, qo, 05, ) = qy[ly..next-emptils, gy ))+Hgo [NEXt-emptils, g5)..mo)

Intuitively, ¢, collects data elements in the sending window MR and the receiving window
of R/S, starting at the first cell in the receiving window (i.€) until the first empty cell
in this window, and then continuing in the sending windowiluhie first empty cell in that
window (i.e.,m). Likewise, ¢, collects data elements in the sending windoviRé® and the
receiving window ofS/R.

The focus points are states where in the direction f&R to R/S, either the sending
window of S/Ris empty (meaning that= m), or the receiving window fronR/Sis full and
all data elements in this receiving window have been ackedagd (meaning thét= ¢'+n).
Likewise for the direction fronR/Sto S/R. That is, the focus condition reads
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Lemma 17 For each¢:= with N,,,,...04 (€) reachable from the initial state, there ii&E with
FC(€) such thatN 04 (&) = - -+ 2 Nyponmoa (€), Whereey, ... ¢, € 1.

Proof. We prove (seeAppendix C) that for ea¢i where the invariants in Lemma 15 hold,
there is a finite sequence of internal actions which ends itate svhere({ = m Vv ¢ =
ﬁ’—i—n)/\(ﬁg :mg\/gg =€’2+n2)

[

Proposition 18 7. ;3 (Nonmea (0,0, [], ], 0,5,0,do, 0,5, 0, dp, 0,0,0,[],[],0)) <, Z({), ().
Proof. We prove this using cones and foci method. SeeAppendix G fmmplete proofll
6.3. Correctness of the Two-Way Sliding Window Protocol

Finally, we can prove the main result of our specificationchhs:

Theorem 19 (Correctness)
m7(0x(S/R(0,0, ], [, 0) [| R/S(0,0, [, [J,0) [ K || L)) =, Z((), ()

Proof. We combine the equivalences that have been obtained so far:

71(0u (S/R(0,0, [I, 1, 0) [ K || R/S(0,0, ], ], 0) || L))

< 71(M},04(0,0, ], [],0,5,0,do, 0,5,0,do,0,0,0,],[],0)) (Proposition 10)
< Tiejt (Nimoa(0,0, (], 1,0, 5,0,do,0,5,0,do,0,0,0, ], ],0))  (Proposition 11)
< Tie.it (Nnonmod (0,0, 1, 1, 0,5, ,do,o 5,0,do,0,0,0,[],[],0)) (Proposition 16)
=, Z((), () (Proposition 18)
[ |

7. Formalization in PVS

In this section we show the formalization and verificatioth& correctness proof of the SWP
with piggybacking in PVS [28].

The PVS specification language is based on simply typed higtaer logic. Its type
system contains basic types suchba®lean, nat, integer, reaktc. and type constructors
such asset, tuple, recordand function Tuple types have the forriT1,...,Tn]l, where
Ti are type expressions. A record is a finite list of fields of thefR: TYPE=[# E1:T1,

.,En:Tn #], whereEi arerecord accessofunctions. A function type constructor has
the formF:TYPE=[T1, ... ,Tn->R], whereF is a function with domaim=T1x ... xTn and
ranger [9].

A PVS specification can be structured through a hierarchiiedries Each theory con-
sists of asignaturefor the type names and constants introduced in the theodyaarumber
of axioms, definitions and theorems associated with theasigja. A PVS theory can be para-
metric in certain specified types and values, which are pldetween[ ] after the theory
name.

In uCRL, the semantics of a data specification is the set of athidiglels. Incomplete
data specifications may have multiple models. Even worge,dbssible to have inconsis-
tent data specifications for which no models exist. Here #gaessity of specification with
PVS emerges, because of this probable incompleteness@mtsiatency which exists when
working with 4CRL. Moreover, PVS was used to search for omissions andsemothe
manualuCRL proof of the SWP with piggybacking.

In Section 7.1 we show examples of the original specificatibeome data functions,
then we introduce the modified forms of them. Moreover, wenshaw measure functions are
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used to detect the termination of recursive definitions.dati®n 7.2 and 7.3 we represent the
LPEs and invariants of the SWP with piggybacking in PVS. 8aci.4 presents the equality
of ,CRL specification of the SWP with piggybacking with and withonodulo arithmetic.
Section 7.5 explains how the cones and foci method is useatteaiize the main theorem,
that is theuCRL specification of the SWP with piggybacking is branchingjrbilar to a
FIFO queue of siz€n. Finally, Section 7.6 is dedicated to some remarks on thiécagron

in PVS.

7.1. Data Specifications in PVS

In PVS, all the definitions are first type checked, which gatesx someroof obligations
Proving all these obligations ascertains that our dataifspeton is complete and consistent.

To achieve this, having total definitions is required. Sohe first place, partially de-
fined functions need to be extended to total ones. Below theresome examples of par-
tial definitions in the original data specification of the SWkh piggybacking, which we
changed into total ones. Second, to guarantee totalitycoirsese definitions, PVS requires
the user to define a so-calleteasure functionDoing this usually requires time and effort,
but the advantage is that recursive definitions are guagdrite be well-founded. PVS en-
abled us to find non-terminating definitions in the originafadspecification of the SWP with
piggybacking, which were not detected within the framewafrlk CRL. After finding these
non-terminating definitions with PVS, we searched for nefindd@n which can express the
operation we look for. Then we replaced the old definitionthwew terminating ones in our
1CRL framework. Below we show some of the most interestingrexas.

Example 20 We defined a function next-empty which seeks for the firstygpmsition ing
from a given position. This function is identified as:

next-empty, q) = if(testi, ¢), next-emptysS(i), q), 7).

We also need to have next-empty, ¢) as a function which produces the first empty position
in ¢ modulon, from position:. It looked reasonable to define it as:

next-empty, (i, ¢) = if(tes{i, q), next-empty, (S(%)|n, q), )

Although the definition looks total and well-founded, theswne of the undetected potential
errors that PVS detected during the type checking proceslevBwe bring an example to
show what happens. Let= [(dy, 0), (d1, 1), (d2, 2), (ds, 3), (d5,5)], n =4, i = 5 then

next-empty; (5, g) = next-empty (6|4, ¢) = next-emptyi(2, ¢) = next-emptyi(3, q)
= next-emptl; (0, ¢) = next-emptyi(1, ¢) = next-empty(2,q) = . ..

which will never terminate. The problem is that modulall the places ing are occupied,
and since) < i|,, < n hence tegt, ¢) will always betrue. Hence each position will call for
its immediate next position and so on. Therefore the callswver stop.

At the end we replaced it with the following definition, whigkerminating and operates
the way as we expect.

next-empty, (i, ¢) = if(next-empti|,., ¢) < n, next-emptyi|,, q),
if(next-emptg0, ¢) < n, next-empty0, ¢), n))

This function first checks whether there is any empty plateg af, (incl. i|,, itself). If this is
the case then that position would be the result, otherwigggugext-emptip, ¢) it will check
if there is any empty position in the buffer modulolf so then that position would be the



D:nonempty_type
Buf:type=list[[D,nat]]
x,i,j,k,1,n: VAR nat

dm(i,j,n): nat =
IF mod(i,n)<=mod(j,n)
THEN mod (j,n)-mod(i,n)
ELSE n+mod(j,n)-mod(i,n)
ENDIF

release(n) (i,j,q): RECURSIVE Buf=
IF mod(i,n)=mod(j,n) THEN q
ELSE release(n) (mod(i+1,n),j,remove(mod(i,n),q))
ENDIF
measure dm(i,j,n)

Figure 2. An example of data specification in PVS

value of the function since next-empty, ¢) will reach it. If all the buffer modulo is full
thenn would be the result, becauseis bigger that all the possible values for the function
(i.e.i|,, at most) and moreover it indicates that the buffer is full mioch.

InAppendix D there are similar examples fi@leasé:, j, q) andreleasé, (i, j, ¢), de-
tected errors by PVS, and also our ultimate solutions famthe

We represented theCRL abstract data types directly by PVS types. This enaldes u
to reuse the PVS library for definitions and theorems of ‘déad” data types. Figure 2
illustrates part of a PVS theory definimglease,. ThereD is an unspecified but non-empty
type which represents the set of all datums that can be comeated between the sender
and the receiveBuf is list of pairs of typeD x N defined adist[[D, nat]]. Here we used
list to identify the type of lists, which is defined in the preludé?VS. Therefore we simply
use it without any need to define it explicitly. This figurealepresentseleasg, (i, j, ¢) in
PVS. Since it is defined recursively, in order to establishtérmination (or totality), it is
required by PVS to have a measure function. We define a mefaswt®on calleddm which
is decreasing and non-recursive. Here, PVS uses its typekehto check the validity afm.
It generates two type-check proof obligationsif < j|, thenj|, —i|, > 0 and ifi|,, > j|,
thenn + j|, — i|, > 0. The first proof obligation is proved in one trivial step. Téerond
one is proved by imposing Lemma 19 on it.

InAppendix D, we also list the extra data lemmas which hadetptoved in PVS while
they are considered to be trivial in the manual proof.

7.2. Representing LPEs

We now reuse [9] to show how theCRL specification of the SWP with piggybacking (an
LPE) can be represented in PVS. The main distinction willHzg¢ tve have assumed so far
that LPEs arelustered This means that each action label occurs in at most one sntrsa
that the set of summands could be indexed by the set of aetimid. This is no limitation,
because any LPE can be transformed in clustered form, lilgdigareplacing+ by > over
finite types. Clustered LPEs enable a notationally smogitessentation of the theory. How-
ever, when working with concrete LPESs this restriction i$ canvenient, so we avoid it in



LPE[Act,State,Local:TYPE,n:nat]: THEORY BEGIN
SUMMAND:TYPE= [State,Local-> [#act:Act,guard:bool,next:State#] ]
LPE:TYPE= [#init:State,sums: [below(n)->SUMMAND]#]

END LPE

Figure 3. Definition of LPE in PVS

the PVS framework: an arbitrarily sized index $et. .., n — 1} will be used, represented by
the PVS typebelow(n). A second deviation is that we will assume from now on thateve
summand has the same set of local variables. Again this ismiation, because void sum-
mations can always be added (ife= >, , p, whend doesn't occur irp). This restriction

is needed to avoid the use of polymorphism, which doesndtexiPVS. The third deviation
is that we don’t distinguish action labels from action dagegmeters. We simply work with
one type of expressions for actions. Note that this is a rdahsion, because one summand
may now generate steps with various action labels, posegiilyle as well as invisible.

So an LPE is parameterized by sets of actiohs), global parametersS¢ate) and
local variablesXocal), and by the size of its index set)( Note that the guard, action and
next-state of a summand depend on the global paraméterstate and on local variables
e : Local. This dependency is represented in the definiSaMMAND by a PVS function type.
In Figure 3 an LPE consists of an initial state and a list of suands indexed byelow(n).

A concrete LPE by a fragment of the linear specificattdp,, of SWP with piggy-
backing in PVS (see Figure 6 in Appendix D) is introduced agp#of a set of actions:
Nnonmod_act, StatesState, local variablesLocal, and a digit:20 referring to the number
of summands. The LPE is identified as a pair, calletit andsums, whereinit is introduc-
ing the initial state oiN,,,,; andsums the summands. The firsAMBDA maps each number to
the corresponding summand,,,,. The second.AMBDA is representing the summands as
functions oveiState andLocal. Here,State is the set of states andcal is the data type
D x N of all pairs(d, k) of the summation variables, which is considered as a glaéble
regarding the propertyi = 3, ;... P» Which is mentioned before.

7.3. Representing Invariants

Invariants are boolean functions over the set of statesu(€ig in Appendix D, illustrates
Invariant 15.9 from Section 5.3).

7.4. Equality ofN,,,; and N, m04

Strong bisimilarity ofN,,,,q andN,,,....¢ (Proposition 16) is depicted in Figure cate_f
andlocal_f are introduced to construct the state mapping betwég, ..« andIN,,,.4. In
PVS we introduce the state mapping{te_f, local_f) from the set of states and local
variables oflN,,,....¢ 10 those oflN,,,,;. Then we use the corresponding relation to this state
mapping, and we show that this relation is a bisimulatiomkeenN,,,,.;,0q¢ aNAIN,,04.

In PVS we defined an LPE as a list of summands (not as a recagiagion), equipped
with the standard LTS semantics. It could be proved direitiit state mappings preserve
strong bisimulation.

By contrast, the manual proof thixk,,,; andIN,.......q are strongly bisimilar is based on
the proof principle CL-RSP [4], which states that each LPE &anique solution, modulo
strong bisimilarity. An advantage of this approach is thatibing algebraic principles only,
the stated equivalence also holds in non-standard modgtsdoess algebra + CL-RSP. We
did not formalize CL-RSP in PVS because it depends on reimiocess equations; this



state_f(1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,91,11): State=
(mod (1,2*n) ,mod (m,2*n) ,modulo2(q,2*n) ,modulo2(ql2,2*n2) ,mod(112,2*n2),
g,mod (h,2*n) ,e,mod(hl,2*n2) ,gl,mod (h2,2*n2),e2,mod(hl,2*n),
mod (12,2*n2) ,mod (m2,2+%n2) ,modulo2(q2,2*n2) ,modulo2(ql,2*n),
mod(11,2%n)),
local_f(1l:Local,i:below(20)): Local=
LET (e,k)=1 IN
IF i=4 THEN (e,mod(k,2*n)) ELSE (IF i=9 THEN (e,mod(k,2*n2)) ELSE(e,k)) ENDIF|

Propsimilaosition_6_22: proposition bisimilar (lpe2lts(Nnonmod),lpe2lts(Nmod))

Figure 4. Equality of N,,,,q andN,,,,moq iN PVS

would have required a laborious embedding:@RL in PVS, which would complicate the
formalization too much.

7.5. Correctness dN,,,.4

The branching bisimilarity verification dV,,,.,;, andZ (Theorem 19) is pictured in Figure 5.
qlist(q,i,j) is used to describe the functigfi..j), which is defined as an application on
triples. The functiorfc(1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,

12,m2,q92,q1,11) defines the focus condition fo¥,,,.mea (¢, m, q, ¢4, 5, g, h, €, b,

g’ ha,ea, B o, ma, qo, ¢, ¢') @s a boolean function on set of states. The state majppimaps
states ofN,,,....q tO States oz, which is calledp : = — List x List in Section 6.2k is a
Boolean function which is used to match each external actids,,,..,...s to the correspond-
ing one ofZ. This is done by corresponding the number of each summahg,9f,..; to one
of Z. As PVS requires, this function must be total, thereforénauit loss of generality we
map all the summands with an internal action, frdm,.....’S specification, to the second
summand of’s specification.

According to cones and foci proof method [9], to derive th\a},,,,,,.¢ andN,,,,; are
branching bisimilar, it is enough to check the matchingeeid and the reachability of focus
points. The two conditions of the cones and foci proof metti@drepresented e andwn,
namely matching criteria and the reachability of focus pgirespectivelync establishes that
all the matching criteria (see Section 1) hold for every hadate statel in Nnonmod, with the
aforementioned, k andfc functions.WN represents the fact that from all reachable states
in Nnonmod, a focus point can be reached by a finite series of internarectThe function
1pe2lts provides the Labeled Transition System semantics of an SBE& [0]).

7.6. Remarks on the Verification in PVS

We used PVS to find the omissions and undetected potentaiseirat have been ignored
in the manual:CRL proofs, some of them have been shown as examples in 8éttio
PVS guided us to find some important invariants. We affirmedténmination of recursive
definitions by means of various measure functions. We repted LPEs in PVS and then
introducedN,,,,; andIN,,,..m.a @S LPEs. We verified the bisimulation D¥,,,,,;m0¢ @NdN ;04
Finally we used the cones and foci proof method [9], to prdva N ,,,,; and the external
behavior of the SWP with piggybacking, representedbsgre branching bisimilar.



fc(l,m,q,912,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,91,11): bool =
(1=m OR 1=11+n) AND (12=m2 OR 12=112+n2)
k(i): below(2)= IF i=18 THEN 0 ELSE
IF i=10 THEN 1 ELSE
IF i=11 THEN 2 ELSE 3 ENDIF ENDIF ENDIF
h(1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,q1,11): [List_,List_]=
(concat (qlist(ql,1l1,next_empty(1l1,q1)),qlist(q,next_empty(l1l,ql),m)),
concat(qlist(ql2,112,next_empty(112,q12)),qlist(q2,next_empty(112,q12),m2)))
mc: THEOREM FORALL d: reachable(Nnonmod) (d) IMPLIES MC(Nnonmod,Z,k,h,fc) (d)
WN: LEMMA FORALL S: reachable(Nnonmod) (S) IMPLIES WN(Nnonmod,fc) (S)
main: THEOREM brbisimilar(lpe2lts(Nmod),lpe2lts(Z))

Figure 5. Correctness aN ,,,,4 in PVS

8. Conclusions

In this paper we verify a two-sided sliding window protocdiigh has the acknowledgments
piggybacked on data. This way acknowledgments take a fdeamithe channel. As a result
the available bandwidth is used better. We present a spaepincof sliding window protocol
with piggy backing inuCRL, and then verify the specification with the PVS theoreovepr.

An important aim of this paper is to show how one can increagnéxtend a PVS ver-
ification effort, in this case the one described in [1]. PV8fi@tion can be reused to check
modifications of the SWP nearly automatically. We benefitethfthe PVS formalizations
and lemmas in [1], e.g. properties of data types and thoseians which are not directly
working with the internal structure of buffers (i.e. ordetests). Note that a large part of the
complete formalization consists of developing the metatherhis part is split in generic
PVS files with proofs. This generic part can be reused for tineectness proof of many other
protocols. In particular, the generic part consists of tknition of an LTS, various forms of
bisimulation (with proofs that they form equivalence rigas), the definition of LPEs, their
operational semantics, the notions of state mappings leetWieEs, the notion of an invariant
of an LPE (and its relation with reachable states), the prolefs for tau-reachability (with
a soundness proof), and the matching criteria (includiegpttoof of the theorem, that from
the cones and foci method one may conclude branching basiiyi.

For a specific protocol verification one must formalize thedudata types (or find them
in PVS’s prelude), define LPEs for the specification and imm@etation, list the invariants,
the focus conditions and the state mapping. From this, abbfpobligations (like invariants
and matching criteria) are generated automatically. Mb8gations can be discharged au-
tomatically, but still many must be proven manually. Alsayteachability must typically
be proven manually, using the predefined proof rules. Howeeene steps remain protocol-
specific, such as the transition from modulo to full arithimet the case of the Sliding Win-
dow Protocol.

Here, we model the medium between the sending and receiimdpw as a queue of
capacity one. So a possible extension of this work would beetify this protocol with
mediums of unbounded size, i.e. we can define the mediumstasfipairgd, i) by:

cons: [|:— Medium
func: add: A x N x Medium — Medium
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A. specification ofR/S, N,,,s and N,nmod

R/S(¢2:N, ma:N, n:N, na:N, go: Buf , ¢': Buf , £':N)

~ Zd:A D (d)R/S(€25 S(m2)|2nz ) addda ma, QQ)a q/7 6/)
< in-window(¢2, ma, (02 + na)|an,) > 0

+ 3 an i opn Te(d, i, k) R/S(k, mo, releasey,, (2, k, ¢2), add(d, i, ¢'), ')
<in-window(?’, i, (¢ + n)|an) > 0

+ Zd:A Zi:N Zk:N rC (d’ i, k)'R/S(kv ma, releas¢2n2 (627 k, (]2), q/’ [’)
< =in-window?', i, (¢ 4+ n)|2n) > 0

+ > nre(k)R/S(k, mo, releaséy,, (¢, k, q2), ¢, 1)

+ Zk:N SE(retriquk, q2)5 k? neXt-emptMn(él) ql))R/S(KQ; ma2,qz, q/7 él)
<testk,g2) > &

+ SE(neXt-emptMn (éla ql))R/S(KQ; ma, g2, ql7 él)

+ sp(retrieve?’, ¢'))-R/S(€2, ma, g2, removél’  q'), S(£')|2n)
ates(?,¢) >4

Nmod(€7 m,q, q/2a €I27 g, ha €, h/27 g/a h?a €2, h/a 627 ma,q2, ql’ el)
~ Y ga TA(d) Npoa(m:=S(m)|an, g:=addd, m, q)) < in-window’, m, (£ 4+ n)|2,) > 0

+ >k ¢ Nimod(g:=4, e:=retrievg(k, q), h:=k, hy:=next-empty,,, (¢5, ¢5))
atestk,q) Ag=51> 4

+ 7 Nimoda(g:=1,e:=dp, h:=0) < g =2>§

+ 7' Ninod(g:=5,e:=dp, h:=0,he:=0) <« g=2Vg=4>§

+ 3 Npmoa(9:=3) 1« g=41>§

+ ¢:Nonod(b2:=hb, ¢ :=addle, h, ¢'), g:=5, e:=dp, h:=0, h%:=0, g2:=releasey,, (f2, h, q2))

< in-window(?’, h, (¢ + n)|an) Ag =3 1> &

+ e Nioa(l2:=h}, g:=5, e:=dy, h:=0, hly:=0, g2:=releaséy,, (2, h}, ¢2))
< —in-window(’, h, (¢ +n)|2n) Ag=31> 8

+ sp(retrieve?’,¢'))- Nyoa (¢ :=S(€') |20, ¢':=removél’, ¢')) < tes{(¢',¢') > §

+ ¢ Ninod(g':=2, ho:=0, h':=next-emptl,, (¢, ¢')) < ¢ =51> 4§

+ 7 Nooa(g':=1,ea:=dp, ho:=0) <« ¢’ =21 ¢

+ 5 Ninod(g':=5, ha:=0, e2:=dy, :=0) <« ¢’ =2V ¢ =4 1> §

T Npnoalg':=3) 4 ¢/ =4

+ ¢ Noypoa(U:=H, q:=releasey, (¢, 1/, q), g’ :=5, ho:=0, e2:=dp, h':=0) <« ¢ =11 §

+ > a:a "0 (d) Nioa(ma:=S(m2)|2n, g2:=add(d, ma, g2))
< in-window(/z, ma, (f2 4 12)|2n,) > 0

Y s N9/ =4, e =rerieve(l, ), ha:=k, I':=next-empiy (', ¢)
atestk,g2) Ng' =51 4§

+ ¢ Nopod (6=, ¢h:=addezs, ha, ¢5), g':=5, e2:=dy, h2:=0, h':=0, ¢:=releasey,, (¢, h', q))
< in-window(/,, ha, (05 + no)lan, ) ANg' =3 > 4

+ ¢ Npoa(6:=h, ¢':=5, ea:=dp, ho:=0, h':=0, ¢:=releaséy, (¢, 1, q))
<4 =in-window(?y, ha, (€5 + na)|an, ) Ag' =3 > 4§

+ sa(retrieve(d}, ¢5)) Nood (€5:=S(£5) |2n, » ¢h:=removél,, ¢5)) < tes(ly, gh) > 6
+ ¢ Nopoa(9:=2, h:=0, hy:=next-emptys,,, (¢5,¢5)) < g=51> 4
+ C-Nmod((Q::h/Q, q2:re|ea8¢2n2 (EQ, h/27 q2), g::5’ h:ZO, e::do, hIQZO) q g= 1> 5



Nnonmod(& m,q, C]é, €I2a 9, h7 €, hIQa gly h27 €2, h/a 627 ma,q2, qu K/)
~ Y aa TA(d) Nipopmod (m:=S(m), ¢=addd,m,q)) <« l<m <l+np>d (A)

+ > 18 ¢ Noionmod (9:=4, e:=retrieve k, q), h:=k, hy:=next-emptys, ¢5))
ates(k,q) Ag=5p>0

+j'Nnonmod =1, e: —do, h: O) qg= 2> 46

(B)
(9 (@)
+ 7 Noyonmod(g:=5, e:=dg, h:=0,he:=0) <« g=2Vg=41> ¢ (D)
( (E)

(

+j'Nnonmod g:= ) g=4l> )
+ ¢ Nponmod (b2:=h%, ¢':=add(e, h, ¢'), g:=5, e:=dy, h:=0, h}:=0, go:=releaséls, h}, ¢2))

<1€’§h<€’+nAg:3>5 (F)
+ Ny onmod (EQZZ}LIQ, g:=5, e:=dy, h:=0, /”/22:0, qg::releaseéég, h/27 QQ))

Aol <h<l +n)Ag=3>4 (@)
+ sp(retrieve?’, ¢')) N ponmoa (¢:=S(¢'), ¢ :=remové/l’, ¢')) < tes(¢’,¢') > 6 (H)
+ ¢ Nyonmod (9':=2, ho:=0, h':=next-empt{¢’, ¢')) <« ¢ =51 § (I)
+] Nnonmod(gl =1 , €21 dOth::O) < g/ =206 (J)
+ 7 Nyonmod(g':=5, ha:=0, e2:=dp, h':=0) <« ¢ =2V g =446 (K)
+]'Nnonmod(g/ —3) < g =44 (L)
+ ¢ Nponmod (6:=1, g:=releasél, b/, q), g:=5, h2:=0, e2:=do, h’:=0) <« ¢’ =11 § (M)
+ 2 g:a ™0(d) Nuonmod (m2:=5(m2), ga:=addd, mz, ¢2)) < ma < la +nz > 0 (N)
+ > 8 ¢ Nionmod (9':=4, ex:=retrievek, g2), ho:=Fk, h':=next-empt{t’, ¢'))

atestk,g2) Ng'=51> 0 (0)
+ ¢ Nyonmod (U:=h, ¢h:=add(es, ha, ¢3), g':=5, ea:=dg, h2:=0, h':=0, ¢:=releasél, h’, q))

Qb <hyg<ly+naNg =319 (P)

+ ¢ Nyonmod (£:=h', g':=5, ea:=dp, ha:=0, h':=0, g:=releas&l, h’, q))
<1ﬂ(€’2§h2<€’2—|—n2)/\g'=3>5

+ sa(retrievelh, ¢5)) Noyonmod (U5:=S(€5), ¢h:=removeérs, ¢b)) < testls, ¢5) > §
+ ¢Noyonmod (9:=2, h:=0, hY:=next-emptif}, ¢5)) < g=51> & (S
+ ¢ Nponmod (l2:=h}, g:=releaséls, h}, g2), g:=5, h:=0, e:=dy, hy:=0) <« g =11 § (T

B. Proofs on Properties of Data

This part contains proofs of the lemmas in Section5.

B.1. Basic Properties

LEMMAs.

We first show some basic properties for the data types. Ambem tthere are properties

which have been held for SWP [1] too. The first lemma deals mitldulo arithmetic.
Unless stated otherwise, all variables that occur in a dataria are implicitly univer-

sally quantified at the outside of the lemnag;, &, ¢, n range ovelN, wheren > 0, g ranges
over Buf, A\, X', \" over List, andd overA.

Lemma 21 1 (iln+3)n=>G~+5)|n
2.0, <n



3. i=(idivn)n+il,
4. (i<j<itn Ai<k<i+n A jloa=kl) — j=k

The next lemma deals with basic properties of buffers.

Lemma 22 1. tes(i,q) — i < maxgq)

—tes{i,q) — removéi,q) = q

testi, removéy, q)) = (testi, q) Ai # j)

i #j — retrievei,remové;, q)) = retrievei, q)

testi, releas€j, k, q)) = (testi,q) A —(j < i < k))

-(j <i<k) — retrievgi, releasej, k,q)) = retrieve(i, q)
remové:, remove;, q)) = removej, removéi, q))

Noohkwd

The next lemma deals with threext-emptyunction.

Lemma 23 1. i < j < next-emptyi,q) — test(y,q)
2. next-emptyi, q) > i
3. =(i < j < next-emptyi, q)) — next-emptyi, removéj, ¢)) = next-empty, q)

The next lemma deals with modulo arithmetic for buffers.

Lemma 24

1. next-emptly, (i, q) = if(tes{i|a,, ¢), next-emptis,(S(7)|2n, q), il2n)
2. Vi:N(testj,q) i <j<i+n)ANi<k<i+n — testk,q) = testk|an, ql2n)
3. Vj:N(testj,q) — i < j <i+n)Ates(k,q) — retrievgk, q) = retrievgk|a,, ql2n)
4. Vj:N(tes(j,q) »i<j<i4+n)ANi<k<i+n —

next-emptg, )], — NEXt-empti, (klon, glan)
1<k<i4+n — in-WindOV\(i|2n, k|2n, (Z + n)‘gn)
iN-Window(i|ay,, k|on, (i +n)|2n) — k+n<iVi<k<i+nVk>i+2n

oo

The next lemma presents basic properties of lists.

Lemma 25 L (AHN)HN = AH(N+HN)

2. length A++\') = length(A) + length(\')

3. appendd, \-+H ') = >\4+appencad )

4. lengthg[i..j)) = j ~ i

5.i<k<j — qli..j) = qli.k)++qlk..7)

6. ~(i <k <j) — removék,q)li..j) = qli..j)

7.0 <i — releasék,(,q)li..j) = qli..7)

8.i<j — appendd,qli.j)) = add(d. j. ¢)[i..S(j))

9. testk,q) — addretrievek, q), k, q)[i..7) = qli..7)
PROOFs.

We only prove the last case in Lemma 21 on modulo arithmeditha first three cases were
already proved in [1,30].

Proof.
4, Let]|2n = k“gn



i<j<itn Ai<k<i+n
—7-k<n
— ((j div2n)-2n + jlan) = ((k div 2n)-2n + kla,) < n (Lem. 21.3)
— (j div2n)-2n = (k div2n)2n <n (lon = Kl2n)
— (jdiv2n)-2 = (kdiv2n)2 <1
— (j div 2n) > (k div 2n)

By symmetry, alsd;j div 2n) < (k div2n), so(j div 2n) = (k div 2n). Sincejly, =
k|2n, by Lem. 21.3; = k.

We only prove the last case in Lemma 22 on basic propertiesfténs, as the first six
cases were already proved in [1].

Proof.

7. If i = j then the lemmais trivial. Let+# ;. We use induction on the structuref

% ¢ = []. Trivial.
x ¢ =1inb(d', k,q').
x J=k.
removeéi, removej, inb(d’, k,q')))
= removéi, removej, ¢')) (j =k)
= removej, removéi, ¢')) (i.h.)
= removej, inb(d’, k, removéi, ¢'))) (j =k)
= removej, removéi, inb(d’, k, ¢'))) (i #k)
1= k.
removeéi, removéj, inb(d’, k,q')))
= removéi, inb(d’, k, removéj, ¢'))) (j £ k)
= removéi, removej, ¢')) (i=k)
= removéj, removéi, q')) (i.h.)
= removéj, removéi, inb(d’, k,¢'))) (i=k)
i # k.
removeéi, removéj, inb(d', k,q')))
= removéi, inb(d’, k, removéj, ¢'))) (j £ k)
= inb(d', k, removéi, removéj, q¢'))) (i #k)
= inb(d', k, removéj, removéi, ¢'))) (i.h.)
= removéj, inb(d’, k, removéi, ¢'))) (j #£ k)
= removéj, removéi, inb(d’, k, ¢'))) (i #k)



s

The cases of Lemma 23 on thext-emptyunction were all proved in [1]. This brings
us to Lemma 24, on modulo arithmetic for buffers. Cases 1 amndré not yet proved in [1],
because of our new definition oéxt-emptj, (i, ¢). SO we prove these two cases here.

Proof.
1. We havel,, < 2n (Lem. 21.2).
% ilon = 2n = 1.
« —testi|an, q).
Hencenext-empti|s,,, ¢) = |2, < 2n. Then

next-emptls,, (7, q)
= next-emptyi|s,, ¢) (next-emptyi|s,, q) < 2n)
= Z‘Zn

Hence we havaeext-emptyi|.,,, ¢) = next-emptyS(ila,), ¢) = next-empt{2n, ¢) >
2n (Lem. 23.2). Then

next-empts,, (7, q)
= if(next-empty0, ¢) < 2n, next-emptio, q), 2n)
= next-empt,, (0, q)

= next-emptl,, ((2n)]2n, q)
= next-emptls,, (S(7]2n) |20, q) (ilan = 2n = 1)
= next-emptls,, (S(7)|2n, q) (Lem. 21.1)

% oy < 2n = 1.

x —tes(i|s,, ¢). Hence
next-emptyi|s,,, ¢) = i|2, < 2n — 1. Then

next-emptis,, (i, q)
= next-emptfi[s., ¢) (next-emptfils,.. ) < 2n = 1)
= i|on (mtestif2,, q))

We recall the assumptioQ(i|s,) < 2n. ThereforeS(i|e,) = S(ilan)|on =
S(7)|2, (Lem. 21.1). Using this and the assumpttesti|,,, ¢), we get

next-emptiion, ) — NeXt-emptyS (ila), q) — Next-emptS(i) ., ¢). Then

next-emptls,, (7, q)

= if(next-emptyi|s,,, ¢) < 2n, next-emptyi|s,, q),
if (next-emptf0, ¢) < 2n, next-empty0, q), 2n))

= if(next-emptyS (i) |2n, ¢) < 2n, next-emptysS(i)|an,, q),
if(next-empt§0, ¢) < 2n, next-emptio, ¢), 2n))

= if(next-empty(S (i) 20) 20, 4) < 21, NEXt-eMPHY(S(i)[20) 20, q).
if(next-empt§0, ¢) < 2n, next-emptio, ¢), 2n)) (Lem. 21.1)

= next-emptls,, (S(7)|2n, q)

4. By inductionon(i +n) — k. Lettes(j,q) — i < j <i+ n.

x k =1+ n. Then—testk, q), sincetes(j,q) — i < j < i+ n. So by Lemma 24.2,
—tes{k|an, ¢l2n), and hence by Lemma 21.2tes{(k|2,)|2n, ¢|2n). HENCE,



next-empts,, (k|2n, ¢|2n)
= (k‘Zn)‘Zn (_‘test(k|2n)|2na Q|2n)a Lem. 241)
= k|on (Lem. 21.1)

— next-empti, g),  (~testh q))
x 1< k<i+n. Theni < S(k) <i-+n.

x —tes{k, ¢). Similarly.
x testk, ¢). By Lemma 24.2, alstest k|, q|2,). Hence we haveest (k|2 )2, ¢|20)
by Lemma 21.1. Hence,

next-emptys,, (k|2n, ¢l2n)
= next-empty,, (S(kl|an)|2n, ql2n) (t€SU(K|2n) |20, ¢l2s), Lem. 24.1)
— next-empty, (S(k)lan, aln)  (Lem. 21.1)

= next-emptyS(k), q)|2n (i.h.)
— next-emptyk, ¢)|2n (testk, q))

Only the last two cases of Lemma 25 on lists were not yet pravet.

Proof.
8. By induction ony — i.
e j — i =0.Thenj =1, since by assumption< ;.
appendd, q[i..j))

— appendd, () G =1
=inl(d, ())
=inl(retrieve(i, add(d, i, q)), add(d, 7, ¢)[S(:)..S(7))) (Lem. 12.4)
=addd, i, q)[i..S(1))
=add(d, j, q)[i..S(4)) (=1

® j>i.

appendd, q[i..j))

= appendd, inl(retrieve(i, q), q[S(i)..5))) (J >1)

— inl(retrieve(i, q), appendd, q[S(i)..j)))

=inl(retrieves, ¢), add(d, j, ¢)[S(7)..5(j))) (i.h.)
=inl(retrieve(s, add(d, j, q)), add(d, 7, ¢)[S(7)..5(4))) ( > i, Lem. 12.4)

=addd, j,q)[i..5(j)) (S(4) > 1))
9. By induction ony — i.

e j —i=0.S0j < i. Then by definition both sides afe

e j > i.BylLemma12.4 we have:
retrievgi, addretrievek, q), k,q)) = if(i = k,retrievek, q), retrievei,q)) =
retrieve(s, q)

= addretrievek, q), k, q)[i..7)
=inl(retrieve(s, addretrievek, q), k, q)), addretrieve k, q), k, ¢)[S(7)..7)) (j > 9)

=inl(retrieves, ¢), addretrieve(k, q), k, q)[S(7)..5)) (above)
=inl(retrieve(i, q), q[S(7)..5)) (i.h.)
=qli-.j) G >1)



B.2. Ordered Buffers

We proceed to prove Lemma 12 on thed function in its entirety.

Proof.
1. By induction on the structure qf

e ¢ = |[]. Trivial.
o ¢ =inb(d,k,q).
x 7> k.
testi, q)
= testi,inb(d’, k, q'))
= (i =k) Vtes(i,q)
— (i = k) v testi,add(d, j, ¢)) (i.h.)
= tests, inb(d’, k,addd, j,¢')))
— testi, add(d, j,inb(d', k, ¢))) (> k)
= testi,addd, j, q))
x 1<k
testi, q)

— (i =j) Vvtesti,q)
(i =)V (testi,q) Ni # j)
= (i =j) V tes{i, removéj, q)) (Lem. 22.3)

= tes(i, inb(d, j, removéj, q)))
= testi,addd, j, q)) (j <k, q=inb(d, k,q))
2. By induction onS(maxgq)) — i.
e S(maxgq)) — i = 0. Therefore—tes(i, ¢) by Lemma 22.1.
next-emptyi, add(d, 7, q))
> (Lem. 23.2)

= next-empty, q)

e S(maxgq)) —i > 0.

x —tes{i, ¢). Similarly.
* tes(i, q). Hencetes{i, add(d, j,q)) by Lemma 12.1.

next-emptyi, add(d, j, q))
= next-emptyS (i), addd, j, q))

> next-emptyS(i), q) (i.h.)
= next-empty, q)



3. By induction on the structure qf

e ¢ = |[|. Trivial.
e ¢ =inb(d k,¢).

x j> k.

tes{s,addd, j,q))
= tes(i, add(d, j,inb(d', k, ¢')))
= tes{s, inb(d’, k,addd, j,¢')))
= (i = k) Vtes(i,addd, j,¢))
(i=Fk)V (i =j)Vtesti,q) (i.h.)
(i =j) Vvtes(i,inb(d', k,q'))
(i = §) Vtesti,q)

* j < k. Sinceq = inb(d', k,q'),
testi, add(d, j, q))
= tes{i, inb(d, j, removéj, q)))
= (i = j) V tes(s, removéj, q))
=(i=j)V (testi,q) Ni # j) (Lem. 22.3)
= (i=j) Vtes(i,q)
4. By induction on the structure qf

e ¢ = |[|. Trivial.
e ¢ =inb(d k,¢).

x j > k.
retrieve(i, addd, j, inb(d’, k, ¢')))
— retrieve(s, inb(d’, k, add(d, j,¢)))
= if(i = k, d’, retrieve(i, add(d, j, ¢')))
= if(i = k, d', if(i=j, d, retrieve(i, ¢'))) (i.n)
= if(i = j, d,if(i=k, d', retrieve(i, ¢'))) G > k)
=if(i = j, d, retrieve(i, q))
x <k

retrievg(i, add d, 7, q))
= retrievei, inb(d, j,removéj, q)))
= if(i = 7, d, retrieve(i, removéj, q)))
= if(i = j, d, retrievei, q)) (Lem. 22.4)



5. By induction on the structure qf
e ¢ = [|. Trivial.
e ¢=inb(dk,q).
Using Lemma 22.3 we gdesti,removéi,q)) = (tes{i,q) A i # ). Hence
—tes{i, removéyi, ¢)). Using this with Lemma 22.2 we derivemovéi, removéi, q)) =
removéi, q).

* 1> k.

removéi, addd, i,inb(d’, k, ¢')))

= removéi, inb(d’, k,addd, i, ¢"))) (i > k)
= inb(d’, k, removéi, add d, i, q'))) (i # k)
= inb(d’, k,removéi, ¢')) (i.h.)
= removéi, inb(d’, k,q')) (i # k)

x i < k. Sinceq = inb(d’, k,q'),

removéi, addd, i, q))
= removéi, inb(d, i, removei, q))) (1 <k)
= remové:, removeéi, q))
= removéi, q) (above)
6. We assumg # next-emptyi, q). Then we prove the lemma using induction on

S(maxq)) = i.

e S(maxq)) — i = 0. Therefore-tes(:, ¢) by Lemma 22.1, so thaiext-emptyi, ¢) =
i. An immediate consequence of this is that ¢ with respect to the assumption.
Hence—testi, add(d, j, q)) because of Lemma 12.3. Then

next-emptyi, add(d, j, q))
=1

= next-empty, q)

e S(maxgq)) —i>0.

* —tes{i, q). Similarly.
x tes{i, q). Hencetest(i, add(d, j, ¢)) by Lemma 12.1. On the other hand we have
next-emptyi, ¢) = next-emptyS(i), ¢) and sonext-emptyS(i), q) # j.

next-emptyi, add(d, 7, q))

= next-emptyS (i), add(d, j, q)) (testé, add(d, j, q)))
= next-emptyS(i), q) (i.h.)
— next-emptfi, q) (testi, q))

7. By induction onS(maxgq)) — i.



e S(maxgq)) — i = 0. Therefore-tesi{i, q) by Lemma 22.1. Saext-emptyi, q) =
i. Moreover, using Lemma 12.3 we dges{:,addd, i, ¢)). Then
next-emptyi, add(d, next-empti, q), q))
= next-empti, addd, i, q))
= next-emptyS(i), addd, 7, q)) (testi, add(d, j,q)))
= next-emptyS (i), q) (Lem. 12.6)
= next-emptyS (next-empti, q)), q)
e S(maxgq)) —i>0.
x —tes{i, q). Similarly.
* tes(i, ¢q). Hencetes{i, add(d, next-emptyi, ¢), q)) by Lemma 12.1. Then
next-emptyi, add(d, next-emptyi, q), q))
= next-emptyS(i), add d, next-emptyi, q), q))
= next-emptyS (next-emptyS(i), q)), q) (i.h.)
= next-emptyS (next-emptyi, q)), q) (testi, q))

8. By induction on the structure qf

e ¢ = |]. Trivial.
o g =inb(dk,¢).
x 1= k.
removéi, add d, 7, q))

= removéi, inb(d', i, add(d, j, ¢'))) (i <)
= removéi, addd, 7, ¢'))
— add(d, j, removéi, ¢)) (i.h.)
= add(d, j, removéi, inb(d’,i,q)))
= add(d, j, removéi, q))

x 7 < k.So0i < j <k.Hence

removéi, addd, 7, q))

= removéi, inb(d, j,removéj, q))) (j <k)
= inb(d, j, removéi, removéj, q))) (i <7)
= inb(d, j, removéj, removeéi, q))) (Lem. 22.7)
= inb(d, j,removéj, inb(d’, k, removéi, ¢')))) (i # k)
= add(d, j,inb(d’, k,removéi, ¢'))) (j <k)

= add(d, j,removéi, q)) (i # k)



*x j > k.

removéi, add(d, 7, q))

= removéi, inb(d’, k,addd, j, ¢'))) (j > k)
= inb(d', k, removéi, addd, j,q"))) (i # k)
=inb(d', k,addd, j,removéi, q¢'))) (i.h.)
= add(d, j,inb(d’, k, removéi, ¢'))) (> k)
= addd, j,removéi, q)) (i # k)

9. We only prove the lemma far< j, by symmetry it then holds for the other case too.
We use induction on the structure @of

e ¢ = [|. Trivial.
e ¢=inb(d k,q),
x 7 < k.
adde, i, add(d, j, q))
= inb(e, i, removei, add(d, j, ¢))) (i < j)
=inb(e, i,addd, j, removéi, q))) (i < j, Lem. 12.8)
=add(d, j,inb(e, i, removéi, q))) (i < j)
=addd, j,adde, 1, q)) (i<j<k)
x j > k.
x 1 < k.

adde,i,add(d, j, q))

= adde, 7, inb(d’, k,addd, j, ¢')) (G > k)
= inb(e, i, removéi, inb(d’, k,add(d, j, ¢')))) (i <k)
= inb(e, i, removéi, add(d, j, q))) (j > k)
= inb(e, i, add(d, j, removéi, q))) (Lem. 12.8; < j)
= addd, j,inb(e, i, removéi, q))) (j > 1)
= add(d, j,adde, i, q)) (t < k)

x 1> k.

adde, i, addd, j, q))

= adde, 4, inb(d’, k,addd, j,q'))) (j>i>k)
= inb(d’, k,adde, i,addd, j,q'))) (i > k)
= inb(d’, k,addd, j,adde, i,q"))) (i.h.)
= add(d, j,inb(d', k,adde, i,q"))) (j>i>k)
= add(d, j,adde, i, q)) (1> k)

Now we prove Lemma 13 on the functiossallerandsortedin its entirety.



Proof.
1. By induction on the structure qf

e ¢ =[] Trivial.
e g =inb(d k,¢).
x J = k.
smallels, inb(d’, k, ¢'))
= i < k Asmalleri, ¢')
— smaller, remové;, ¢')) (i.h.)
— smallels, removéj, inb(d’, k, ¢'))) (j = k)

smallels, inb(d’, k, ¢'))
= i < k A smalleqi, ¢)
— i < k A smallei,removéj, ¢')) (i.h.)
= smallel(i, inb(d’, k,removéj, ¢')))
= smaller(i, removéj, inb(d’, k,q¢'))) (j # k)

2. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,¢).
x 7 < k.
i < j A smallexi, q)
— i < j A smalle(i, removej, ¢)) (Lem. 13.1)
= smallex(, inb(d, j,removéj, q)))
— smalle(i,addd. j, ¢)) (j < k)
x j> k.

i < j A smallefi,inb(d’, k,q’))
=i <jAi<kAsmallefiq)
— 1 < k A smalleqi,addd, 7,¢')) (i.h.)
= smallels, inb(d’, k,add d, j, ¢')))
= smalleli, add(d, j, inb(d', k,¢'))) (j > k)

3. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(dk,¢).

smaller(i, inb(d’, k, ¢'))
= i < k A smallefi, ¢')
— i < kA (removéi,q) =¢) (i.h.)
— i < kA (inb(d', k,removéi, ¢')) = inb(d', k,q"))
= i < k A (removéi,inb(d, k,q")) = inb(d, k,q))
— removéi, inb(d', k,q')) = inb(d', k, q’)

4. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d,k,q).

i < j Asmallely,inb(d, k,q"))
=i<jANj<kAnsmalleqy,q)
— i < k A smalleqi, ¢) (i.h.)
= smallels, inb(d', k, ¢'))



5. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,¢).

x i < k.sortedq), sosmallefk, ¢’). Sincei < k, by Lemma 13.4mallefi, ¢’),
and sosmaller(, ¢). Thenremovéi, ¢) = ¢ by Lemma 13.3.

sortedq)
=sortedq) A smallel(i, q) (smalleq, q))
= sortedremovéi, ¢)) A smalle(i, removéi, ¢)) (above)
= sortedinb(d, i, removéi, q)))
= sortedadd(d, i, q)) (i < k)

* 1 =Fk.

sortedinb(d’, k, ¢'))
= smalleli, ¢') A sortedq’) (1=k)
— smaller(i, removéi, ¢')) A sortedremovéi, ¢')) (Lem. 13.3, Lem. 13.1)
= sortedinb(d, i, removéi, ¢')))
= sortedinb(d, i, remové:, inb(d’, k,q)))) (i =k)
= sortedadd(d, i,inb(d’, k, q")) (i = k)

* 1> k.

sortedinb(d’, k, ¢'))
= smallel(k, ¢') A sortedq’)
— smallek,addd, i, ¢')) A sortedadd(d, i,¢’)) (i > k, Lem. 13.2, i.h.)
= sortedinb(d’, k,addd, i,q")))
= sortedaddd, i, inb(d’, k,q"))) (i > k)

6. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,q). Thensmalleri, q) impliesi < k, so
add(d, i, q)
=inb(d, i,removéi, q)) (i < k)
=inb(d, i, q) (smallex(, q), Lem. 13.3)

7. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢=inb(d k,q). Letsortedq) A j < i.
x 1= k.
sortedinb(d’, k, ¢'))
— smallex(i, ¢') (t=k)
— smallelj, ¢') ( <1, Lem. 13.4)
— smallery, q) (J<i=k)

—removéj,q) =q (Lem. 13.3)

Hence



remOVQZ’, adddmj? q))
= removéi, inb(d, j, removej, q))) (j < k)

=removéi, inb(d, j,q)) (above)
=inb(d, j,removei, q)) (j <)
=inb(d, j,removéi, ¢')) (i =k)
=removéi, inb(d, j,q’)) (J<i,i=k)
=remové:, addd, j, ¢')) (smaller(j, ¢'), Lem. 13.6)
=add(d, j,removéi, q¢')) (i.h.)
=add(d, j,removéi, q)) (i =k)
* 1 < k.
sortedinb(d’, k, ¢'))
— smallelk, ¢')
— smallei, ¢') (i <k, Lem. 13.4)
— smallexi, q) (i < k)
— smallexj, q) (j <1, Lem. 13.4)
—removéj,q) =q (Lem. 13.3)
Hence

removéi, addd, j, q))
=removéi, inb(d, j,removej, q))) (j < i < k)

=removéi, inb(d, j, q)) (above)

=inb(d, j,removéi, q)) (<)

=add(d, j,removéi, q)) (smallex(j, ¢), Lem. 13.1, Lem. 13.6)

x 1> k.
x k=7.
removéi, addd, j, q))

= removéi, inb(d, j, removej, q))) (G =k)
= removéi, inb(d, j, removej, q'))) (G =k)
=inb(d, j,removéi, removej, q'))) (G=k<i)
=inb(d, j,remové;, removéi, q'))) (Lem. 22.7)

=inb(d, j, removéj, inb(d’, j, removei, q¢'))))
=addd, j,inb(d’, j, removéi, ¢')))

=addd, j, removéi, inb(d’, j,4¢'))) (j <)
= add(d, j, removei, q)) G = k)
x k> 7.
removeéi, addd, j, q))
= removéi, inb(d, j,removéj, q))) (J < k)
=inb(d, j, removei, removej, q))) (j <)
=inb(d, j,removéj, removéi, q))) (Lem. 22.7)
=inb(d, j,removéj, inb(d’, k, removéi, ¢'))))
=add(d, j,inb(d’, k,removei, q'))) (j <k)
=add(d, j,removéi, q)) (k <)
x k< 7.

removéi, addd, j, q))
=removéi,inb(d’, k,addd, j,q"))) (k < j)
=inb(d’, k,removéi,addd, j,q'))) (k < j < 1)
=inb(d', k,addd, j,removei, ¢'))) (i.h., sortedq’), j < 7)
=addd, j,lnb(d/ k,removeéi,q'))) (k < j)
=addd, 7, removeéz q)) (k< j<i)



8. By induction on the structure qf

e ¢ = [|. Trivial.
e ¢ =inb(d k,¢).
x 1 < k.
smallelk, ¢')
— smallefi, ¢') (Lem. 13.4)
— removéi,q') = ¢ (Lem. 13.3)
Hence
addd, i, removéi, q))
= add(d, i, inb(d’, k, removéi, ¢'))) (i < k)
=addd, 1, q) (above)
x 1 =K.
addd, i,removéi, q))
= add(d, k, removék, ¢')) (i = k)
— addd, k, ¢) (i.h.)
=inb(d, k, q) (smallefk, ¢’), Lem. 13.6)
= inb(d, k, removék, ¢')) (smallefk, ¢’), Lem. 13.3)
= inb(d, k,removék, q))
= add(d, i, q) (i = k)
*x 1> k.

addd, i, removéi, q))

= add(d, i, inb(d’, k, removéi, ¢'))) (i > k)
=inb(d’, k,addd, i, removéi, ¢'))) (i > k)
=inb(d’, k,addd, i,q")) (i.h))
=addd, 1, q) (1 > k)

Now we prove Lemma 14 odql|,, in its entirety.

Proof.
1. By induction ory.
e ¢ =[] Trivial.
e g =inb(d, k,q).
sortedinb(d, k, ¢')||)
= sortedadd(d, k|, ¢'||))
= true (i.h., Lem. 13.5)



2. By induction ony.
e ¢ = [|. Trivial.
o ¢=inb(d,k,q).
testi, ql,,)
= tes(i, inb(d, k|, ¢'|))
— (i = k|, v testi, ¢'].))

= (i = k|, vV testi,q'||,) @i.h.)
= tes(i, add(d, k. ¢'[|)) (Lem. 12.3)
= testi, q|»)

3. By induction ory.
e ¢ = |[|. Trivial.
e g =inb(d,k,q).
retrieve(i, ¢|,,)
= retrieve(i, inb(d, k., ¢'|,,))
= if(i = k|, d, retrievei, ¢'|,,))

= if(i = k|, d, retrievg(i, ¢'||,) (i.h)
= retrievei, add(d, k., ¢'||»)) (Lem. 12.4)
= retrieve(i, ¢||,,)
4. @ j <.
It holds by Lemma 13.7 and Lemma 14.1.
o | <.

It holds by Lemma 12.8.
5. By induction on(i + n) - k.
e k=1i+n.
—tes{k, q), sincetes(j,q) — i < j < ¢ + n by the assumption. So by Lemma
24.2,—testk|s,, q|2n), @and hence by Lemma 14.2tes( k|2, q||2,). Hence

next-emptis,, (k|an, ¢l2n)
= (k‘Qn)‘Qn (_'tes((k‘bn)bn? q‘2n)’ Lem. 241)
= next-empti, (k[2n, ¢|2n) (-t€S((k[20)]2n, ¢l|20), Lem. 24.1)

o | <k<i+n.

x —tesi(k, ¢). Similarly.
x test(k, q).

By Lemma 24.2tes( k|2, q|2,). Hencetestk|a,, ¢l2,) by Lemma 14.2. There-
fore,

next-empti,, (k|an, ¢l2n)
= next-emptlg,, (S(k|2n)| 20, @l2n) A€S((E|2n)|2n, ql2n), Lem. 24.1)
= next-emptl,, (S(k)|2n, ql2n)  (Lem. 21.1)
= next-emptl,, (S(k)|2n, qll2.)  (1.h.)
= next-empty,, (S(k|2n)|2n; ¢|2,) (Lem. 21.1)
- neXt-emptMn k‘?anHQn) (tes((kbn)‘?nuq,bn)’ Lem. 241)

e Y N



6. By induction on the structure qf

e ¢ = |[|. Trivial.
e g=inb(d, ¢, q).
x k=1/.
removék, inb(d, ¢, ¢'))||2n
= removék, ¢')||2n (k =1)
= removék|an, ¢'||2n) (i.h.)
= removek|s,, addd, £|2,, ¢'[|2,)) (Lem. 12.5k = ¢)
= removék|,,, inb(d, £, ¢')||2n)
x k# L.

tes(/, q), hencei < ¢ < i + n by the assumption. Thekls, # ¢|2,, using
Lemma 21.4 and the fact thak k£ < i+ n.

removék, inb(d, ¢, q’))||2n
=inb(d, ¢,removék, ¢'))||2n (k #£10)
=add(d, {|z,, removek, ¢')||2n)
=add(d, {|z,, removek|s,, ¢'l|2,)) (i-h.)
= removék|s,, addd, £|2,, ¢'||2,)) (Lem. 14.4, ko, # l]on)

= removék|s,, inb(d, ¢, ¢')||2x)
7. By induction onk — i.

e k —i=0.Byassumptiort < i, Soi = k. Then the lemma is trivial.
e k —i>0.Theni < k. Using Lemma 21.4 we géf,, # k|2,. Also

tes{j, removéi, q))
i (Lem. 22.3)
—S(i) <j (i <)

Hence

I‘e|eaS€éi, k? q) ||2n

= releaséS(i), k, removéi, q))|| 2 (i < k)
= releasé,,, (5 (7)|2n, k|2n, removei, q)||2,) (above, i.h.)
= release,,, (S (i|2n), k|2n, removeéi, q)||2,) (Lem. 21.1)
= release,,,(S(i|2n), k|2n, removeéi|s,, ql|2,)) (Lem. 14.6)
= releasey, (i[2n, k[2n. q|2n) (il2n # Kl2n)

8. By induction on the structure qf
e ¢ = [|. Trivial.
e g =inb(d,j,q).
x ] < k.

Clearlytestyj, q). Soi < j < k, by the assumption. Singe< k,i < j < k <
i+nandi <k <i+n,bylLemma?2l.4j < kimpliesj|s, # k|an-



addd, k,inb(d’, 5, ¢))|l2n

= inb(d', j,addd, k,q')) |2 G <Fk)
= ad(xd/;jbna achd> k? q/) HQTL)
= addd’, j|2,, add(d, k|21, ¢'[|20)) (i.h)

— add(d, k|sn, addd’, jlon ¢'l|3n)  (lon # Kl2n, Lem. 12.9)
= add(d, k“Qn; inb(d/a ja q/)”Qﬂ)

x j > k.
add(d, k, q)||2n
= inb(d, k, removek, q))||2n (G >k)
= add(d, k|2, removék, q)|2,)
= add(d, k|a,,, removek|a,, q||2n)) (Lem. 14.6)
= add(d, k|2n, q|2n) (Lem. 14.1, Lem. 13.8)

B.3. Invariants

In this section we prove the invariants in Lemma 15.

Proof. For each case we only prove the first one, the second one igsattva mirror, and is
derived with a similar technique.

1. i < next-emptyt’. ¢').
n, ', ¢ change only in summands, H, I, K, M, O, P and(@. So we only need to
check these summands. Among these, dhBnd H are non-trivial, because in other
cases := next-empty/’, ¢’) or b’ := 0.
F:q¢ :=adde,h,q);
R < next-empty’, ¢') < next-empty’, adde, h, ¢')) (Lem. 12.2).
H: 0 :=5(),q :=removél ¢'); under conditiortest(?, ¢');
R < next-empty’, ¢') = next-emptyS(¢'),q") = next-emptyS(¢'), removeél ¢'))
(Lem. 23.3).
2. ¢ < next-empty?’, ¢').
Summandd’, H andM need to be checked.
F andH are provable with a similar strategy as the proof of Invarignl.
M: 0 :=H;
R < next-empty/’, ¢') by Invariant 15.1.
3. #5—=(<h.
Summandd, J, K, L, M, O, P and@ need to be checked.
Summanddy, M, P and( are trivial, because in these cagés= 5.
Summands/ and L are also trivial sincé andh’ do not alter.
I: ¢ :==2,h = next-empty’, ¢');
By Invariant 15.2/ < next-empt/’, ¢').
O: ¢ =4, h := next-emptyt’, ¢);
Similar.
4. tes(i,q) — i < m.
Summandsi, M, P and(@ need to be checked.



10.

A:m = S(m), ¢ := addd, m, q);

testi,addd, m, q)) < i = m V tes{i, q) using Lemma 12.3. Hende= m Vi < m
and therefore < S(m).

M, P andQ: q := release’, b/, q);

testi, release’, b/, q)) — tes{i, q) (Lem. 22.5)— ¢ < m.

(9=3Vg=4) — h<m.

SummandsA-G, S andT need to be checked. Among these only summahds
andE are non-trivial, because in other cageg 3, 4.

A:m = S(m);

If g # 0, thenh < m < S(m).

B: g := 4, h := k; under conditiortestk, q);

By Invariant 15.4testk, ¢) impliesk < m.

E: g := 3; under conditiory = 4;

g = 4 impliesh < m.

tes(i,q') — i < m.

Summandsi, F' and H need to be checked.

A:m = S(m);

testi, ¢') impliesi < m < S(m).

F: ¢ :=adde,h,q); under conditiory = 3;

g = 3, s0 by Invariant 15.5), < m. Hence,

tes(i,add(e, h,q¢')) < (i = h Vtes(i,q¢'))  (Lem.12.3)
— (Z =hVi< m)
—i<m

H:q :=removel, ¢);
testi,removél’ ¢')) — testi, ¢')(Lem. 22.3)— i < m.

ctesti,¢) = 0 <i <l +n.

Summandg” and H need to be checked.
F: ¢ :=adde,h,q); under conditio?’ < h < ¢’ + n;

tes(i,adde, h,q')) < i = h V testi, ¢') (Lem. 12.3)
—i=hVl <i<!l+n
S0 <i<l 4+n

H: (0= S({"), ¢ :=removel q);

tes(i,removél’ ¢')) —tes(i,¢') Ni £ V' (Lem. 22.3)
=V <i<l4nNi#l
—SW)<i<SW)+n

U <m.

Summandsi and H need to be checked.

A:im = S(m);

0 <m < S(m).

H: ¢ = S(¢); under conditiortest{?’, ¢');

By Invariant 15.6fes(/’, ¢') implies?’ < m. SoS(¢') < m.

. next-empty?’, ¢') < m.

By Invariant 15.8¢ < m. Furthermore, by Invariant 15.6¢tes{m, ¢'). Hence, by
Lemma 23.1 we can obtain the followingext-empty’, ¢') < m.

next-empty’’, ¢') < ¢’ +n.

By Invariant 15.7-test{¢'+n, ¢'). Hence, by Lemma 23.hext-empty’, ¢') < ¢'4n.
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12.

13.

14.

15.

testi,q) — ¢ < 1.

Summandsi, M, P and(@ need to be checked.
A: q :=addd, m, q);

By Invariant 15.2 and 15.9,< m. So

testi,addd, m, q)) <> i = m Vtes(i,q) (Lem. 12.3)
—i=mVL<j
— <1

M, PandQ: (:= 1, q:=releasél, ', q);

testi, release’, ', q)) — tes{i, q)(Lem. 22.5)— ¢ <.
¢ <i<m— tes(i,q).

Summandsi, M, P and( need to be checked.

A:m = S(m), ¢ := addd, m, q);

By Invariants 15.2 and 15.9,< m. So

(<i<Sm)—=l=mVI<i<m
—i=mV testi,q)
— tes(i,add(d, m, q)) (Lem. 12.3)

M: 0 :=h, q:=releasél, k', q); under conditiory’ = 1;
g’ =1, so by Invariant 15.3, < h’. Hence,

W<i<mel<i<mA-{l<i<Dh)
—testi,q) A —-(0 <i < k)
— tes(i,releasé’, 1, q)) (Lem. 22.5)

Summands” and@ hold similarly under condition’ = 3.

m<{+n.

Summandsi, M, P and(@ need to be checked.

A:m = S(m); under conditionn < ¢ + n;

ThenS(m) < ¢+ n.

M: ¢ := h’; under conditiony’ = 1;

¢ =1, s0 by Invariant 15.3, < h’. Hencejn < {+n < h' 4+ n.

Summands” and@ hold similarly, under conditiop’ = 3.

(9=3Vg=4) — next-empty?’, ¢') < h+n.

SummandsB-H, S andT need to be checked. Among these only summandg
and H are non-trivial, because in other cageg 3, 4.

B: g := 4, h := k; under conditiortestk, q);

By Invariant 15.9,next-empty?’, ¢') < m. By Invariant 15.13n» < ¢ + n. Since
testk, ¢), Invariant 15.11 yield$ < k. Sonext-empty?’, ¢') <m < {+n < k+n.

E: g := 3; under conditiory = 4;

g = 4 impliesnext-empt{?’, ¢') < h + n.

H: 0 :=5(l'), ¢ :=removél, ¢') under conditiontes(?, ¢');

next-emptyS ('), remové(’, ¢'))

= next-emptyS(¢'), ¢') (Lem. 23.3)
— next-empti’, ¢ (test?, ¢))
<h-+n

U <i<h —testi,q).

Summands”, H, I, K, M andO-Q need to be checked. Among these only sum-



16.

17.

s

mandsF, H, I and O are non-trivial, because in other casés:= 0, and hence
¢ <i < h' does not hold.

F:q¢ :=adde,h,q);

¢ <i<h —testi,q) — testi,add(e, h,¢')) (Lem. 12.1).

H:U':=5(),q :=removél. q);

SW)<i<hW el <i<hWANi#l —tesli,¢) Ni#l — testi,removél q'))
(Lem. 22.3).

I'andO: ' := next-emptyl’, ¢');

By Lemma 23.1{' < i < next-empty/’, ¢') — tes{i, ).

(9g=3Vg=4)ntes(h,q) — retrieveh,q) =e

Summandsi-G, M, P, @, S andT need to be checked. Among these only summands

A,B,E andM are non-trivial, because in other cageg 3, 4.

A: q:=addd,m,q);

By Invariant 15.55 = 3V g = 4 impliesh < m. Henceetrievg h,add d, m, q)) =
retrievgh, q) = e (Lem. 12.4).

B: g :=4,e:=retrievek, q), h .= k;

retrievgk, q) = retrievgk, ¢) holds trivially.

E: g := 3; under conditiory = 4;

If test(h, ¢), then in view ofg = 4, retrievgh, q) = e.

M, P andQ: q :=releasél, ', q);

Let (9 = 3V g = 4) Atesth,releasgl, 1, q)). By Lemma 22.5-(¢ < h < h').
Hence, by Lemma 22.@etrieve h, releasé/l, 1/, q)) = retrievgh, q) = e.

testi, q) A testi,q') — retrievdi, q) = retrievei, ¢').

Summandsi, F, H, M, P and() must be checked.

A: q:=addd,m,q);

By Invariant 15.6testi, ¢') impliesi # m. Hence

tes(i, addd, m, q)) A testi, ¢')
—tesli, q) Atesti,q') (Lem. 12.3)
— retrieve(i, q) = retrieve(i, ¢')
— retrieve(i, add(d, m, q)) = retrieve(i, ¢') (Lem. 12.4)

F: ¢ :=adde,h,q); under conditiory = 3;
Lettesti, q) A tes(i,adde, h, ¢')).
CAsE 1l:7 # h.

testi, ) Ates(i,adde, h, q))
— testi, ¢) Atesti, ¢') (Lem. 12.3)
— retrievei, q) = retrieve, ¢')
— retrievei, q) = retrievgi,adde, h, ¢')) (Lem. 12.4)
CASE 2:7 = h.
Thenretrievei, adde, h, ¢')) = e using Lemma 12.4. Suppose thes{’, ¢). Invari-
ant 15.16 together with = 3 yieldsretrievgh, q) = e, which isretrieve(i, q) = e.
Thereforeretrieve(i, add(e, h, ¢')) = retrieve(i, q).
H:q :=removél, q¢); [8]
By Lemma 22.3testi, remové(’ ¢')) impliesi # ¢'.
testi, ¢) A tes{i, remové/’ ¢'))
— testi, ¢) A testi, ¢') (Lem. 22.3)
— retrieve(i, q) = retrievegi, ¢') = retrieve(i,removél’ ¢')) (Lem. 22.4)

M, P andQ: q :=releasél, ', q);
By Lemma 22.5testi, releas¢/, i/, q)) implies—(¢ < i < h’). Hence,



tes(:, releasé’, i/, q)) A test(i, q')
— testi, q) Atesti, ¢') (Lem. 22.5)
— retrievdi, ¢') = retrievei, q)
— retrievei, ¢') = retrieve(i, releasé/, b/, q)) (Lem. 22.6)

18. (¢ =3V g=4)Atesth,q') — retrievgh,q') = e.
Summands3-H need to be checked. Among these only summands and H are
non-trivial, because in other casges- 3, 4.
B: g =4, e :=retrievek, q), h := k; under conditiontes{k, ¢);
If tes(k, ¢’), then by Invariant 15.1fetrieve(k, ¢') = retrievek, q).
E: g := 3; under conditiory = 4;
If tes(h, ¢’), then in view ofg = 4, retrieve(h, ¢') = e.
H:q :=removeél, q¢');
Letg = 3V g = 4 andtes{h,remové(, ¢')). By Lemma 22.3) # ¢'. Hence, by
Lemma 22.4 we can deriveetrieve h, removeé/!’, ¢')) = retrievgh, ¢') = e.
19. ¢ <iAj < next-emptyi,q) — qli..j) ='[i..7).
We apply induction oy — 1.

e If i > j,thengfi..j) = () = ¢'[i..j).
e If i < j, theni < next-empty,q’), thereforetes(i,¢’), and hence < m by
Invariant 15.6. Now < i < m, so by Invariant 15.18s{i, ¢). Hence,

qli..j) =inb(retrievei, q), ¢[S(7)..7))
=inb(retrieve(i, q), ¢'[S(7)..7)) (i.h.)
=inb(retrievgi, ¢'), ¢'[S(4)..5)) (Inv. 15.17)
=q'[i..j).

C. proofs of Propositions 16, 18 and Lemma 17

Proof of Proposition 16

A @ m <+ n < in-window/|a,,, m|a, (£|2n + 1)|2n)-
m<{l+n—{<m<{+n(nv.15.2and 15.9)-
in-window(/|a,,, m|on, (€ 4+ n)|2,) (Lem. 24.5).
Reverselyin-window(/|s,,, m|an, (¢ +n)|on) — m+n < (VL <m < {+nVm >
¢+ 2n (Lem. 24.6)— m < £+ n (Inv. 15.2, 15.9 and 15.13).
Furthermore, by Lemma 21.14, + n)|2n, = (¢]2n + 7)]|2n-
® 5(m)|2n = S(ml2n)|2n-
This follows from Lemma 21.1.
o addd,m, q)l|2n = add(d, m|an, q||2n).
tes(k, q) — ¢ < k < m by Invariants 15.4 and 15.11. This together with Invariant
15.13 and Lemma 14.8 gives addd, m, q)||2, = add(d, m|an, q||2n)-
B e testk,q) — retrievek, q) = retrieve(k|sy,, ¢||2,). This follows from Lemma 14.3
and Lemma 24.3 together with Invariant 15.7.
e next-emptyl), ¢3)|2,, = next-empty,,, (¢]an,, ¢5]|2n, ). This can be derived from
Lemma 14.5 and Lemma 24.4 together with Invariant 15.7.
F o ({'<h</l+n)Ag=3in-window|a,, hlon, (¢'|2n +1)|2n) A g = 3.
Letg = 3. By Lemma 23.2{' < next-empty’, ¢'), and by Invariant 15.14 together
with ¢ = 3, next-empty?’,¢') < h + n. Hence,/’ < h + n. Furthermore, by
Invariant 15.5 together with = 3, h < m, by Invariant 15.13yn < ¢ + n, and by
Invariants 15.2 and 15.10,< ¢ + n. Henceh < ¢’ 4+ 2n. So using Lemmas 24.5
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and 24.6, it follows that’ < h < ¢/ + n < in-window{'|2,,, A2, (¢ + n)|2,). By
Lemma 1.1({¢ + n)|a, = (¢'|2n + 1)|2n-

' <h</l+n—adde,h,q)|2 =adde, h|an, ¢'||2n)-

This follows from Invariant 15.7 and Lemma 14.8.

g=3— releaseéﬁg, h/27 Q2)||2n2 = releas¢2n2 (62‘%27 hl?‘%zv Q2||2n2)'

Let g = 3. By Invariant 15.3,/;, < R). By Invariant 15.1, Invariant 15.9 and
Invariant 15.13,4;, < /5 + ny. By Invariant 15.11, Invariant 15.4 and Invari-
ant15.13testk, ¢2) — (5 < k < {5+n,. Using all these abovementioned and also

Lemma 14.7, we g%leaSégg, hé, QQ)”2n2 = releaS%HQ (€2|2n2, hé‘Qng; qQHQnQ).

] ﬁ(f’ S h </t + n) A g = 3« _\in'WindOV\<€,|2n, h|2n, (€,|2n -+ n)|2n) A g = 3.
This follows immediately from the first item of].

e g=3— releaséﬁg, h,2’ q2)H2n2 = releas¢2n2(€2‘2n2> hl2‘2"2’ QQ”QTLQ)'
This is identical to the last item off].

e tes(?, q) =tes(|s,, ¢'||2n)-
This follows from Lemma 14.2 and Lemma 24.2 together witrahrant 15.7.

e test(?, ¢') — retrieve?’, ¢') = retrievg!'|s,, ¢'||2n)-
This follows from Lemma 14.3 and Lemma 24.3 together withalrant 15.7.

® S(')|an = S(¥]2n)]2n-
This follows from Lemma 21.1.

o removel, q')||2, = removel s, ¢'||2n)-
This follows from Lemma 14.6 together with Invariant 15.7.

e next-empty’, ¢')|2, = next-emptys, (|2, ¢ ||2n)-
This follows from Lemma 14.5 and Lemma 24.4 together witrahrant 15.7.

e ¢ =1—releasél, 1/, q)lls, = releaseéy, ({|an, '|on, qll2n)-
Let ¢ = 1. By Invariant 15.3 together with’ = 1, ¢ < A’. By Invariant 15.1,
h' < next-emptyl’, ¢’). By Invariant 15.9 next-empty’. ¢') < m. By Invariant
15.13,m < ¢+ n. Sol < h' < ¢+ n. Hence, the desired equation follows from
Lemma 14.7 together with Invariants 15.4, 15.11 and 15.13.

SummandsV, O, P, ), R, S andT are the mirrors of the summands B, F, G, H, I
and M respectively.

Proof of Lemma 17

To start with, we evolve to a state where the first part of thejwaction holds. First we
show that from each state whege# 5, a state withy = 5 can be reached by means of
internal actions. Next we show that from each reachable sthereg = 5, a statef, with
¢ =mV{=1/{+ncan be reached by means of internal actions.

e Consider a state with # 5.

We argue by a case distinction on the valug dat we can perform internal actions
to a state withy = 5.

If ¢ = 2, with summand”' we can gety = 1. Then with summand” we can get
g =>5.

If ¢ = 4, we can geyy = 3 with summandF, and then with either summardor G
we can geyy = b.

Consider a reachable state with= 5.

We prove by induction omin{m, ¢' + n} — next-empt{/’, ¢') that a state, with

¢ =mV/{ =/ +ncan be reached by a sequence of internal actions. By In¥arian

15.9 and 15.1qext-empty!’, ¢') < min{m, ¢’ + n}.
* next-emptyl’, ¢') = min{m, ¢’ + n}.



x g # 5.
We argue by a case distinction on the valugyofhat we can perform internal
actions to a state with = 5, g = 5 andnext-empty/’, ¢') = min{m, ¢’ + n}.
If ¢ = 2o0rg = 4, with summandy we can geyy’ = 5.
If ¢’ = 1, with summand\/ we can geyy’ = 5.
If ¢’ = 3, with either summand or ) we can gey’ = 5.
The values ofy , ¢, ¢ andm remain unchanged during all these transitions.
Henceg = 5 andnext-empty’, ¢') = min{m, ¢’ + n} still hold.

x g =b.
We argue that we can perform three internal actions to a sfa¢ee the relation
¢ = next-emptyt’, ¢’') = min{m, ¢’ + n} holds.
Sinceg’ = 5, with summand we can get td’ = next-empt{/’, ¢’') andg’ = 2.
Then with summand we can gett@g’ = 1, while 4/, ¢ andq’ remain unchanged.
Now with summand\/ we can get to a state whefes given the value oh’ =
next-empty’’, ¢'), while ¢ and¢’ remain unchanged. Henée= min{m, ¢’ +n}
by the assumption. Therefofe=m Vv ¢ = ' + n.

x next-empty?’, ¢') < min{m, ¢’ + n}.

By Invariant 15.2¢ < next-empty’, ¢'). Using this, the assumption and Invari-
ant 15.12, we havies{next-empt{/’, ¢'), ¢). Since moreover by assumptign= 5,
with summandB we can get to a state where = 4, e = retrievgk,q) and
h = next-empty’, ¢'). Then with summand’ we can geyy = 3, while all other
data parameters remain unchanged. By Lemma 232 next-empty/’, ¢'). So by
the assumption we can use summahtb go to a state wherg= 5 andq’ changes
to add(e, next-empty’’, ¢'), ¢'). Now by Lemmas 12.7 and 23.2:

next-empty’’, add(e, next-empty?’. ¢'), ¢')) =

next-emptysS (next-empty’’, ¢’')), ¢') > next-empty’, ¢').
In all the transitions above, andm remain unchanged. Moreover, no elements
were removed fromy’, so thatnext-empty/’, ¢’) did not decrease. Therefore we
can apply the induction hypothesis to conclude that we caalra state, with
¢ =mV{=1/{+nbyasequence of internal actions.

We continue fromg, to reach a focus poirt. We need to check that the property

¢ =mV{={+ nremains correct when a transition is performed. Using alami
strategy as in the first part, we show that from each reaclsaale wherg/ # 5 and

¢ =mV{ = {+n,with a couple of internal actions we can reach a state where
g =5andl =mV ¢ =/ +n. Next we show that from each such state a focus point
can be reached by a sequence of internal actions.

« Consider a reachable state with4 5 andl/ =m VvV ¢ = ¢ + n.
We show how to reach to a state whefe= 5 and stilld = m Vv ¢ = ¢’ + n. With
summandk, M, P or Q we can gety = 5. In case of summanA’ the values of,
m and/ remain the same, but using the other summansiseplaced by.". Hence
it remains to prove that’ = m vV ' = ¢’ + n holds in reachable states wigh# 5.
By Invariants 15.1 and 15.9/ < m. Furthermore, by Invariants 15.1 and 15.10,
B < ¢ + n. Henceh' < min{m, ¢ 4+ n}. On the other hand, by Invariant 15.3
andg’ # 5, ¢ < h'. Furthermoref = m VvV ¢ = ¢ + n by assumption. Hence
min{m, ¢’ +n} < h'. Thereforeh’ = min{m, ¢’ +n}. This impliesh’ = mV 1’ =
0+ n.

x Consider a reachable state with=5and/ =m Vv { = ¢ + n.
We prove by induction omin{m., ¢, + ns} — next-empty’;, ¢;) that a focus point
can be reached by a sequence of internal actions. By Iniard&9 and 15.10, we



obtain:next-emptyt;,, ¢}) < min{ms, ¢, + ns}.
* next-emptyrs, ¢5) = min{ma, ¢4 + ns}.

- g F#0.
With summandD, F, G or'T' we can go to a state with= 5,/ = mV{ = {'+n
andnext-empt{/,,, ¢5) = min{my, €5 + ny}.

- g =9.
We argue that we can perform three internal actions to a étwﬂeere these
equalities hold?, = next-empt{(,,, ¢5) = min{ma, ¢}, + ny}. Sinceg = 5,
with summandS we can go to a state with, = next-empty/,,¢,) and
g = 2. Then with summand’ we can gety = 1, while h, ¢, and ¢, re-
main unchanged. Now with summafdwre go to a state wherg is given the
value ofhl, = next-emptyt, ¢5) and/, andg¢), remain unchanged. Therefore
62 = neXt-emptW’Q,qé) = min{mg,f’Q + ng}. 8062 = my V 62 = 6/2 + No.
Moreover! = mV {={+nin 5 since/, m and/’ remain unchanged during

~

the transitions above. Hende”'(¢).

* next-emptyrl, ¢5) < min{ma, ¢} + ns}.

By Invariant15.2/, < next-emptl},, ¢5). So by Invariant 15.12 together with
the assumptiortestnext-empt{t,, ¢), ¢2). Sinceg’ = 5, with summand) we
can go to a state with' = 4,
ey = retrievegnext-emptyll, ¢5), ¢2) and hy = next-empt{l),, ¢5). Then with
summand/Z we can gety = 3, while all the other data parameters re-
main unchanged. By Lemma 23.2, < next-empty/,, ¢;). By the assump-
tion we can go with summan# to a state wherg’ = 5, and¢, changes to
add(ez, next-emptyts,, ¢5), ¢5). Then by Lemmas 12.7 and 23.2:

next-empty’’,, add(eq, next-emptils,, ¢5), ¢)) =

next-emptysS (next-emptyls, ¢5)), ¢5) > next-emptyrs, ¢, ).
¢, andm, remain unchanged through all these transitions, and/aléandm
did not change. Therefore we can now apply the induction thgsis to con-
clude that a focus poirgtcan be reached by a sequence of internal actions.

Proof of Proposition 18

By the cones and foci method (see Theorem 7) we obtain theedfmly matching criteria (see
Definition 6). Trivial matching criteria are left out.

Class I:

Class Il:

A <h<l +nAg=3 —

(b(ma q, glv q/v ma,q2, 8/2’ q/2) = (b(ma q, gl’ adde7 ha q/)a ma, relea3é1€2, h/27 Q2), ‘€/27 qé)

(0 Sh< 04 n)Ag =3 do(ma, s, by, ah) = ba(mo, releasely, by, ), lh, q5)
. g/ =1 — ¢1(m7Qa€/7q/) = ¢1(m5 releaSéé, h/7q)’€/’q/)
Ay <hy<lh+mnyAg =3 —

d(m, q, €', q',ma, g2, 0y, ¢5) = ¢p(m,releas&l, h', q), £, q',ma, g2, l5, add(ea, ha, q3))

: _‘(6/2 S h/2 < 612 J’_ n2) /\ g/ = 3 e ¢1(m7 Q7€I7 ql) = ¢1 (m) releaseg) h/) Q)7€/) q/)

-g= 1 — ¢2(m2;qQ7€/25q/2) = ¢2(m27 re|eaS€é€2,h/2,qQ),€/2,qé)

L.m</{+n — length¢i(m,q.0',¢)) <2n
2.tes(?',q') — length(¢1(m,q,¢',q")) >0

3.ma < fa+no — length(pa(ma, g2, 5, ¢5)) < 2nq
4.tes(ly, ¢b) — length(¢a(ma, g2, ly, b)) >0



Class IlI:
1L.l=mvVeL=l4n)N(la=maVly =10+ ns) Aengthd1(m,q,0,¢)) <2n — m<L+n
2.(l=mVe="0+n)A{ly =ma VLl =105+ ny) Alength¢1(m, q, 0, q¢')) >0 — test{?,q¢)
3. (( =mvl =10+ n)/\((z = mo\Vly = EIQ + ng) A Iengtl“(qbg(mg, q2,€,27 qé)) < 2ng — mo < o + ng
4. (=mVL="0 +n)A (2 =maVly =1+ ng) Alengthoda(mae, g2, 05, ¢5)) >0 — tes(¥), gh)
Class IV:
1.tes(¢’,q') — retrievg?’,q') = top(¢1(m,q,?',q"))
2. tes((y, q3) — retrieve(ly, g3) = top(¢2(mz, g2, 05, 43))

Class V:
1.m<{l+n — ¢1(S(m),addd, m,q),?,q,) = appendd, ¢1(m, q,?,q"))
2.tes(l',q") — ¢1(m,q, S0, removél’ q")) = tail(¢1(m,q, 0, q"))
3.ma <l +ny — ¢2(S(ma),addd, ma, g2), 3, ¢3) = appendd, ¢2(ms, g2, l5, 43))
4.tes(ly, q3) — ¢a(ma, gz, S(£5), rEMOVELs, 5)) = tail(d2(my2; g2, €5, 45))

Since in each class there is an analogous counterpart forceideria, because of the nature
of our protocol, hence we only prove one of each these pairs.

[.1 With respect to the definition af, we prove this foky; and¢, in separation.
e Firstwe prove’ < h < {'+nAg =3 — ¢1(m,q,0,q") = ¢1(m,q,¢';adde, h, q')):

case 1. Whenh#next-emptyl’, ¢'). Thennext-empty’, adde, h,¢')) =
next-empty’’, ¢') (Lemma 12.6). Hence
add(e, h, ¢')[¢'..next-empty’, add e, h, ¢')))+H-g[next-empty’, adde, h, ¢'))..m)
= adde, h, ¢')[('..next-empty’, ¢'))+H-q[next-empty’, ¢’)..m).

—when in additiortest’, ¢), holds:
By Invariant 15.18 together withes(h,¢’) and g = 3, retrievgh,q’) =
e. So by Lemma 25.9 antesth,q’), adde, h,q')[l'..next-empty’, ¢'))
¢'[0'.next-emptyl’. ¢')).

—when-tes{h, ¢’) does not hold:
Sincel < h, by Lemma 23.1next-empty’, ¢') < h. Then (by Lemmas 25.6,
12.5 and 25.6):
adde, h, ¢')[¢'..next-emptyl’, ¢')) = removéh,adde, h,¢'))[¢'..next-empty’, ¢'))
= removéh, ¢')[¢'..next-empty’. ¢')) = ¢'[¢'..next-emptyl’, ¢')).

case 2. h=next-empty’. ¢’'). Then
(a) next-empty’. add(e, h, ¢')) = next-empty’, add(e, next-empty’. ¢'), q’))
= next-emptyS(next-empty?’, ¢')), ¢') = next-emptyS(h),¢') (Lemma12.7)

(b)adde, h,q')[¢'..h) = removéh,adde, h,q'))[l..h)
=removéh, ¢')[¢'..h) = ¢'[¢'..h) (Lemmas 25.6, 12.5 and 25.6)

(c) By Invariant 15.2¢ < h, and by Invariant 15.5 together with= 3, h < m.
Thus, by Invariant 15.12esth, ¢). So by Invariant 15.16 together with= 3,
retrievgh, q) = e. Hence,



add(e, h, ¢')[h..next-emptyS(h), ¢'))
=inl(retrievegh,adde, h, ")),
addle, h, ¢')[S(h)..next-emptyS(h),q')))
=inl(e,adde, h,¢")[S(h)..next-emptyS(h),q))) (Lem. 12.4)
=inl(e, ¢'[S(h)..next-emptyS(h),q’))) (Lem. 25.6)
=inl(e, q[S(h)..next-emptyS(h),q'))) (Inv. 15.19)
= q[h..next-emptyS(h), q"))

Combining (a), (b) and (c), by the assumption and Lemma 28e2pbtain:
" < h < next-emptyS(h),q’). Furthermore, by Invariant 15.65test{m, ¢'),
and by Invariant 15.5 and = 3, S(h) < m. So in view of Lemma 23.1,
next-emptyS(h),q") < m.

adde, h, ¢)[¢'..next-empty’, add(e, ., ¢')))
+rg[next-empty’, add(e, h, ¢))..m)
—add(e, h, ¢')[¢'..next-emptyS(h), ¢'))

+-q[next-emptyS(h), q')..m) (@)
= (add(e, h, ¢)[¢'..h)+adde, h, ¢')[h..next-emptyS(h), q')))
+H-q[next-emptyS(h), q')..m) (Lem. 25.5)
= (¢'[l'..h)++q[h..next-emptyS(h), q)))
+g[next-emptyS(h), ¢')..m) (b), (c)
= ¢'[¢'..h)++q[h..m) (Lem. 25.1, 25.5)

=¢'[(..next-empty’, ¢’)) H-q[next-empty’, ¢')..m)

e Second we prove:
v S h < v +n /\g =3— ¢2(m27 q27€/27 qé) - ¢2(m27 releaSéEQ, hl27 QQ)7£,27 qé)

By Invariant 15.14) < next-emptys,, ¢}). So by Lemma 25.7,
releasé/ls, hi,, go)[next-emptils,, ¢;)..ms) = go[NEXt-emptyls, ¢s)..ms)
1.2 (' <h <l 4+n)ANg=3— ¢a(ma, @2, 05, ¢y) = P2(ma, releaséls, hy, qz), ly, q5).
This can be proved in a similar way as the previous case.

|3 gl =1 — ¢(m7 q, 6/7 q,> ma, 42, gl2a QQ) = ¢(m7 releaSég, hl? q)a £/> q,> ma, 42, gl2a QQ)
By Invariant 15.15" < next-empt’, ¢'). So by Lemma 25.7

releasé/, ', q)[next-emptyl’, ¢')..m) = g[next-emptyl’, ¢')..m).
1.1 m <{+n — lengthp(m,q, 0, q)) < 2n.

length(¢’[¢'..next-emptyl’, ¢'))+H-g[next-empty’, ¢')..m))
= length(¢'[¢’..next-empty’, ¢'))) + length(g[next-empty’, ¢’)..m))) (Lem. 25.2)

= (next-empty?’, ¢') — ¢') + (m = next-empty’’, ¢')) (Lem. 25.4)
<n+(m =Y (Inv. 15.2, Inv. 15.10)
<2n (m < {+n)

1.2 test?’,¢') — length¢y(m,q,,q')) >0

Using test?’, ¢’) together with Lemma 23.2, we can obtamext-empty?’, ¢') =
next-emptyS(¢'), ') > S(¢'). Hence, by Lemmas 25.2 and 25.4,

0 < (next-empty?’, ¢') = ¢') + (m — next-empty’’, ¢'))
= length(¢'[¢'..next-empty’, ¢')) +-g[next-emptyl’, ¢')..m))



s

.1 (ﬁ =mVe{=1/ + n) N (62 = My V 62 = 6/2 + 77/2) A |engtf(¢1(m,q,€’,q’)) <
2n - m<fl+n
case 1. { =m.
Thenm < ¢ + n holds trivially, sincen > 0.
case 2. { = /(' +n.
By Invariant 15.10next-empti’, ¢') < ¢’ + n. Hence,

length(¢'[¢'..next-empty’, ¢'))+-gq[next-emptyl’, ¢’)..m)) < 2n
— (next-empty?’, ¢') = ¢') + (m — next-empty’, ¢'))) < 2n
—m =l <2n (Lem. 23.2)
—m<Ll+n (¢="0+n)

1.2 (ﬁ =mVvV/e{=1/ + n) N (62 = My V 62 = 6/2 + 77/2) A |engtf(¢1(m,q,€’,q’)) >
0 — tes(?,q).
case 1. { =m.
Thenm = next-empt{?’, ¢') < (m = ¢)(Inv. 15.2)= 0, so

0 < length(¢'[¢'..next-empty’, ¢')) +H-g[next-emptyl’, ¢')..m))
= next-empty’,¢') ~ ¢

Hencenext-empty(’, ¢') > ¢', which impliestest?’, ¢).

case 2: { =" +n.

Then by Invariant 15.yext-empti’, ¢') > ¢’ + n, which impliestes{?’, ¢').
IV test?,q') — retrievg?, q') = top(é1(m,q,0,q)).

test?’, ¢'), thereforenext-empty’, ¢')=next-emptyS(¢'), ¢')>S(¢') (Lemma 23.2)

Hence,¢'[¢'..next-empty’, ¢')) = inl(retrievg?’, q'),¢'[S(¢')..next-emptyl’. ¢'))).
This implies:

top(q'[¢'..next-empty’, ¢'))+q[next-empty’’, ¢')..m)) = retrieve (', ¢').
Vim<{l+n — ¢1(S(m),addd, m,q), ¢, q) = appendd, p:(m,q, 0, q"))

¢'[0..next-emptyl’, ¢'))++

add(d, m, ¢)[next-emptyl’, ¢')..S(m))
=q'[('..next-emptyl’, ¢'))+

appendd, g[next-empty?’, ¢')..m))  (Lem. 25.8, Inv. 15.9)
= appendd, ¢'[¢'..next-empt{’, ¢')) -+

g[next-empty?’. ¢')..m)) (Lem. 25.3)

V.2 testl,q') — ¢1(m,q, S(C'),removél q')) = tail(p1(m,q,0',q)).
removél’ ¢')[S(¢')..next-emptyS(¢'), removeél , q')))

+H-g[next-emptyS(¢'), removél’  q'))..m)
=removel, ¢')[S(¢')..next-emptyS(¢'), ¢'))+

g[next-emptyS(¢'), q’)..m) (Lem. 23.3)
=remové/, ¢ )[S(¢)..next-empty’, ¢'))-H-q[next-empty’, ¢')..m) (test?’, q’))
=J'[S(¢)..next-empty’, ¢'))-H-q[next-empty’, ¢')..m) (Lem. 25.6)

= tail(inl(retrieve(?’, ¢'), ¢'[S(¢)..next-empty’, ¢')))
+-g[next-empti’, ¢')..m))
=tail(¢'[l'..next-emptyl’, ¢'))+H-g[next-empty’, ¢')..m)) (test?,q'))



D. Formalization in PVS

Example 26 releaséi, j, q) is obtained by emptying positionsip toj in ¢, as it is defined
in Section 2. The original definition was the one below whiehmodified, because PVS
detected non-termination on it.

releaséi, j, q) =if(i = j, ¢, releas¢S(i), j,removéi, q)))

It is non-terminating wheni > ;. Therefore we replaced = j with i > 5 in the case
distinction above.

Example 27 release, (i, j, ¢) behaves similar to release j, ¢) modulon. The previous error
on the releasg, j, ¢) definition does not apply here, sindg will not grow beyond: — 1.
First, we defined it as follows:

release, (7, j, q) = if(i = j, ¢, releaséS(i)|,, j,removéi, q)))

This definition met our expectations, except there was astented problem inside of it, that
can cause a non-termination. This problem occuis=#f j + 1 and;j > n. Thus we modified
the above definition to:

releas, (i, j, ¢) = if(il, = jln, ¢, release, (S(i), j, removéil,., q)))

This new definition works properly and is terminating. In trig 2, it is shown how the aux-
iliary function dm measures this function’s reduction, to make sure it is total

Below we list all auxiliary lemmas foN and Bool that PVS requires to be defined and
proved literally, while in the:CRL proof we considered them as trivial facts. For the prpofs
the reader is referred tettp: //www.cs.utwente.nl/"vdpol/piggybacking.html.

Lemma 28 The following statements hold fer> 0 andi, j € N:

1 >0 — n>n

1>0 — i -n<1

i, <

S0l < Sl)

iln#En—1 — i|l, <S>,

i<j — (idivn) < (jdivn)

i<j<i4+n — (jdivn)= (idivn)V (jdivn) = S(i divn)
testi,ql,) — i<n

i+n<j<i+2n — =in-window(|s,, j|an, (1 + 1) |2n)
11 AH-() = A

12. testi,q) — testiln, qln)

©CooNOGORA~WNE

Several data lemmas contain many back and forth steps inghef strategies in the
1CRL proof, which are complicated to be done in PVS, so thatesofthe proofs have been
restructured or modified in PVS in such a way that they can bairdd without any detour.
For example, Lemma 24.5 is proved by using Lemmas 28.6 anfds®@ve.



State: TYPE+ = [nat,nat,Buf,Buf,nat,nat,nat,D,nat,nat,nat,D,nat,nat,nat,Buf,Buf,nat]
Local: TYPE+ = [D,nat]

n, n2: posnat

e, e2: D

Nmod:1lpe[Nnonmod_act, State, Local, 20] =

(# init := (0,0,null,null,o0,5,0,e,0,5,0,e,0,0,0,null,null,0),
sums :=

LAMBDA (i:below(20))

LAMBDA (state:State, local: Local)

LET (1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,91,11) = state,
(d,k) = local IN

COND
i=0 -> (#

act := rA(d),

guard := in_window(1l,m,mod(l+n,2#n)),

next := (1,mod(m+1,2*n),add(d,m,q),ql2,112,g,h,e, h12,g1,h2,e2,h1,12,m2,q92,q1,11)
#) s
i=19 > (#

act := sA(retrieve(112,q12)),

guard := test(112,ql12),

next := (1,m,q,remove(112,q12),mod(112+1,2%n2),g,h,e, h12,g1,h2,e2,h1,12,m2,92,q1,11)
#)
ENDCOND #)

Figure 6. The formalization ofN,,,,; of SWP with piggybacking in PVS

1,m,112,g,h,h12,g1,h2,h1,12,m2,11: var nat
q9,91,92,912 : var Buf
e,e2: var D

inv_6_21_9 (1,m,q,q12,112,g,h,e,h12,g1,h2,e2,h1,12,m2,92,q1,11): bool= next_empty(1ll,ql)<=m

Figure 7. An example of representing invariants in PVS



