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Abstract

A new variational (dis)continuous Galerkin finite element method is presented for linear free
surface gravity water wave equations. In this method, the space-time finite element discretiza-
tion is based on a discrete variational formulation analogous to a version of Luke’s variational
principle. The finite element discretization results into a linear algebraic system of equations
with a symmetric and compact stencil. These equations have been solved using the PETSc
package, in which a block sparse matrix storage routine is used to build the matrix and an
efficient conjugate gradient solver to solve the equations. The finite element scheme is verified
against exact solutions: linear free surface waves in a periodic domain and ones generated by a
harmonic wave maker in a rectangular wave basin. We found that the variational scheme has
no dissipation and minimal dispersion errors in the wave propagation, and that the numerical
results obtained are (p+ 1)-order accurate for a p*-order polynomial approximation of the wave
field.

Keywords: Finite element methods, Discontinuous Galerkin methods, Free Surface Waves, Vari-
ational Principle.
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1 Introduction

A large class of water wave problems is captured by a model that consists of a potential flow equation
coupled with nonlinear free surface boundary conditions. These equations are obtained from the
Euler equations of fluid motion with the assumptions that the fluid is inviscid and incompressible,
and the velocity field irrotational (see Johnson [8]). This model proves useful in studying many
marine and offshore engineering problems such as the wave induced motion of ships and the control
of wave generation by wave makers in laboratory basins.

The free surface gravity water wave equations are obtained in a succinct way via Luke’s varia-
tional principle [13] or from its dynamical equivalent presented by Miles [18]. The essence of the
variational principle is that the complete problem can be expressed in a single functional. In addi-
tion, the variational formulation is associated with the conservation of energy and phase space, under
suitable boundary conditions. Variational formulations also provide a basis for the construction of
approximate finite element solutions. Such variational finite element methods for free surface waves
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can be found in Bai and Kim [3], Kim and Bai [9] and Kim et al. [10]. Klopman et al. [11] derive
a variational Boussinesq model from Luke’s variational principle; in essence their Boussinesq model
is a vertical discretization thereof. It motivated us to investigate a (dis)continuous Galerkin finite
element method based on a discretization of Luke’s variational principle. Such a discretization aims
to preserve the variational structure and the associated energy and phase-space conservation.

Standard finite element element methods for free surface gravity water waves are relatively new
and can be found in [7, 14, 15, 16, 28, 30, 31]. Another widely used numerical method for free surface
waves is the boundary integral method which started with the work of Longuet-Higgins and Cokelet
[12], and Vinje and Brevig [27]. This method has been applied extensively to two dimensional free
surface waves, see the surveys of Romate [19] and Tsai and Yue [23]. Applications in three dimensions
(3D) using boundary integral methods include [6, 19, 4]. The discontinuous Galerkin (DG) methods
for elliptic problems proposed by Arnold et al. [2] and Brezzi [5] have enabled researchers to model
free surface water waves using a space discontinuous Galerkin method. A space(-time) DG finite
element method for free surface wave problems has been developed in Van der Vegt and Tomar [24].
and Van der Vegt and Xu [26]. However, a conservative DG method for free surface waves based on
its variational formulation appears to be non-existent.

Nonlinear free surface gravity water wave equations are difficult to solve because the solution
to the governing equations depends on the position of the free surface which is not known apriori.
To deal with such difficulties, we choose a space-time approach which is particularly well-suited for
problems with time dependent boundaries (see Van der Vegt and Van der Ven [25], Ambati and
Bokhove [1], Van der Vegt and Xu [26]).

General reasons to employ DG methods are as follows:

(i) the scheme is local in the sense that the solution in each element only depends on its neighboring
elements via the flux through element boundaries and is thus suitable for parallelization; and,

(ii) the scheme is extendable to have hp—adaptivity in which the fluid flow field approximation can
arbitrarily vary per element, known as “p—adaptivity”, and the mesh can be locally refined,
called “h—adaptivity”.

An accurate space-time DG finite element scheme for water waves has potential and is challenging
because

(i) it is less trivial to develop an efficient solution technique for the nonlinear algebraic equations
resulting from the discretization, and

(ii) it is a natural, yet more involved approach to handle the grid deformation due to the nonlinear
free surface evolution.

We therefore first consider the development of a variational space-time (dis)continuous Galerkin finite
element method (DGFEM) for linear free surface gravity water waves based on Luke’s variational
principle.

The linear free surface gravity water wave problem, in essence, consists of two second-order
differential equations for the velocity potential, in which one equation has a second-order spatial
derivative and the other one a second-order time derivative. The discontinuous Galerkin formulation
for an elliptic problem proposed by Brezzi et al. [5] is symmetric and, hence, a discrete variational
formulation could be deduced from it. However, a discontinuous Galerkin variational formulation
for the second-order time derivative is less trivial. We therefore first present a discrete variational
formulation for a harmonic oscillator as a building block. Subsequently, we combine these two
discrete variational formulations to obtain a variational space-time DG method for linear free surface
water waves.

In a variational space-time (dis)continuous Galerkin method, the domain is split into space-time
slabs which are tessellated with space-time finite elements. On these elements, we define local basis
functions to approximate the wave field and also the test functions and variations. The local basis
functions are defined such that the approximation of the wave field is discontinuous in space, but



continuous in time. This kind of approximation is mainly chosen to satisfy the requirement of zero
variation of the velocity potential at the end points in time.

The space-time variational formulation for our problem is obtained in two steps. In the first
step, we establish a relation between the velocity field and velocity potential through the primal
formulation given in Arnold et al. [2] and Brezzi et al. [5]. In the second step, we introduce a
discrete version variational principle, analogous to the continuum functional for linear free surface
waves. Subsequently, we take variations to obtain the discretization for the linear free surface wave
problem.

The space-time discretization of the discrete variational formulation for linear free surface waves
results into a linear algebraic system of equations. The global matrix of this linear system has a very
compact stencil, i.e., the number of non-zero entries in each row of the matrix only depends on the
number of neighbors of an element. Further, the linear system is symmetric and we can therefore
use an efficient sparse matrix storage routine and an (iterative) sparse linear solver. The need to use
efficient solvers led us to the PETSc package (see [20, 21, 22]) for assembling and solving our linear
system of algebraic equations. The software library of PETSc has a large suite of well-tested sparse
matrix storage routines and (iterative) sparse linear solvers with the extra advantage of paralleliza-
tion options. Hence, we have incorporated the PETSc package in our numerical implementation.
Within PETSc, we have used an efficient block sparse matrix storage routine for assembling the
global matrix and a conjugate-gradient solver with ILU preconditioner for solving the linear system.

We have compared the variational space-time (dis)continuous Galerkin method with the “stan-
dard” space-time discontinuous Galerkin method developed by van der Vegt and Xu [26]. Hence,
we also discuss the space-time discontinuous Galerkin method, which numerical implementation we
extended to three space dimensions. The numerical results from both the variational and standard
space-time (dis)continuous Galerkin methods are compared with two exact solutions: linear har-
monic waves in a periodic domain and linear waves generated in a wave basin. We found for these
three dimensional test cases that both the numerical schemes are second- and third-order accurate
for a linear and quadratic polynomial approximations of the wave field.

The paper unfolds as follows. To start, a time discrete variational formulation is investigated first
for a harmonic oscillator in §4.2. We present a variational formulation for the linear free surface wave
problem and subsequently derive the governing equations in §4.3. Technicalities, the tessellation of
the space-time domain and the required function spaces and trace operators for the space-time finite
element formulations, are defined in §4.4. Next, we present the standard and variational space-time
(dis)continuous Galerkin finite element formulations of the linear free surface wave problem next in
84.5 and §4.6, respectively. Numerical results of both schemes are compared with exact solutions in
§4.7. Conclusions are drawn in §4.8.

2 Variational discretization for a harmonic oscillator

The dynamics of a harmonic oscillator is contained in the following functional in time:
T T
Lo o o
L(¢,n) = | ¢dndt — | S (w|gl" +n7)dt (1)
0 0
with ¢(t) the position, 7(t) the velocity and w the constant frequency of the oscillator in the time
interval [0, T]. Applying the variational principle 6L = 0, we obtain:
T

/OT (5090 + 60 (6m)) —/0 (2666 +1on)dt = 0. @)

Integrating (2) by parts, while using the end-point conditions én(0) = dn(T") = 0, for the variation
on, and the arbitrariness of the variations; the dynamics of a harmonic oscillator emerge as

on—w?¢p=0 and 0Op+n=0; (3)



initial conditions are ¢(t = 0) = ¢ and 7n(t = 0) = 7.

Combining the governing equations of a harmonic oscillator in (3), we obtain a second-order
equation for ¢. The discontinuous Galerkin formulation for such a second-order time derivative
may be different to that of a symmetric second-order spatial derivative following the approach of
Brezzi et al. [5]. The difference mainly arises due to the definition of numerical flux, often a kind
of upwind flux for time derivatives and central flux for spatial derivatives. As a consequence, the
DG formulation for harmonic oscillator is not automatic in symmetric form, and does not stem from
a discrete variational formulation. A discrete variational formulation for the harmonic oscillator is
therefore obtained by choosing a continuous approximation of functions ¢ and 7 in time.

To formulate a discrete variational formulation for the harmonic oscillator, we first divide the
time domain into finite time intervals I, = [¢,—1,t,]. Each time interval I, is then related to a fixed
interval I = ¢ € [~1,1] through the mapping F,, defined as

- 1
Foidl =1 Cot= gt (1= Q)+ ta(140)). (4)
Next, the functions ¢ and 7 are approximated as

¢h = ¢n¢n + ¢n71¢n71 and Th = nnd}n + 77n71¢n717 (5)

where ¢, o F, = (14 ()/2 and ¢,,—1 o F,, = (1 — ()/2 are the tent functions; and, (¢n,n,) and
(¢n—1,Mn—1) are the nodal values of (¢n,nn) at times ¢,, and ¢,,_1, respectively.
The discrete functional for the harmonic oscillator, analogous to (1), is taken as

tn
Li(on,mn) = /
t

n—

t,
n 1
oot — [ S(lon? + ) 0
1 tn—1

for each time interval I,,. Applying the variational principle § L, = 0 and using the arbitrariness of
variations, the discrete variational formulation for the harmonical oscillator is obtained as follows:
Find a ¢,, and 7, for given ¢,_; and n,_1 such that for all ¢ and dn equations

tn

/t“ ((atnh)&bh — w2¢h5¢h)dt =0 and / (¢hat(5nh) — nhéﬂh)dt =0 (7)

tn—1 tn—1
are satisfied with the end point conditions d¢(t,) = 0¢(tn—1) = In(ty) = on(tn—1) = 0.
The variational time finite element discretization is obtained by substituting the approximations
(5) into (7) and by choosing the rather special variations d¢n = dnp, = ¥ntb,—1 such that they vanish
at the end points. The result is

M — Mn—-1 2 ¢n + ¢n—1 ¢n - ¢n—1 Mn + Mn—1
—_— =w (7) and z—( ) (8)
At 2 At 2
with At = t,, — t,—1. The discretization in (8) corresponds to a mid point scheme which is known
to be energy conserving. Consequently, in Fig. 1, we see that there is no decay in the amplitude of
the numerical solution when compared with the exact solution. However, we observe a dispersion
error which decreases for smaller time steps. Later in this paper, we also use the present time
discretization technique in the variational space-time discontinuous Galerkin finite element method
for linear free surface waves.

3 Linear free surface gravity water waves

In fluid dynamics, the governing equations for free surface gravity water waves are derived from
the incompressible Euler equations of fluid motion (see Johnson [8] or Whitham [29]). These gov-
erning equations can, however, also be derived from Luke’s or Miles’ variational principle [13, 18].
The advantage of using this principle is that the governing equations are obtained from a single
energy functional. Conservation laws are thus directly associated with this variational principle via
Noether’s theorem. A direct discretization of the variational principle is then also advantageous.
We therefore derive the linear free surface gravity water wave equations from a variational principle.



Figure 1: Comparsion of exact (solid line) and numerical (stars, circles and squares) solutions with
initial conditions ¢o = 0 and 19 = —w = —2m. The exact solution is ¢ = sin(wt) and the numerical
solutions are computed with time steps At = 0.1 (stars), 0.05 (circles) and 0.025 (squares).

3.1 Variational principle for linear water waves
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Figure 2: A sketch of the domain and its boundaries for the linear water wave problem including
the waves generated by a wave maker. The flat mean free surface (top) and the mean wall position
(left) of the wave maker arise as the fixed, reference boundaries after linearization of the nonlinear
free surface and wave maker motions.

Consider an incompressible and inviscid fluid in a domain @ C R?® with boundaries 9Q =
00g U 005 U 0N, as shown in Fig. 2, where O0g is the free surface, dQp the rigid bed, and
9€);, denotes lateral boundaries. Assuming a non-overturning free surface, we parameterize the free
surface as z = n(t,z,y), where n(t,x,y) is a perturbation of the free surface around a mean free
surface located at z = 0 and measured at a height H(x,y) from the rigid bottom surface 0Qp.

For free surface gravity water waves, it is justified to assume the flow field to be irrotational.
Hence, u = V¢ such that V x u = 0 with V = (8,,9,,9.)7, u = (u,v,w) the velocity field, and
u, v and w the components of the velocity in the z, y and z direction, respectively. We assume the
perturbations of the free surface wave height n and the velocity potential ¢ to be of small amplitude.
After linearization, the mean free surface 9Qg instead of actual free surface and solid (vertical) walls
081, instead of the wave makers emerge as the boundary 92 of the flow domain (see Fig. 2) for the
linearized equations of motion.

To facilitate the variational calculus, we first introduce a horizontal cross section of the flow
domain  as €2(z) such that the flow domain € is defined by

Q:={(z,y,2)|0< 2 < —H and (z,y) € Q(z2)}. (9)



Next, we define the kinetic energy Ex and potential energy Ep of the waves in () as

1 1
Ex = / SIVOPde— [ gyod(09) and  Ep:= / 597" dw dy (10)

a0y,
with ¢ the gravitational acceleration in the vertical and gy a prescribed normal velocity at the
lateral boundaries. The functional for linear free surface waves then reads

T T
£5(6,de,m) = /0 6.0 d dy dt — /0 (Ex + Ep) dt (11)

Qs
with T the final time, and ¢, (z,y,t) = ¢(x,y, z = 0,¢) the velocity potential evaluated at the mean
free surface. The functional L£¢(¢, ¢s,7n) for the nonlinear case was originally defined by Luke [13]
and Miles [18].

Finally, the variational formulation for linear free surface waves becomes:

0L (), ¢s,m) =0, (12)
where 6L¢(, ¢s,n) is the variational derivative defined as

6‘Cf(¢v ¢sa 77) = ll_I)I(l) % ('Cf(¢ + 66¢7 ¢s+55¢sy n+ 6577) - Ef(¢a ¢57 77)) (13)

with d¢,d¢s and dn arbitrary variations of ¢, s and 7, respectively. The variational formulation
(10)—(12) will form the basis to obtain a variational (dis)continuous Galerkin finite element dis-
cretization.

Applying the variational principle (10)—(12) and using the definition of the variational derivative
(13), we obtain

T
/ (/ (66¢s0¢n + ¢s016m — gndn) dz dy — / V¢ VipdQ + /
0 0Ns Q o

To obtain the governing equations for linear free surface waves from (14), we integrate the second
term by parts in time, use Gauss’ divergence theorem for the third term, and rearrange the emerging
boundary integrals in time using the following end-point conditions on the variation: on(x,y,0) =
on(xz,y,T) = 0. Hence, from (14) we derive

Wwamga:o(m

Qr

/OT </6Q (— (Ocps + gn)dn + (O — 8Z¢)5¢S) dz dy + /Q V26 56 A

- /a (s V6 - gx)d6 d(05) - /

15195}

(myv@wd@m>a:m (15)

where fi;, = (£1,0,0)7 and fip are the outward unit normal vectors at the boundaries 9, and
00 p, respectively. Using the arbitrariness of the variations d¢, d¢s and dn in (15), the governing
equations for linear free surface gravity water waves emerge as

Vip=0 on Q(t),
on—0,0=0 and Oips+ gn =0 on 0Qg,
iy -Vé=gyondQy, and tip-Ve¢=0ondQg. (16)

4 Basis for space-time formulation

4.1 Space-time domain and tessellation

In space-time discontinuous Galerkin methods, we do not distinguish between space and time, and
directly define the space-time flow domain £ € R* as

E={xeR :xcWty<t<T)} CR? (17)



with x = (¢, x) the space-time coordinates, X = (x, y, z) the spatial coordinates, ¢ the initial time, T
the final time and 2 € R3 the flow domain. The space-time boundary O& consists of the hypersurfaces
Do:={x€d€:t=ty}, r:={x€d€:t=T}and Q:={x €I :tyg <t <T}. The unit outward
space-time normal vector of the space-time domain boundary is defined as n := (n;, n) with n; the
temporal component and i the spatial component.

To tessellate the space-time domain &, we first divide the time interval I = [tg, T] into Nr time
intervals with each time interval denoted as I, = [tn—1,ts]. Second, at each time level t,, we tes-
sellate the flow domain 2 with N, shape regular spatial elements K to form a computational flow
domain €y, such that Q, — Q as h — 0, where h is the radius of the smallest sphere containing all
elements K' with k =1,..., N,. Finally, in each time interval I,,, we obtain the space-time tessel-
lation 7, for the computational space-time domain &£ which consists of the space-time elements
K} obtained by joining the spatial elements K| ;171 and K| at the successive time intervals ¢,,_; and
t,. For linear free surface waves, the computational flow domain €2, is fixed in time and hence the
corresponding spatial elements K| f’_l and K} of the space-time element K’ are identical. Hereafter,
we thus drop the superscript n of the spatial element.

To define function spaces and apply quadrature rules, each spatial element K} is mapped onto a
reference element K and its mapping Fx : K — K\ is defined as

FKikﬁKk:C_HXZZZXj XJ(E) (18)
i

with ¢ = (1, (2, (o) the spatial reference coordinates, X = (v,y, z) the spatial coordinates, X; the

nodal coordinates of the spatial element and x;j(¢) the standard shape functions of element K.

Subsequently, the space-time element K} is mapped to a reference element K and its mapping is
defined as

G K K o= (5 @)t + (1= @), Fie(D) (19)

with ¢ = (o, ¢) the space-time reference coordinates.

In the space-time tessellation 7,*, we further define interior faces S;,¢, which connect two space-
time elements X' and K}', and boundary faces Spo, Which connect space-time elements K[* to the
boundary €. The union of all faces in the space-time domain & is represented as I' = I'int U T'pou,
with I';,,; the union of interior faces and Iy, the union of boundary faces. The union of boundary
faces I'poy := I's UI'p UT', further consists of I'g the union of free surface faces, I'g the union of
rigid boundary faces, and I', the union of lateral boundary faces of the computational space-time
domain &' which may include the linearized wave maker.

4.2 Function spaces

To define the space-time discontinuous Galerkin formulation, we introduce the finite element function
spaces V4 and Xy, associated with the space-time tessellation 7,7*, which are defined as

Vi i= {vn € L2(EL) - vp o G € Py(K), VKI € T},
o= {m € L2(&1) : mo G € [P, (K)]?, VK € T} (20)

with L2(&]") the space of Lebesgue square integrable functions on & and P,, (space-time) polynomials
of order p. We also introduce the function space W}, associated with the space-time free surface I'g
which is defined as

Wi = {vn € L}(I's) : vy 0 Gx € Py(S), ¥S C T's}, (21)

with S a face of K and L?(T's) the space of Lebesgue square integrable functions on the space-time
free surface boundary I'g.



For the space-time discontinuous Galerkin formulation, we approximate flow fields (u, ¢,7) as

Gh= bty wn =D Wt and  m = ke, (22)
j=1 j=1 j=1

with ¢n, € Vi, u, € Xy, and n, € W, the approximated wave fields; (q@k7j,ﬁk7j,ﬁk7j) the expansion
coefficients; ¢y j 0 G} € P,(K) and ¢y j 0 Gt € P,(S) the polynomial basis functions; and, n, and
ng the number of basis functions in the space-time elements and at the space-time free surface,
respectively.

To define the space-time variational formulation, we introduce the finite element function spaces

Vi and ¥y, associated with the computational space domain €}, which are defined as

Vi = {on € L*(Q) : ©ho Fi € Pp(K)}v
Sh = {7_'h S LQ(Qh) : ThoFk € [Pp(K)P}? (23)

where L?(€Q,) is the space of Lebesgue square integrable functions on 4 and P, the (space) poly-
nomials of order p. We also introduce the function space W}, associated with the free surface 0Qg
which is defined as

Wh = {'l_}h S LQ(ags) :opho Fg € Pp(S)} (24)

with S a face of K and L?(09s) the space of Lebesgue square integrable functions on the free surface
00g.

For the space-time variational formulation, we first approximate the flow field (u, ¢,n) on the
computational space domain €2}, at time level ¢,, as

np np nq
R ki, up =Y 0k and = 0Pk (25)
j=1 Jj=1

=1

withA(;Sﬁ', ap, np the approxinilated flow fields; (ggfz, a ;. My ;) the expansion coefficients; Yo Fx €
Pp(K) and @y ; o Fjt € Pp(S) the polynomial basis functions; and, n, and n, the number of basis
functions in the spatial element and at the free surface, respectively.
Second, we define the polynomial basis functions in time 1" ~! and " as follows
1 1
"= (1 = (o)tpor  and "= 3

5 (1+ Gt (26)

Finally, we obtain the approximation of the wave field on each space-time element K as

(6n, un, mh) = (of, Gp, A" + (St ap gy (27)

with ¢ € V4, Gy € 3 and 7, € W, and the restriction that the approximation is continuous in time
but discontinuous in space.

4.3 Traces

To define and manipulate the numerical fluxes in the discontinuous Galerkin formulation, we define
the traces of functions v € V4 and vector functions q € Xy, on the element boundary 9K} taken from
inside of the element IC}! as

Vhlokp =0T = liﬁ)lv(x —eng) and qulokp :=q = lilrgl q(x —eng) (28)
€ €

with nx the unit outward normal vector of the element boundary OK}'. For convenience, we also

denote the traces v~ and q~ on JK} as vk and q, respectively. Now, we define the following trace

operators:



Average The averages {v} of a scalar function v € Vi, and {q}} of a vector function q € X on a
face S € I' are defined as

) = %(w o), fa) = %(q| + @) VS €T and 0)
{’U}} =, {q} =q VS € 1—‘bou

with vy and v, the traces of the scalar function v, and q; and q, the traces of the vector function q
taken from the inside of the elements K[* and K* connected at the face S.

Jump The jumps [v] of a scalar function v € V;; and [q] of a vector function q € X, on a face
S €T are defined as

[v] = wﬁ',c + vp0j, [d] -=a - I_ll,c +4q, -0 VS eT,,; and

[v] = v [a] := q - diy VS € Thou (30)

with fi}. and R} the spatial part of the unit space-time normal vectors nk. = (n}, i) and n}. =

(nf, k) of the elements K* and K7, respectively, at the face S. Note that fi}. = —ff..

Now the following relation holds between jumps and averages:

XK:/@)W“(I_‘ d(0K) /[[v {a} d8+/ {v}a (31)

Lnt

Further, we can deduce the following properties of trace operators:

[f£al=10f1x1gl, {fxa}=4{r}={9},
{3y =4rp and [{f}]=0 (32)

with f,g € V4 or %.

4.4 Global and local lifting operators

For the standard space-time discontinuous Galerkin formulation, we need to define the global lifting
operator R : (L*(T'))3 — %y, as

R(p) -7 dK := /Fp A} dS (33)

&

and the local lifting operator Rs : (L?(S))3? — Xy, as

Rs(p) -7 dK = /Sp {3} dS. (34)

&

Since I' = |J § is the union of all faces S, we can relate the global and local lifting operators as

R(p)-Td/czzsjfsp-{rﬁdszzg:/gﬁm(p)-rd/c. (35)

The global and local lifting operator R(p) and Rs(p) can be further split per space-time element
Ky as

&

7 dK = Z V-7 dK and 7 dK = Z ng ) -7 A (36)
gn gn

with Ri(p) the global lifting operator, Rs«(p) the local lifting operator and 7 the test function
per space-time element K'. Now using the arbitrariness of the test functions 7, we can find that



the local lifting operator of a face S is non-zero only w.r.t the elements X' and KJ' connected to it
because using (36) in (34), we get

1 1
'RSJ(p)-ﬂd’C-l- Rs’r(p)'ﬂ d/CZ—/p-ﬂdS+—/p-Tr ds. (37)
Kp K 2 /s 2 Js

Moreover, we obtain the local lifting operators per space-time element K from (37) as
1
Rsx(p) - m = / 3P Tk dS with § C 9K}. (38)
K s

The global and local lifting operators can be further related per space-time element K}' using
(36) and (37) in (35) as

Z -1 dK = Z -7 dK

= dK (p) - dK
Z( R5| - + KFR& (p)- 7 )

—Z/ Z ng )-de’C, (39)

ScoKy

and thus

> Rswlp) (40)

scoky

4.5 Primal relation

To obtain the standard space-time DG formulation and the variational space-time DG formulation,
we establish a relation between the approximations of velocity field u, and the velocity potential ¢y,
using the primal formulation introduced by Arnold et al. [2] and Brezzi et al. [5]. For the primal
formulation, we use the product rule

V- (va) =Vu-q+o(V-q), (41)
with v € V}, and q € X}, and the divergence theorem in space-time:
V- (vq) dK = V- (0,vq) dK = g - (v q7) d(OK) (42)
K K oKy

with V := (8¢, 05,0y, 0.)T.

To obtain the primal formulation, we discretize the auxiliary equation u = V¢ in (16) by mul-
tiplying it with arbitrary test functions 7, € ¥, and introducing the approximations of the velocity
and potential field u, € Xy and ¢ € V4, respectively. Next, we integrate by parts over each space-
time element K} using (41), Gauss’ divergence theorem in space-time and relation (31). We obtain
after summation over all elements

/ wh o dC = — [ (V) d/c+/[[g£]] e d8+/ (3] ds. (43)
o g r Tint

n (43), we have introduced a numerical flux for the velocity potential b = (25(¢|, ¢r) to take into
account the multivalued traces ¢, and ¢, on each face S € I'. The numerical flux ¢ for elliptic
problems (as suggested in Brezzi et al. [5]) is taken

6= {¢n} on S € Tipy and ¢ := ¢y on S € Thou. (44)

10



To obtain a primal relation between the velocity and potential field, we integrate (43) again by
parts to get

/ wymdK = [ ey - mdk 4+ /[[és ~ o] fr)aS + / {6 — én}[71dS. (45)
g T Tint

&

Now, we introduce the definition of global lifting operator (33) in (45), and use (44) to find
/ u, - d = (vgﬁh + R([[(ZB — (bh]])) -1, dKC. (46)
& e

As test functions 7, are arbitrary, the primal relation between uy, and ¢, becomes

uh = Von + R([6 — onl). (47)

5 Standard space-time discontinuous Galerkin method

5.1 Weak formulation

The weak formulation of the velocity potential describing the free surface waves is obtained by
multiplying the continuity equation V - u = 0 with arbitrary test functions v € V4, introducing the
approximated velocity field u, € ¥}, integrating by parts and applying Gauss’ divergence theorem
(42) in space-time. Summing up over all elements and using relation (31), we obtain

/gnuh-vvdlCz/Fﬁ-[[v]]dS. (48)

In the weak formulation (48), we have introduced a numerical flux @ for the velocity field as

{un} -0 on Ty,
gN on FLa
0 on I'g,

=3
=]
i

(49)
up - n on I'g.

Now, we eliminate the velocity field uy from (48) using the primal relation (47) and by coupling the
kinematic free surface boundary condition in (16) through the numerical flux (49) as

u-ﬁ:uh-ﬁ:é)z(ﬁh:atnh. (50)

The weak formulation (48) now becomes

int

Ton-Vodk+ [ RS = n]) - Vo dk = / (Von} - [o] dS+
& & r,

/ (RS- ]} - [o] dS + / gnvdS + / @mvdS.  (51)
Tint T T

S

For the space-time DG discretization, it is advantageous to expand and simplify the global lifting
operator on the L.H.S. of (51) using (33) and (44) as

R($ — du]) - Tv dK = — / [én] - {Tw}ds. (52)

&n Tint

Also, the global lifting operator on the R.H.S. of (51) is approximated as

{R(lonD ¥ :%< > Realenl) + D Rs,r([[¢h]])>

ScaKp scoKy
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Figure 3: Sparsity of the global matrix w.r.t element K when using the global lifting operator R([¢])
(left) and the approximate global lifting operator nsRs([¢]) (right).

~ns(Reu(on]) + Rs.([én])) = nsRs([on]) (53)

with ns the number of faces of a space-time element. The approximation of the global lifting
operator in (53) improves the sparsity of the global matrix resulting from the discretization of (51)
as depicted in Fig. 3. Substituting (52) and (53) in (51), we obtain the simplified weak formulation

Tn - Vo oucz/F [6n] - {50} dS+/FV (Von} - [v] dS—

int

n
gh

/ ns Rs([¢n]) - [v]dS +/ gyvdS + OnndS. (54)
Cine I'n

I's

Now it remains to relate the free surface height to the velocity potential using the dynamic free
surface boundary condition. Multiplying the dynamic free surface boundary condition in (16) with
arbitrary test functions wy € W, introducing the approximations 7, and ¢y, and integrating over
each face S of the free surface I'g, we obtain

/ (Ordn + grn)wndS = 0. (55)
I's

The weak formulations (54) and (55) in the space-time slab & are, however, not coupled to the
previous space-time slab & -1

To couple the space-time slabs, the last contribution in (54) is integrated by parts twice in time
on each face S € I'g of the free surface boundary, and after summing up over all free surfaces we
obtain

@myondS — 3 /8 sl =) d(@5), (56)

I's Selg

/ (Om)vpdS =
I's

in which ng is the temporal component of the outward unit normal vector ngs of the free surface
boundary edge 0S w.r.t. the free surface S € I'g, 7 is the numerical flux in time for the wave height
n, and = = lim._onn(t — ens,). We also treat the time derivatives on ¢ in (55) similarly, to obtain

/F (@i = [ @oymds - Y /8 1546 — 6T )umd(0S) (57)

Sel's
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with ¢ the numerical flux in time for the velocity potential ¢. The numerical fluxes 7 and (;AS are

defined as
ot ondS(t,_,), .ot ondS(t,_y),
b= {¢ on 9S\AS(t5_y), 1= {n on AS\AS(t;_,). (58)

Finally, we introduce the bilinear form By, : Vi x V;, — R as

Bu(én,v) = | Vn- Vo dk — / |- (Vo) dS — / (Vonl - [v] dS

S"

+ [ ns(Rs(Eo) - [11) as. (59)

int

the linear form Ly : V;, — R as

Li(v) :z/F gnv dS, (60)

and substitute (56), (57) and (58) into (54) and (55). Hence, we can state the space-time discontin-
uous Galerkin weak formulation for linear free surface water waves as follows:
Find a ¢n € Vi, and nn € Wy, such that for all v, € Vi, and wy, € Wy,

Bh(éh,vn) — (&,nh,vh)rs - (777 - 77+7U7)F5(t7 - Ly (vn)
- _ + — —
(8t¢h7wh)rs + (gnmwh)rs + (¢ T, w )Fs(t;l) 0 (61)
is satisfied with T'g(t,_1) =J0S(t,,_,) and (u,v) fr uvdS.

5.2 Space-time discontinuous Galerkin discretization

To obtain the space-time DG discretization, we first discretize the local lifting operator Rs k([¢])
per space-time element K. This is done by expanding the local lifting operator Rs «([¢]) as

(Rsx([]) k—ZRkj¢ky (62)

and choosing the test function 7, in (38) as ¥, to get

1Rff L et =5 Z (s [ s a5+, [ i as). ()

Jj=

for each face S € 'y, N OK}, where the ) ;’s are the basis functions and RS ks

coeflicients for each component of Rs k([¢])r with k =1,2,3.

The space-time finite element discretization is obtained by substituting the polynomial expan-
sions for the velocity potential ¢p, the free surface height 7, and the local lifting operator Rs k([¢])
in space-time discontinuous Galerkin weak formulation (61), and choosing the test functions v, and
wh as Pk,; and @;, respectively. The resulting space-time finite element discretization for (61) is
given in (100), (101) and (102), presented in Appendix A.1. Subsequently, we obtain a linear system
of algebraic equations by eliminating Rfjk and 7", using the relations (63) and (102) into (100) and
(101), and combining them.

With the help of the notation (103) introduced in Appendix A.l, the expansion coefficients of
local lifting operator Rs x for each face S can be expressed in terms of the expansion coefficients of
the velocity potential ¢y, using (63), as

s the expansion

A 1 A koA
RY* = S (AN 7H DY o+ DY 6. (64)
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Similarly, we can relate the expansion coefficients 7" and ér, using (102), as

A = —[(HS) Y m, ([Gs]nqun,péln - [F57¢]n,qx1)- (65)

Substituting (100) and (101) in the first equation of the (61), rearranging some terms, and eliminating
7™ and R‘:k using the algebraic relations (64) and (65), we finally obtain the following linear algebraic
system

LO" =X (66)

with £ the global matrix, ®” the unknown expansion coefficients of velocity potential and X the
right hand side. The global matrix £ in (66) is defined as

L: Z B*< 4 Z np><nq HS) ]"qan[GS]"‘lan

Sers
S;F;m _§(Cu,s +(CMST 4 TSMZ _ %(Cn,s +(CS)T ¢ %SMZ
%(Crl,s + (Clr,S)T 4 %Mg _ %(Crr,s + (Crr,S)T - MZ}T, (67)
and the right hand side of (66) as
X=> ES'4 > (=FS 4 [Cny s, [(HE) iy [FE ]y 1) (68)

Sel'y Sel's

for definitions of these new matrices on the respective right hand sides, see Appendix A.1. Given
¢" 1 and A"~!, we can construct the linear system £®" = X and solve for ®". Subsequently, we
obtain 7™ using (65).

6 Space-time variational (dis)continuous Galerkin method

6.1 Variational formulation

For the discrete variational formulation of linear frele surface waves, we introduce the horizontal cross
section of the computational flow domain 2y as Qn(z). Now, we define the total discrete kinetic
energy F, and the total discrete potential energy Ep, in each space-time slab & as

1 1
Eg, :/ §|uh|2 dK —/ gnodh dS  and  Ep z/ §gr]ﬁ ds, (69)
e I'n s

tn 0 tn
/ dK = / / / dxdydzdt and / ds = / / dadydt.
SI;" tno1J—H Qh I's th—1 Qh(z:O)

n (69), we directly introduce the relation up = Vén +R ([ — ¢n]) obtained from the primal relation
(47). The use of the global lifting operator, however, does not result into a discretization with a
compact stencil. We therefore redefine the first term of the kinetic energy in (69) using local lifting
operators as

where

B = [ (5 (VontnsRaulld - D))k~ [ gwénds (70)

n 2N
S Nscakp 2

with ng the number of faces of each space-time element KC}. The discrete kinetic energy (70) is
further expanded as

Fk, / ~|Ven|? d’C+/ Z (Vén - Rsx([d — ¢n]) dK +

& SCoKy

14



/ghn Y [Rekll9 - onl) P k- / g a5, (71)

ScoKy

where fFL ds = |, " /. o, dldzdt with [ the horizontal coordinate of the boundary 9Qz. Finally,
we define the discrete functional for linear free surfaces as

Ln(¢h, Phs,h) = bh,s(Omn) dS — (Ek, + ER,). (72)
s

The discrete variational formulation for the linear free surface waves is now

OLn(Ph, dh,s, M) =0, (73)

where ¢ns = ¢n(t,z,y,2 = 0) is the approximated velocity potential evaluated at the mean free
surface and 6Ly, is the variational derivative defined as

1
0Lh = 21—% - (ﬁh(¢h + €6¢h, Oh,s + €6¢n s, h + €6nn) — Ln((dh, Dh,ss Uh)) (74)

with d¢n, d¢n s and dny the arbitrary variations.
Evaluating variational principle (73), using (74) and the relation

Rs k([ — dn + €60 — 66n)]) = Rsx([d — dn]) + eRs .k ([66 — 6on]), (75)
we find

/1“ (&n,50c(61n) — gnndnn + (Oymn)dbh,s ) dS — - Von - V(dgn) dK
- /gn Z (th R ([66 — 6¢n]) + V(3n) - R ([ — ¢h]])) dK

h SCOK)

- /gw > s (735,|<([[¢A5 — ¢n]) - Rsx([66 — 5¢h]]))d’C + /1“L gNOdh dS = 0. (76)

h SCOK]

From a computational point of view, the local lifting operators are easier to compute on the
faces of an element rather than on the element itself. So, we first rearrange the sum over elements
in (76) into a sum over faces and use the fact that the local lifting operators are only non-zero in
the elements connected to the face S, to obtain

/ (60500 (5110) — gndn + (Do )56n.:)dS + / andon dS — [ Tén-T(6n) dK
Ts

Tz &n

_ Z (/ICn (?ﬁbh -RSJ([[(SQ& — (Sqﬁh]]) + ?(5¢h) 'RS,I([[(ZS _ ¢h]])) dK

Seline

+ [ (Von R (156 = 86]) + F(66n) - Res (16 = ) K

- > (/}C ns(Rs ([ — on]) - Rs([66 — dn]))dK

S€lint

+ [ ns(Rs (16— n)) - R (169 — ion]) K

- Z /icn (?qﬁh Rs.([66 — d¢n]) + V(66n) - Rs([¢ — ¢h]])) K

Selou

- /’C ns (Rsu([6 = onl) - Rsa([56 — d¢n]) ) ak = o. (77)

S€Thou
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In (77), we define the numerical flux on the variations d¢y as
66 =0} on S €y, and 6 := Sy on S € Dyou, (78)

which follows from the definition of the numerical flux for ¢y in (44). By using the definitions (44)
and (78), and the properties in (32), we can deduce the following relations

[[¢E - ¢h]] = _[[¢h]] onS € Pinta [[¢E - ¢h]] =0onS € 1_‘boua
[66 — 6¢n] = —[0¢n] on S € Ty and [66 — 66n] =0 on S € Tyou. (79)
We now simplify (77) using (79) to obtain
[ ontutom) = gmom + @m)sn.)as + [ gxoonas— [ o (o) ax
T's Iy r:l

# 3 ([ o Rl + 9(00m) - RellonD) e

S€elint

+ | (Ton Re[50n]) + (660 Res([on]) o)

r

-, (/m ns(Rs,([¢n]) - Rs.i([0¢n]))dK + /m ns (R, ([¢n]) 'Rs,r([[5¢h]]))dlC) —0. (80)

Serint

Finally, using definitions (29) and (34) and the arbitrariness of variations, we obtain the discrete
variational formulation of the linear free surface waves as B
Find a ¢! € Wy and 77 € Wy, such that for all 6¢7 € Vi and 67 € Wy, equations

L 9on- vy ac— 3 [ (190} [5en] + {906} - nl-

S€lint
ns{Rs([nD} - Bonl) dS = [ gdon as = | (@)oo a5 =0 (s1)
and
/ (¢h,50¢ (9mn) — gnndim)dS =0 (82)
I's

are satisfied with end point conditions d¢n(tn—1) = nh(tn=1) = 0dn(tn) = 0nn(tn) = 0, where the
approzimations ¢n and 1, are defined as in (27). To satisfy these end point conditions on the
variations, we define the expansions of variations

Spn =YY" 1ogr  and  6ny = YY" o (83)

such that they vanish at ¢, and ¢,—; but are non-zero within the space-time element. These are
coupled with the previous space-time domain 5:’_1 by imposing the continuity in time. While
the variables are a piecewise continuous linear approximation in time between the two time levels,
the variations are forced to be zero at the end points and are thus defined differently. The basis
and test functions are therefore unequal. For the harmonic oscillator, such a choice of continuous
approximation for variables and vanishing test functions at the end points in each time interval led
to the energy-conserving modified mid-point scheme, derived in §2.

6.2 Variational finite element discretization

To obtain the variational finite element discretization, we first have to discretize the local lifting
operators Rs k([#n]) per space-time element Kj'. Using a similar approximation as given in (27) for
on, the local lifting operator Rs k([¢n]) is expanded as

Rsx([¢n]) = RE k([enDe" + RE ([on])e" " (84)
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with ﬁg*([[(bh]]) the local lifting operator on the spatial element K'. Thereafter, we define the
expansion of the local lifting operator R  ([¢n]) akin to (62) as

Mp

(R ([on])e = D Ry <" (85)

j=1

with Rfjk" the expansion coefficients for each component of R% ,([¢n])r with k& = 1,2,3. The
discretization of the local lifting operator ﬁgk([[(ﬁh]]) arises from (38) as

Tp R . o 1 p . I . o
ZRi’; /’C Y, j Pk, AK = 3 Z <¢|Tfj /5 A, dS + &7 : Ngr iV dS) (86)
j=1 k j=1

for § € I'jne N OKY with &k,j the basis function.

The space-time variational finite element discretization can now be obtained by substituting the
polynomial expansion for the velocity potential ¢y, the free surface height 7, and the local lifting
operator Rsk([¢]) in the variational formulation (81) and (82), and using the arbitrariness of the
variations (Mﬁ, 5(;7537h and 07,. The variations d¢y, are varied as w”'lb"_l@kﬂv fori=1,...,n,, and
dnn as Y™y "tp; for i = 1,...,n, such that they vanish at ¢, and t,_;. Further, to simplify the
finite element discretization we use the fact that the basis functions ¥™ and ¢! are independent
of space, the basis functions 1/_Jk,i and @ ; are independent of time, and the spatial element K\ does
not deform in time to get the following simplifications:

Ok =0, 0@ =0, Vy"=0 and Vy" '=0. (87)

The resulting finite element discretization for the variational formulation (81) and (82) are given in
(104) and (105), which are presented in the Appendix A.2. Subsequently, we obtain a linear system
of algebraic equations by eliminating Rfjkn fii'; using the relations (86) and (105) into (104).

With the help of the notations (106) introduced in Appendix A.2, the expansion coefficients of
local lifting opertor R’ for each face S can be expressed in terms of the expansion coefficients of
the velocity potential ¢ using (85) as

R = (AR (DY g+ DE 4. (59)
Similarly, we can relate the expansion coefficients 7 and ¢ using (105) with (106) as

it = (HS) LS + L9~ — A1), (89)
Eliminating 7", R‘:k” and Rf’k("_l) from (104) using (89) and (88), we obtain the following linear
algebraic system

LO" =X (90)

with £ the global matrix, ®" the unknown expansion coefficients of the velocity potential, and X
the right hand side. The global matrix £ is defined as

1 1
I :Z Bkk _ Z GS(HS)—lLS Z _§(Cu,s + (CM,S)T) + %Mf; . 5(C|r,$ + (CrI,S)T) + %’SM
K SeTg S€Tint
o 1 CrI,S CIr,S T EMH o 1 Crr,S Crr,S T n_SMrr 91
5 (C° +(C7)) + Mg — 5 (C™° +(C™2)1) + - M (91)

and the right hand side X in (90) as

X:_Z Begr-1 4 Z ES)

K Sel'r,
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i Z GS(HS)71ES(25F—1+ (GS — GS(HS)™ 1Hs) ~n—1

Sel's
s s 1) gn=1 4 L =ins ANS\TY TS et in—1
+56§F:( (C"S +C")T) = ZERIL) gt + (5(CS + (C™5)T) — 22l ) g+
1 ~ v in— 1 Arr Arr T\ In—
(E(Crl,s_’_(clr,S)T) —%M;l) In 1+ (5(0 ’S+(C ,S)T)_%Mij)¢r 1. (92)

Given ¢~ Land M ! we can construct the linear system £&" = X and solve it for @y . Subsequently,
we obtain 7’ using (89).

6.3 Solving the linear systems (66) and (90)

The global matrix £ of the linear algebraic system has size N.n, x Ncn,, where N, is the number
of elements in the computational domain & and n, the number of degrees of freedom per element.
It can be divided into N, x N, blocks with size n, X n,. Further, the number of non-zero block
rows in the global matrix £ w.r.t each space-time element K is directly dependent on its immediate
neighbouring elements connected through the boundary of OK}'. Therefore, the global matrix £ is
of block sparse type with a compact stencil. Hence, we use a well-tested software tool kit called
PETSc (see [20, 21, 22]) for building and solving the linear system.

This tool kit PETSc, a ”"Portable, Extensible Toolkit for Scientific Computation”, consists of a
number of sparse matrix storage routines and both iterative and direct sparse linear solvers. In
particular, we use a sequential block sparse matrix storage routine for building the global matrix £
and a linear solver based on a biconjugate gradient method with ILU preconditioner for solving the
linear system L£®™ = X (see the manual by Satish et al. [20]). For building the matrices, PETSc
offers a preallocated matrix storage routine for which we have to specify the number of non-zero
blocks in each row of the matrix. We have thus observed a tremendous increase of performance.

7 Numerical results

In this section, we present the numerical results obtained using the standard space-time DG and the
variational space-time (dis)continuous Galerkin finite element schemes, and compare the numerical
results with two exact solutions of the linear wave equations. The numerical implementation is done
for the equations in non-dimensional form. We used the following scaling:

(x,y,2) — H (z,y,2), t— ”%t’ ¢p— H\/gH ¢ and n— H n. (93)

We compute the L?(2,)-norms of the errors in the numerical results for the velocity potential and
free surface height as

/
16 = dnllza(an) = (Z/nw—qw ax)"” and (94)

7 =m0l Lorgeeny) = Z /a

1/2
(n—m)? d(33)) ", (95)
Serg 7 0S(tn)

where (¢,n) and (¢n,7n) are the exact and numerical solutions of the velocity potential and free
surface wave height, respectively. The order of accuracy of the numerical scheme can be determined
using

order = (ln(Error(l)) = ln(Error(z)))/(ln(h,(Cl)) = 1n(h§c2))), (96)
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where Error™) and Error® are the errors computed on the meshes with cell measures h,(Cl) and h,(g),
respectively. For all wave simulations, the computational grid size in the z-direction is chosen such
that it decreases as we move from the free surface at z = 0 down to the bottom topography. This is
in line with the harmonic solution in which the amplitude decreases exponentially going down from
the rest level at z = 0.

7.1 Harmonic waves

The governing equations for the linear free surface waves in (16) satisfy the harmonic wave modes
d(x,y, 2, t) = Ay m cos(kyz + kyy + wt) cosh(k. (z + H)) (97)

on Q = [0,1]> x [—H, 0], where Ay, is the amplitude; H the mean water depth; k, = 2xl, k, = 27m,
and k, = +,/k2 + k; are the wave numbers; [ and m are integers; w the frequency, and the dispersion

relation is w? = k, tanh(k, H). The free surface evolution of the harmonic wave modes is obtained
by using the kinematic free surface boundary condition d;¢ = g7, as

n(z,y,t) = —Ap mwsin(kyz + kyy + wt) cosh(k, H) at z = 0. (98)

In both the space-time DG and space-time variational schemes, we initialize two harmonic modes
with mean water depth H = 1, (I,m) = (1,1) and (1,—1), and amplitudes 4;; = 2.32-10~* and
Aj,—1 =1.12-10~% The two modes have a time period 7' = 2.1078 and travel in diagonally opposite
directions. The projections of the initial condition for the velocity potential and the free surface
wave height are shown in Figs. 4(a) and (b).
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(a) Velocity potential. (b) Free surface wave height.

Figure 4: Contour plots of the velocity potential and the free surface wave height at time ¢ = 0 on
an irregular grid of size 32 x 32 x 8.

To test the accuracy of the space-time discontinuous Galerkin and space-time variational schemes,
we simulated these harmonic waves for one time period 7" on various grids of sizes 8 x8x 2, 16 X 16 x 2,
32 x 32 x 4 and 64 x 64 x 8 with time steps At = T/10, T'/20, T/40 and T'/80, respectively. We
also compute the errors of the velocity potential and free surface wave height in the L?-norm and
subsequently, determine the order of accuracy, presented in Tables 1 and 2. Both schemes are higher
order accurate. Contour plots of the velocity potential and free surface wave height of the numerical
simulations from both schemes are presented in Figs. 5 and 6. To qualitatively show the dispersion
error and dissipation error of the space-time DG scheme and space-time variational scheme, we have
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simulated the harmonic waves for about 10 time periods. We observe from the Figs. 7(a)-(j) that
amplitude of the waves decays strongly when simulated with the space-time DG scheme whereas it
does not decay with the space-time variational scheme, as expected.

Table 1: L2-errors of the velocity potential and the free surface height at ¢ = T on a regular grid
using (space-time DG scheme).

Grid Velocity potential Free surface height
N, x Ny x N, h L2—error order L2—error order
8 x 8x2 0.785155 9.0079- 10794 — 5.2950 - 10793 —
16 x 16 x 4 0.465848 1.9761-107% 2.85 1.4053- 10793 2.54
32x32x8 0.252864 4.9046 - 1079 2.29 3.5070- 10794 2.27
64 x 64 x 16 0.131652 1.1961 - 10795 2.17 8.7284-1079 2.13

Table 2: L?-errors of the velocity potential and the free surface height at t = 7" on a regular grid
(variational space-time DG scheme) with p*P—order polynomial approximation.

Grid Cell size Velocity potential Free surface height
N, x Ny x N, h L?—error order L?—error order
Forp=1
8 x 8x2 0.785155 1.8445.10793 — 2.3505 - 10792 —
16 x 16 x 4 0.465848 6.1255 - 10794 2.11 8.2809 - 10793 2.00
32 x32x8 0.252864 1.9072-107% 1.91 2.4410-10793 2.00
64 x 64 x 16 0.131652 4.9538 - 10795 2.07 6.3329 - 10794 2.07
For p=2
8 x 8x2 0.785155 1.6963 - 10793 — 1.0409 - 10794 —
16 x 16 x 4 0.465848 2.4237-1079° 2.79 1.8443 - 1079 4.25
32 x32x8 0.252864 2.7994 - 10796 3.53 1.6339- 1079 3.97

7.2 Linear waves generated by a wave maker

Consider a wave basin Q = [0, 1]? x [~ H, 0] with solid walls on all sides except a piston type wave
maker on the side at x = 1. Given the normal velocity of the wave maker as gy = —Ak, cos(wt)
cos(kyy) cosh(k.(z + H)), we derive an exact solution for the velocity potential and free surface
height as

o(t,x,y,z) = Acos(wt) cos(kyx) cos(kyy) cosh(k,(z+ H)) and
n(t,z,y) = —Awsin(wt) cos(kzx) cos(kyy) cosh(k, H) (99)
with A the wave amplitude, H the mean water depth, k, = (21 + 1)7/2, k, = 2mm, kZ = (k2 + k7),
w the frequency satisfying the dispersion relation w? = k, tanh(k, H); and, [ and m are integers.

To simulate the waves generated by a wave maker, we initialize the flow field (1, ¢) with the
exact solution, prescribe the normal velocity of the wave maker at the boundary z = 1 and take the
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(a) At t=T/2. (b) At t=1T/2.
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04 0.6
X

(c) At t =T. (d) At t =T.

Figure 5: Contour plots of the velocity potential on the mean free surface obtained with the space-
time variational scheme (left) and the space-time DG scheme (right). These results are obtained on
an irregular grid of size 32 x 32 x 8 with time step At = T/40, where T is the time period of the
harmonic waves.
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(a) At t=T/2. (b) At t=1T/2.
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(d) At t =T.

Figure 6: Contour plots of the free surface wave height obtained with the space-time variational
scheme (left) and the space-time DG scheme (right). These results are obtained on an irregular grid
of size 32 x 32 x 8 with time step At = T'/40, where T is the time period of the harmonic waves.
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(¢) At t = 4T, (f) At t = 4T.

(h) At t =8T

Figure 7: Contour plots of the free surface height obtained using space-time variational scheme (left)
and space-time DG scheme (right). These results are obtained on an irregular grid of size 16 x 16 x 4
with time step At = T'/10, where T is the time period of the harmonic wave. Observe the decay of
wave amplitude for space-time DG schemes.
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slip flow boundary conditions at the remaining solid wall boundaries. We set the parameters H = 1,
l=0,m=1and A=232-10"* and simulate the waves for one time period T = 27/w = 2.4763
with time step At = T'/10, T'/20, T'/40 and T'/80 for computational grids of size 8 x 8 x 2, 16 x 16 x 4,
32 x 32 x 8 and 64 x 64 x 16. The simulations were again performed with both the space-time DG
scheme and space-time variational scheme. The numerical results obtained are compared with the
exact solutions and the errors in the L?-norm are computed to verify the order of accuracy of both
schemes. The errors in the L% norm and the orders of accuracy are presented in Tables 3-6 for both
the velocity potential and the free surface height. The free surface waves generated by a wave maker
are shown in Figs. 8(a)-(j) and 9(a)-(j) simulated with the space-time DG scheme and space-time
variational scheme, respectively. Again, we verified that both schemes obtain higher-order accuracy.

Table 3: L2?-errors of the velocity potential and the free surface height at ¢ = T on regular grids
with the space-time DG scheme. Piston wavemaker case.

Grid Cell size Velocity potential Free surface height
Ny x Ny x N, h L?—error order L%—error order
8x 8x2 0.785155 3.9801- 1074 — 5.0199 - 10793 —
16 x 16 x4 0.465848 7.4137-1079° 3.22 1.5546 - 10793 1.69
32 x32x8 0.252864 2.0123-1079° 2.13 3.9705- 10794 1.97
64 x 64 x 16 0.131652 5.3061 - 10796 2.04 9.8416- 1079 2.01

Table 4: L?-errors of the velocity potential and the free surface height at t = T on irregular grids
with the space-time DG scheme. Piston wavemaker case.

Grid size Cell size Velocity potential Free surface height
Ny x Ny x N, h L?—error order L%—error order
8 x 8 x 2 0.795757 3.9649 - 10794 — 4.9753 10793 —
16 x 16 x 4 0.470324 7.5895 - 1070 3.14 1.4990 - 10793 1.73
32 x32x8 0.255019 2.0966 - 10792 2.10 3.0505 - 10794 2.30
64 x 64 x 16 0.132687 5.3061 - 10796 2.08 9.8416 - 1079 1.63

8 Concluding remarks

A novel space-time variational (dis)continuous Galerkin method has been presented for irrotational
dynamics of linear free surface waves. It is based on a novel numerical discretization of a varia-
tional principle. To achieve such a variational formulation, we derived a discrete functional which
is analogous to that of the continuum case for linear free surface waves. The variational discretiza-
tion preserves the advantageous features of the space-time DG scheme such as the locality of the
discretization. In addition, it ensured the resulting system to be symmetric leading to a speed-up
in the computation, and conservation of energy and phase space.

For comparison, we considered the space-time DG of van der Vegt and Xu [26], extended with
novel numerical tests in three space dimensions. The numerical discretization resulting from this
method consists of linear systems of algebraic equations with a compact stencil. It also allowed
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Table 5: L2?—errors of the velocity potential and the free surface height at ¢ = T on regular grids
with a p**~order polynomial approximation (variational space-time DG scheme). Piston wavemaker

case.
Grid Cell size Velocity potential Free surface height
Ny x Ny x N, h L?—error order L%—error order
Forp=1
8 X 8 x2 0.785155 3.9906 - 1074 — 8.2652 - 10793 —
16 x 16 x 4 0.465848 1.0063 - 10704 2.64 3.4336 - 10793 1.27
32 x32x8 0.252864 2.1776-1079° 2.51 9.7198 - 10794 1.82
64 x 64 x 16 0.131652 5.4312 - 10796 2.13 2.4843 - 10794 1.97
For p=2
8 x 8x2 0.785155 5.9045 - 1070 - 1.4284-10793 -
16 x 16 x 4 0.465848 9.8501 - 10796 3.43 3.8402- 1079 5.22
32 x32x8 0.252864 1.0729 - 10796 3.63 3.4868 - 10796 3.46

Table 6: L?-errors of the velocity potential and the free surface height at t = T on irregular grids
with a p**—order polynomial approximation (variational space-time DG scheme). Piston wavemaker

case.
Grid Cell size Velocity potential Free surface height
Ny x Ny x N, h L?—error order L?—error order
Forp=1
8 X 8 x 2 0.795757 4.0721-10704 - 4.9753 10703 —
16 x 16 x 4 0.470324 1.0595 - 10704 2.56 1.4990 - 10793 1.64
32x32x8 0.255019 2.3249-1079 2.48 3.0505 - 10794 1.95
64 x 64 x 16 0.132687 5.4312 - 10796 2.20 9.8416- 1079 2.22
Forp=2
8x 8x2 0.795757 6.1241-1079 - 1.1596 - 10793 -
16 x 16 x 4 0.470324 1.0740-1079° 3.31 1.5702 - 107% 3.80
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(g) At t =4T/5. (h) At t =4T/5.
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Figure 8: Contour plots of the velocity potential ¢, at the mean free surface (left) and the free
surface height 7, (right) on a regular grid of size 32 x 32 x 8 (Space-time DG scheme). Piston
wavemaker case.
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-0.008 -0.004 O 0.004 0.008

Figure 9: Contour plots of the velocity potential ¢, at the mean free surface (left) and the free
surface height n, (right) on a regular grid of size 32 x 32 x 8 (space-time variational scheme). Piston
wavemaker case.

us to use efficient sparse matrix storage routines and iterative linear solvers in the PETSc package.
The PETSc package gave a good performance relative to other methods, such as direct solvers and
locally build and optimized conjugate gradient solvers. We found that preallocation of memory
for the matrix storage rather than a dynamic memory allocation improves the performance of the
package. An extra advantage of PETSc is that the parallelization is a built-in feature.

The numerical results of the space-time DG and variational schemes have been compared with
exact solutions of linear harmonic free surface waves in a periodic domain and linear waves generated
by a wave maker. Both schemes show (p + 1)*:-order accurate results for a p*~order polynomial
approximation of the wave field. Further, the space-time variational DG scheme does not show any
decay in the amplitude of the waves whereas the space-time DG scheme shows significant amount
of decay in the wave amplitude. However, the space-time variational DG finite element scheme
shows a larger dispersion error. We recommend, therefore, to extend the space-time variational
(dis)continuous Galerkin scheme to nonlinear free surface waves. And to further investigate the
time discretization in the space-time variational method to improve the dispersion accuracy while
preserving the zero amplitude decay.

A Appendix

A.1 Space-time DG discretization

In this Appendix, we present the space-time finite element discretization of the space-time discon-
tinuous Galerkin weak formulation (61) by substituting the polynomial expansions for the velocity
potential ¢, the free surface height n, and the local lifting operator Rs k([¢]) in (61), and choosing
the test functions v, and wy as ¥ ; and ¢ ;, respectively.

First, we present the discretization of the bilinear form By (¢n,v) in (61) is as follows:

Ne Np
Bu(¢n, i) ==Y Z¢k,j/ Vipij - Vi dK
k=1 j=1 e
nyp 1. B B
-3 (5 / s (B Vs + 8 V) dS
S€lint j=1 S
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1. _ _
+ ey [ g 8D 8 V) 4S)

-y Z( [ (B T+ & T, 4

Selint j=1

+ _ﬁgr,j/s (@' Vb )i + (B Vabr j)r0) dS)

o Z ZZ”S( Rfjl/ nkw|7j¢|1+nkwlgwrz)

S€lint j=1 k=1
1 s ,
+ RS /5 (e -+ it ) 45 (100)

Second, the discretization of the linear form and the other free surface terms of the first equation in
(61) is

= > / g dS, (Qemn, i), = Y Zn.j / (Orp1,3)thi S and

SeTy, Sel's j=1

(™ —n", ) Ps(t_)) Z Z / ot d(0S) - ﬁ:?;l /85( ) )@I,j¢l,i d(9S)).
S(t t_,

Sels j=1 n—1
(101)

Finally, the discretization of the second equation in (61) is given as

> Z(ﬁﬁu/ (Oethrj)p1i AS + 4 J/ Yrjp1i A(OS)

Sels j=1 as(t;71)

_ézgl/ ¢r,j<ﬂl,i d(88) + ﬁfj/ PLiPLi dS) = 0. (102)
o5(t=_ ) s

To obtain and describe the linear system of algebraic equations resulting from (100) to (102), we
introduce and use the following matrix and vector notations:

A:S’k = Zbk,?wk,]di(:? B:j’kk = ?wkﬂ : v¢k,dea
K:k K:k
Cii’-’" = /S(ﬁ'-viﬁu)?ﬁr,jd& ng ZZ/Snlkiﬁl,ﬂbr,dey
¢ = ngfl/ Yr o1 A(0S), Hp = / @11 dS,
9S8 (t,,_1) S
Fis’n = ﬁ?;l/ or,j: d(9S), Ez'S’l = / gndS,
oS(t, 1) Sm
G ::/(&edﬂ,j)@l,i d3+/ U1, A(9S),
S aS(t;_y)
Gf} = /(@gm,j)wl,i d3+/ @15t d(9S),
S oS(t, 1)
3
M (D‘S IS (Df,u)T+Df,lr(A)c,r)—1(Df,rl)T)’
k=1
3
M= (Df,n(A;c,l)q(Df,rl)T 4 Df,lr(AK,r)fl(Dfﬂr)T)’
k=1
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[

M= (Df’rl(AK’l)_l(Df’rl)T + Df,rr(AK,r)—l(Df,rr)T). (103)
k=

=

A.2 Space-time variational discretization

In this Appendix, we present the space-time variational discretization of the variational formulation
(81) and (82) by substituting the polynomial expansion of the velocity potential ¢y, the free surface
height 7, and the local lifting operator Rsk([¢]) (84) into the variational formulation (81) and
(82), and choosing the arbitrariness of the variations 0@ and 67, as "™ Ly ; and """ 1@ ;,
respectively. Now, the space-time variational discretization of the variational formulation (81) using
(87) is as follows:

SOS it [ (T - Vi) dics

K j:l
/ G (Vi - i) dK
IC j= 1
- > Z( ¢|,J/¢| wu Y@ Vi) + oy ffl(ﬁl'v@r,i)) ds
S€Tint j=1

40ty 0T T W T T W 90,0) ds>
S

-2 Z( i or i (urer @ i) +urer @ Vi) 4

Seln: j=1

71/1/}:17115r,j(¢|n | ( vd}l z)"‘d}nd}n 1( V¢rz)) )

-2 Z( oty [ o (s @ g+ 0y @ V) 4

Selint j=1

s g, [or (ww*m‘ s U T i) ds>

-y Z( / Ui (e @ Ve )+ e (@ wl,jw”)

Seln: j=1

b / v 1(w”w” LA V) + T - Vi)Y ds>

Np 3
- Zm;( S'”/% R nklﬁl,ﬂﬁl,i+¢W?*1n2¢hj¢m) ds
1 k=1

Selint j=

+ Rf m/ oy (WL r'_lnlkwr,jwl,i +w?w?71n2wr,j¢r,i) dS)

n, 3
o Z Zzns< SI” 1/ w wl ¢ nkwhjwlv +wr r n;{‘;hjir,i) dS
k=1

S€lint j=1 k=
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S Lo as— ¥ S, Lo @iy, as

SEFLJ 1 Sel'g j=1
- > Z i 1/ PP (O i1y dS = 0. (104)
Sel's j=1

Next, the discretization of (82) is

Z ZQ%/% (@) @1ith; AS + Z Zél /d’ (@ (™)) @rithr,; dS—

SEst 1 Sels j=1
> ng] / PP @ity dS Y Zgﬁl";l / U @i dS = 0. (105)
SeTs j=1 SeTg j=1 S

To obtain and describe the linear system of algebraic equations from (104) and (105), we introduce
and use the following matrix and vector notations:

Ak / Vit dK, B = /Kn (e~ Vi - Vi 5 dK,
k
Bg’kk .=/ (U2 PRV, - Vi ; dKC, Cg,n, /1/4 Pr(@' - Vi) ¢r ;dS,
C5 = [ururiur @ T s, - /5 el 548,
Dyt o= / MY U it S, Dyt = / M R 14 dS,
GS /¢| YO )hip1,5 dS, GS /¢| YO Dbip; dS,
L = /SW O )) uith dS, = /w () privi dS,
H = /S W) Gy dS, 0 = /S @)U @iy dS,

ES = / IR 44,
Sm

3
M= Z (Df,II(AIC,I)—l(ﬁf,Il) DS Ir(AIC - (Df Ir)T)7

(DE" A HDENT 4 DA (DY),
k=1
Wy (D AR DI + DET (AR T DET),
k=1
M7= 3 (DR AR THDENT + DET(AS) THDIMT),
k=1
MY 3 (DEHASBENT + DEF(A) (DS,
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