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Abstract — We study the concept of bidirectional application of productions — i.e.,
using a production of a grammar as a reduction too — with respect to regularly controlled
extended linear basic (macro) grammars [3], provided with a restricted mode of deriva-
tion. So this new grammatical model is in essence equal to the regularly controlled
bidirectional context-free grammars of [15] in which the underlying context-free gram-
mar is replaced by an extended linear basic grammar. We establish closure properties of
the corresponding family of languages; viz. for the outside-in or Ol-mode we obtain a
full substitution-closed AFL, and for the inside-out or |O-mode we obtain a full QAFL
closed under deterministic substitution. The notion of bidirectionality gives rise to a
dramatic increase of generating power; even under minor assumptions the Ol [10]
instance of such grammars generate all Ol-macro [IO-macro, respectively] languages.
Furthermore, in case of free application of productions and reductions we obtain a gen-
erating capacity equal to the one of phrase-structure grammars.

1. Introduction

In [15] a new grammatical model has been introduced, the so-called regularly controlled bidirec-
tional grammars, or RCB-grammars. An RCB-grammar is a pair consisting of a context-free
grammar G (the underlying grammar ), denoted by (V, Z,P,S), together with a regular language
(the control language) C over the set of rulesinduced by P. This set of rules consists of the pro-
ductions from P and of the reductions determined by P; i.e., if A - a isaproduction in P, then
o - Aisthe corresponding reduction.

The main reason to study this type of grammar stems from the concept of NTS-grammars;
cf. [15] for background and motivation. An NTS-grammar is a context-free grammar such that
each sentential from which can be derived from a nonterminal by applying both productions and
reductions can be also derived by means of productions only. The NTS-property has also been
defined in [14] for an extension of context-free grammars; viz. for macro grammars [10]. It is
therefore also interesting to study macro grammars provided with a regular control language over
both productions and the corresponding reductions. Now in general the aspect of bidirectionality
gives a dramatic increase in generating power; cf. [4], where it has been shown that for severa
modes of derivation RCB-grammars are able to generate al recursively enumerable languages.
Replacing the context-free grammar in the notion of RCB-grammar by a macro grammar results
in agrammar model that can of course generate all recursively enumerable languagestoo. There-
fore werestrict our attention in this paper to RCB-grammars in which the underlying context-free
grammar is replaced by a so-called K-extended linear basic (macro) grammars. We motivate the
choice of K-extended linear basic grammars by the fact that for some language families K, the
corresponding family of languages LB,(K) is incomparable with the family CFL of context-free
languages. This holds for instance if K equals ONE or FIN — where OONE equals the family ONE
of al languages consisting of one word, together with the language 0, or formally,
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ONE = ONE{0O}; FIN is the family of al finite languages — and m =10, since in these cases
we have LB = LB,o(K). Remember that the family LB of linear basic (macro) languages, intro-
duced in [10Q], is known to be incomparable with CFL [7]. Actualy, we take extended linear
basic (m,K)-grammars, introduced in [3], where m varies over the two well-known macro gram-
mar modes of derivation Ol (“outside-in”) and 10 (“inside-out”). And K is a family of
languages, which restricts the possible languages associated with language names in such gram-
mars. Extended linear basic (m,K)-macro grammars or (m,K)-elb grammars are a generalization
of the extended linear basic grammars introduced and investigated in [6] and [8]. We provide
these (m,K)-elb grammars with bidirectional rewriting and regular control, and the resulting type
of grammar will be caled bidirectional (m REG,K)-elb grammar or (m,REG,K)-belb grammar
for short. REG denotes the family of regular (control) languages.

Together with the notion of RCB-grammar we have defined in [15] several modes of
derivation which differ from the usual free application of rules. These modes are motivated by
the observation in [5] that the family of languages generated by bidirectional context-free gram-
mars (V, Z,P,S) in which the start symbol Sis replaced by some context-free language M over V
is equal to the family of recursively enumerable languages. Therefore, to obtain new, interesting
language families we have introduced restrictive modes of derivation. In this paper only one of
the modes introduced in [15] will be studied within the framework of bidirectiona (m,REG,K)-
elb grammars. For sake of comparison some attention is also paid to the free mode of applica
tion.

The mode of derivation with which a grammar will be provided, determines three different
aspects of the derivation process. In other words, each mode of derivation consists of three sub-
modes. First, in a sentential form a string u can be rewritten by productions or reductions only if
from the right end of this string u only terminals occur. This submode is called the right-most
string rewriting submode, denoted by RS. The RS-submaode is introduced in [4] as a more precise
modeling of bidirectional right-most derivation in context-free grammars, whereas originaly in
[15] adlightly different variant of this submode has been investigated. Second, if arulein a con-
trol word from the control language is not applicable to the sentential form derived so far, then
the derivation process halts, and no string is derived. This submode is called the block mode and
it is abbreviated by B. The third aspect discriminates between reductions of the form a - A,
where a consists of terminals only, (the so-called terminal reductions) and reductions with at
least one nontermina at the left-hand side. In the fair submode, abbreviated by f, only such
“non-terminal” or fair reductions are allowed. The name fair originates from the idea that such
reductions respect the difference between terminals and nonterminals in this grammatical model.
So the mode studied here is the RS/B/f-mode. As remarked before, this mode is in fact a dight
modification of the RN/B/f-mode introduced in [15]. However, for context-free grammars, in
both cases the family of languages generated by the resulting type of RCB-grammar is exactly the
family of context-free languages [4,15]. We call an (m,REG,K)-belb grammar provided with the
RS/B/f-mode of derivation an (r,f,m,REG,K)-belb grammar. The corresponding family of
languages is denoted by RBLB; ¢ ,,(K). (Remember that mis equal to either Ol or 10).

The structure of this paper is as follows. In section 2 we recall terminology and notational
conventions for macro grammars, linear basic grammars and their generalizations. In Section 3
we introduce regularly controlled bidirectional (m,K)-elb grammars or (m,REG,K)-belb gram-
mars. Then we formally define for these (m,REG, K)-belb grammars the RS/B/f-mode of deriva
tion. The corresponding type of grammar is called (r,f, m,REG,K)-belb grammar. In addition,
we introduce c-trees to visualize the structure of sentential forms generated by (r, f, m,REG,K)-
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belb grammars. These c-trees are aso helpful in the proofs of Section 6. Closure properties of
the family RBLB;  ,(K) of (r, f, m,REG,K)-belb languages are established in Section 4. For both
modes Ol and 10 and under weak assumptions on the family K, it is shown that the family
RBLB; ; m(K) is closed under the regular operations (union, concatenation, and Kleene +). Furth-
ermore, we will prove that if K is anontrivial family of languages closed under ngsm mappings,
then RBLB; 1 o (K) is afull substitution-closed AFL. Concerning the family RBLB; ; ,o(K), we
establish — under appropriate conditions on K — closure under intersection with regular languages
and deterministic substitution; hence this family isafull QAFL (in the sense of [3]) closed under
deterministic substitution. In Section 5 we discuss the language generating capacity of
(r,f, mREG,K)-belb grammars. We show that the family RBLB; ¢ o (NE) is equal to the fam-
ily Ol of Ol-macro languages and that the family 10 of 10-macro languages is included in the
family RBLB; ; ,o(ONE). In Section 6 (m,REG,K)-belb grammars provided with free applica-
tion of rules are studied. However, the restriction of allowing only fair reductions is maintained.
Then for m=0Il and for m=10 the family of languages generated by these so-called
(f,m,REG,K)-belb grammars equals the family of recursively enumerable languages. Finaly,
Section 7 contains some concluding remarks.

2. Prdiminaries

Terminology and notational conventions used in this paper follow in most cases standard texts in
formal language theory like [13] or [20].

Macro grammars have been introduced by Fischer in [10] as a generalization of context-free
grammars. The difference with context-free grammars is that in a macro grammar we associate
with each nonterminal a nonnegative number of arguments. We take arguments from the set of
terms build up from nonterminals, terminals, and variables. Therefore we can consider a macro
grammar as a particular kind of term rewriting system. In order to define macro grammarsin a
precise way we use the concepts of ranked alphabet, and term over aranked alphabet.

An alphabet is a finite set of symbols. A ranked alphabet A is an alphabet of which each
symbol is provided with a nonnegative integer, called its rank. The ranked alphabet A is parti-
tioned into sets A; consisting of those symbols with rank equal to i. Thus A =[IA; and if i #],
then Ay nA;=0. Let PC be a set of punctuation symbols, consisting of the left and right
parenthesis and the comma symbol. Furthermore, A denotes the empty string.

Definition 2.1. Let A be aranked alphabet. The set T(A) of terms over A is the smallest set of
strings over A O PC such that

(@ AU{AOT(A);

() iIfAR ,andty,...,ty0T(A), thenA(ty,...,tn) OT(A). O

We will write A instead of A() if A hasrank zero, thusif A .

Definition 2.2. A macro grammar G is 5-tuple (®,Z,X,P,S), where @ is a ranked aphabet of
nonterminals, Z is an alphabet of terminals, X is a finite set of variables, Sis an element of @,
called the start symbol. It isunderstood that each terminal and variable has rank zero and that the
sets @, 2 and X are mutually digoint. The set P consists of productions which have the form

A(Xq,...,%,) - twith A[® ,, thevariables x4, ...,X, are distinct elements of X, and t is an ele-
ment from T (Z O{Xq, ..., X} [P ). O
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We need the following terminology to define several modes of derivation for a macro gram-
mar. A string Tisasubtermof aterm o if Tisaterm and 1 isasubstring of 0. A subtermt of 0
occurs at top level if there exist subterms 14 and 1, such that 0 = 1;11,. A term over Z[® that
isastring over X is an expanded term.

Definition 2.3. Let G =(®,%,X,P,S) be amacro grammar and let o and Tt be terms over Z [& .
Thenwewrite 0 [ o T if

° thereisanontermina A from @, andtermsé&,,...,&, over Z[® suchthat A(&q,...,&y) IS
asubtermontop level ino;

° A(Xq,...,X3) — tisaproduction fromP ;

° T is obtained from o by replacing the designated term A(&4,...,&,) by t'. Thetermt' is
the result of substituting theterms gy, ...,&, for X4, ...,X, int, respectively.

Therelation 0 o on T(Z [ ) represents the Ol-derivation mode, which can be considered
as expanding macros by outermost calls first.

Secondly, wewrite o I |oT if

° there is a nonterminal A from ®,, and there are expanded terms &4, ...,§, over ~ and
A(&q,...,&,) isasubterm of o;

° A(Xq,...,X3) — tisaproduction fromP ;
° T isobtained from o in the same way as formulated in the definition of O .

Therelation 0 o on T(Z [ ) represents the 10-derivation mode, which can be considered
as expanding macros by innermost callsfirst.

The reflexive and transitive closure of O o [0 o] isdenoted by O &, [0 b, respectively]. [

An Ol-macro [IO-macro] grammar is a macro grammar provided with the mode of deriva-
tion Ol [10, respectively]. In the sequel, m denotes a mode of derivation. The language L,(G)
generated by an m-macro grammar G = (®,3,X,P,S) isthe set {wX "|SO pw}. The sets Ol and
IO denote the families of languages generated by OI- and |O-macro grammars, respectively. Itis
awell-known fact that Ol and |0 are incomparable [10]. Both families properly include the fam-
ily of context-free languages and they are properly included in the family of context-sensitive
languages.

In this paper we study (extensions of) a specia kind of macro grammar, the so-called linear
basic grammars. A basic term over 2 [ isaterm in which no nonterminal appears within an
argument list of another nonterminal, i.e., al macros are non-nested. A linear basic term is a
basic term in which at most one nonterminal occurs. Then a [linear] basic grammar is a macro
grammar in which the right-hand side of each production is a [linear] basic term. As a direct
consequence we have that providing linear basic grammars with the OI- and 10-mode of deriva-
tion results in two equivalent type of grammars. So we can speak of linear basic languages
without specifying the mode of derivation. Furthermore, the family of linear basic languages is
properly included in Ol n 10 [10].

According to Fischer [10], we can assume that each production in a linear basic grammar
has one of the forms

A(Xq, ..., %) - Bwq, ..., W) or
AXq, .. X)) - W

wherew, Wy, ..., W, arewordsover  [{X4, ...,X,}. Werefer to thisform as the standard linear
form.
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As a generalization of linear basic grammars “extended linear basic grammars’ (or “elb
grammars’) have been introduced. Starting from [6] where the wordsw, wq, ...,w in the stan-
dard linear form have been replaced by finite languages over Z [{ X1, ...,X,}, via[8] where regu-
lar languages have been used instead of finite languages — however, resulting in no additional
generating power — the ultimate extension possible in this way of generalizing the concept of
linear basic grammar was defined in [3] in which K-elb grammars have been introduced by
replacing each word w, wy, ..., Wy by alanguage from a given, arbitrary family of languages K.
The precise definition of this latter grammatical model is as follows.

Definition 2.4. Let K be a family of languages. An extended linear basic K grammar or K-elb
grammar isa6-tuple (®,W,%,X,P,S) where

° @ isaranked aphabet of nonterminals,

° Y isaranked aphabet of language names,

° Z isaterminal alphabet,

° X isafinite set of variables,

° S[®  isthe start symboal,

° P isafinite set of productions. Each production has one of the following forms.

AlXy, .. %0) = B(Wa (X)), - bik(X)), (i)

where A[® , (n=20), B[® | (k=1), and X isthe abbreviation of x4, ...,X,. Thus ;@& ,
(1<i<k). If A =S then production (i) is aso-called initial production.

A(X1y . %) = W(Xq, -2y Xn)s (i)
where Al® ~{S} andp @ ,.
W (X1, -...%) - Lo, (iii)

wherep @ ,, and Lo (Z O{X1, ...,X,}) isalanguagein K.

Moreover, we require that for each language name ) from W there is exactly one production
of the form (iii) in P. O

We apply the same conventions on notation as we did in Definition 2.2, i.e., the list
X1, ..., %, consists of distinct elements of X, the sets @, W, X and X are mutualy digjoint, vari-
ables and terminals have rank zero, and if A is an element of either ®, or W, we write A instead
of A().

In Definition 2.4 we demand that k=1 in a production of the form (i), whereas in the origi-
nal definition in [3] k=0is permitted. However, we obtain no loss of generality; cf. Section 3.

Notice that each word w, w4, ...,w in the standard linear form is replaced by a language
name P (X4, ..., %), W1 (X1, .., X)), - -+, We(X1, ..., Xq), respectively. These language names con-
stitute a special ranked alphabet. We associate to each language name i a unique production of
the form @W(Xq,...,%X;,) - Lo, where Ly is a language from the family K with
Lo O(Z0{xXq,...,x:})". Asin [1, 3] this approach allows us to make a distinction between Ol
and 10-derivations in a natural way. In particular, this implies that for many instances of the
family K, the generating power of K-elb grammars depends on the mode of derivation.

The relation of K-elb grammars with macro grammars can be obtained in a natural way
when we treat a K-elb grammar G = (®,W,2,X,P,S) as a macro grammar G' with a countable
(rather than a finite) number of productions. Viz., let G’ be the macro grammar
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(PW ,Z,X,P',S) where the (countable) set P’ of productionsis determined by G as follows.
(1) Each production in P of the form 2.4(i) or 2.4(ii) isalsoin P'.

(2) For each production Y (x4, ..., Xn) — Lo of the form 2.4(iii) in P, P' contains the (count-
able number of ) productions
W(Xq,..., Xn) — WforeachwinLg.

Now we can provide this countable macro grammar G' with either the Ol-mode or with the
|O-mode of derivation. In this indirect way one can define a K-elb grammar with the Ol or 10-
mode of derivation. Viz., an (m,K)-elb grammar G is a K-elb grammar provided with the mode
m if the corresponding G' is an m-macro grammar with a countable set of productions. The
language L(G) generated by G is defined by L, (G) = L (G'). The set LB,(K) denotes the fam-
ily of languages generated by (m,K)-elb grammars.

We illustrate the concepts defined above by the following example. Recall that FIN is the
family of finite languages.

Example 2.5. Consider the (m,FIN)-elb grammar G defined by G = (®,W,2,X,P,S), where
® ={SA}, WY ={Yo,P1,Po, Y3, W4}, X ={x,y}, Z ={0,1} and P consists of the productions

=S - A(Wo, Y1), W=y - {01},

m =AXY) -~ A(Wa(xy),W3(xY)), Ts=Wa(xy) - {y},

T =AXY) - Wa(xy), T = Ws(xy) - {yx},
=Y - {0,1}, T = Wa(Xxy) - {y}.

One can verify that
(i) Lio(G)=0{hy(Lo)|uVvZ },

where for each u,v[X the length-preserving homomorphism hy, : Z - X is defined by h,,(0) =u
and h,,(1) =v. Thelanguage Ly equals

{1, 10, 101, 10110, 10110101, 1011010110110, ..... },

which is the set of Fibonacci words over the alphabet {0,1}. These Fibonacci words are given by
the sequence f: IN — X" defined by

fo=1; f1=10; f o ="fq+1f, foreachn (n=0).
(i) Loi(G)=0(Le)=0{{0o,13™|n>1},

where the length-preserving substitution : X — 2% isdefinedby 6 (0) = ando (1) = . AndF,
is the nth Fibonacci number;i.e, Fqg=0,F, =1, Fh:o =F,+F,+1 foreachn (n=0).

In proving (i) we first observe that for all wy, w,X ” we have

AW, W) O &AW, WoW,) (1)
and
AW1,W,) 0 13" Wo. )

These subderivations can be used to prove by induction that

AO,1)0% f,, foraln (n=0), 3)

whered, = (M TET5)" "1y, for al n (n=0).
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It is straightforward to show that
{wX Y|A(0,2) 0 w} =L,.

Then it followsthat for al u,vIX |,
{wlX D‘A(U,V) 0 POW} =hw(Lo).

Property (ii) easily follows from the former, considering the linear character of G. O

3. Regularly Controlled Bidirectional (m,K)-elb Grammars

First, we note that in Definition 2.4(i) we required that k=1, whereas in the original definition of
(m,K)-elb grammars in [3] k =0 is aso permitted. However, the restriction to k=1 causes no
loss of generality, except that in our approach we need that the family K contains at least one
nonempty language. Thiswill be proved in Lemma 3.2.

Definition 3.1. An (m,K)-elb grammar G = (®,¥,%,X,P,S), isin equal length form if there is a
natural number n (n=0) such that each nonterminal in @ is either in ®y and equal to S or in @,
and each language namein W iseither in Wy or in W,,. O

Lemma3.2. Let K be a language family that contains a nonempty language L. For each
(m,K)-elb grammar G there exists an (m,K)-belb grammar G in equal length form such that
Lm(G) = Lm(Go)-
Proof (sketch). Let Gg = (®P,W,Z,X,P,S) be an (m,K)-elb grammar with Xg = {X1,...,X.}. We
enlarge the rank of each nontermina unequal to Sin @, where k=0, and of each language name
in Wy, where k=0, to n by adding n—k dummy arguments. To the resulting alphabet W' we add
each language name with zero rank which occurs in an initial production of P. The productions
are changed accordingly by introducing two new language names . in W, and ), in ¥g, with
lpe()?) - Lo andlpz - Lo.

This well-known construction — e.g., cf. [1] — can easily be written out in full detail. O

Now we introduce regularly controlled bidirectional (m,K)-extended linear basic grammars,
or (M REG,K)-belb grammars, by a tuple (G,C, ¢), where G = (®,W,2,X,P,S) is an (m,K)-elb
grammar. The symbol ¢ does not occur in ®, W, = or X. We use ¢ in order to define P, the set of
reductions corresponding to productions in P. We associate with a production 1tin P of the form
P(X) - Lo — cf. Definition 2.4(iii) - i.e., a (countable) set of productions{Y (X ) - t|tOLo},
a corresponding set of reductions, defined by {t — (Y1, ....Yn) |tOLo}, wherey, is equal to X
in case x; occurs in t, and otherwise y; equals the symbol ¢ (1<i<n). Note that Q¢ (vy,...,Yn)
depends on t. This set of reductions is also denoted by Tt or even by Ly — W(X ). Note that
Lo = O implies that both Ttand Tt are empty.

For example, let 1 equa Y(xy,z) - {axaz, yz}. Then Tt denotes the set
{P(xy,2) - axaz, ¥ (x,y,2) - yz}, and the corresponding set of reductions is
{axaz - P(x,¢,2),yz — W(¢,y,z2)}. Therefore the reduction Tt associated with Tt is denoted by
{axazyz} - Y(xy,2).

If 1 is of the form 24(i) or 24(ii), then Tt is defined by the rewriting rule
B(Wi(X),...,u(X)) - A(X) and P(X) - A(X ), respectively. Finaly, P is defined by
P= {ﬁ\ T [P} asusual. Furthermore, for each production Ttwe define tto be equal to . An ele-
ment of PO P will becalled arule.
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Notice that (m,K)-elb grammars provided with an arbitrary control language over P have
been studied in [1, 3].

Definition 3.3. A regularly controlled bidirectional (m,K)-elb grammar or (m REG,K)-belb
grammar isatriple (G,C, ¢) where

° Gisan (m,K)-elb grammar (®,¥,2,X,P,S),

e Cisaregular language with C (PO P)",

° ¢ isaspecia symbol not occurring in ®, W, X or X.

We call G the underlying grammar of (G,C, ¢) and C is called the control language of
(G,C, ¢). Sentencesof C will be referred to as control words. O
Definition 3.4. A production A(X4, ...,X,) — t of amacro grammar is called argument preserv-
ing [10] if each variable x; (1<i<n) occursinthetermt.

Let G=(d,¥,2,X,P,S) be an (mK)-elb grammar. A production of the form
W(Xq,...,%,) - Lg in P, where @ ,, is caled argument preserving if each variable x;
(1<i<n) occursin each word w from L. O

Note that productions of the form 2.4(i) and 2.4(ii) are argument preserving by definition.

For an (m,REG,K)-belb grammar (G,C, ¢), with G =(®,P,Z,X,P,S), let and Term(G, ¢)
denotethe set of terms T(Z O XK W O  {¢}). With each (m REG,K)-belb grammar we asso-
ciate — as usua — a derivation relation. This derivation relation formalizes bidirectional right-
most rewriting; cf. Definition 3.6.

Definition 3.5. Let (G,C, ¢) be an (m REG,K)-belb grammar, where G = (d,W,Z, X,P,S). Letp
be arulefrom PO P, wherea [ X ] isthe left-hand side of p, and let T be aterm in Term(G, ¢).

@ Ifa[x]isoftheformZ(...),withZ[®[W ,thenwe say that T fitsin with p in casethere
are argumentsty, ...,t, from Term(G, ¢) such that t=a[tq,...,t,], wherea[tq, ... t,] is
the result of subgtituting thetermst4, ...,t, for x4, ...,X, ina[ X ], respectively.

(b) Ifa[x]isalanguageL,0(ZOX)" i.e, pisareduction of theformLy — W (X ), thent
fits in with p if there is at least one string t in Ly such that T=t[tq,...,t,], where
t[ty,...,t5] istheresult of substituting thetermstq, ...,t, for x4, ...,X, int, respectively.]

Definition 3.6. Let (G,C, ¢) be an (m,REG,K)-belb grammar, where G = (®,W,Z,X,P,S). Letp
berulefrom POP, and o, T betermsin Term(G, ¢). Wewriteo O P T if thereexistsaterm uiin
Term(G, ¢), and strings v, x and y over the alphabet ® (W [2[1 X[ PC such that o =xuy and
T = xvy and

° y contains no symbol from ® W ,

° if Aitsinwithpthenu=y = A,

° u isthe only subterm in uy that fitsin with p,

° either p isaproduction, T isthe result of rewriting o by p, and o O T,
or pisareduction, o isthe result of rewriting T by p, and 10 0. O

Let CO (PO P)Y be a control language. A control word c in C is a sequence of rules. The
application of a sequence of rules from PO P to aterm T is defined as the successive application
of the rules which constitute c. Viz., if c=p;...py (n20), then we write T T’ if there are
terms T; (O<i<n) suchthat 19 =1, 1, =1" and for eachi (0<i<n) ;O fjmtiﬂ holds. In case a
rule p; in c is not applicable to the term T;, then further application of rules is blocked, and the
application of cto T yieldsno result, i.e., thereisno term t’ suchthat 10 7, T' is defined.
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Definition 3.7. An (m,REG,K)-belb grammar provided with right-most rewriting will be called
an (r,m,REG,K)-belb grammar. Let (G,C, ¢) be an (r,m,REG,K)-belb grammar with underlying
grammar G = (®,¥,5,X,P,S) and control language C (P 0 P)". Then the language generated
by (G,C, ¢) under the mode r,mis defined by

L. m(G,C, ¢)={wX "|OcOC.SO ¢ ,w}.

The family of languages generated by (r,m REG,K)-belb grammars is denoted by
RBLB; (K). O

The derivation relation O ; , defined above corresponds to the RS/B-mode of derivation as
defined in [15] for RCB grammars.

Example 3.8. Let L bethe language of equal length substrings, i.e.,
Ly ={X1CXs...CX, |% 0{a,b}",

X |=m, 1<i<n, nm=1}.

In [10] it is shown that this language can be generated by an Ol macro grammar. The
language L, belongs to RBLB, o (CINE), i.e, it can aso be generated by the following
(r, Ol,REG, ONE)-belb grammar (G,C, ¢).

Define G by (@,W,Z,XP,S), where the set of nonterminas & is equa to
{SAB,D,EF,H}, and S is the start symbol. The aphabet of language names W equals
{y; |0<i<9}. Theset X of terminalsis{a,b,c}, and X ={x,y}. Finaly, the set of productions P
of G consists of

=S - A(Wo), Ty =F - Y,
m =AX) - A(Y1(X)), m3=F - g,
T =A(X) -~ B(W2(x)), Ty = Yo - O,
R =B(X) - Ws(x), s = Y — {a},
G =A(X) - Wa(x), Tye = Y7 - {b},

5 =D (X) - W1(x),

T =D (X) — E(W2(X),Ps(x)),
T =E(XY) - WUs(Xy),

g = Ws(X,y) - {Xy},
Ty = Ya(X) - {xcx},
Tho = Ya(X) - {X},

7 =H(X) - Wa(X),
g = H(X) - Ws(X),
Tho = H(X) - Wo(X),
Tho = Ys(x) - O,
T = Yg(x) - {a},
Thy = Yo(X) — {b}.

™y =F - Yo,

The rank of the symbolsin ® (W are easy to infer from the productions in P. Define the
control language C by the regular expression

Tb”?( T[27T3TT9FE4)DT[4( 7T10(ﬁ5"6"77'[8ﬁ17( ThgThy + ThoThy) + ﬁ11( TyoThs+
Th3Tye)))"

First, astring A(W1(...P1(Wo) .. .), in which the language name J; occurs n times, is gen-
erated by 1 (n=0). We represent the argument of A by [n], where [0] represents J)p. By
applying k times (k=0) T,TTTy, followed by 1, we obtain the string W,([n])c...cyy([n]),
which contains k times the symbol c¢. In the following we discuss the expanding of a substring
W,([n]). By myo we derive Y,([n]) to [n], which is rewritten to Yo([n—1])H([n-1]) by the
subsequence T T T T T in case n= 1, and to F by the reduction Ty, in case n = 0. Next, both
H([n-1]) and F are expanded to a or b by the sequences TygT+ ThoThy, and Ty, Ths+ Th3Thg,
respectively.
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Then L o(G,C, ¢) = L1, which can now be easily verified. O
Example 3.9. Consider the (r,f, Ol,REG, ONE)-belb grammar (G,C), We define the
(OI,ONE)-elb grammar G by G=(®,¥,{0,1},XP,S), with X={x}, ®= {SAB,D},
W ={Y, Yo, P3,Ws,Ps}, and P consists of the productions

TH=S - A(Yy), =B - Y,

M =A(X) -~ A(W2(x)), v =B - D(Wy),
T =A(X) - Ws(x), Tg =D (X) - Ya(x),
R = Ys(x) - {X}, Ty = Yy(x) — {Ox},
T = U (X) - {xx}, Ty =D (X) - Ws(X),
5=y - {1}, Ty = Ys(X) - {x0}.

First, a string A(W,(...(Wa(Wq))...)) is generated, with n occurrences of the language
name > (n=0). Then by the productions 1, and 153, followed by a sequence of productions Ty,
we obtain a string with two language names J; at the right end. After each of these Y;’s has
been rewritten into terminal strings in 0”10", we continue to apply productions 1. This yields
again two ;' s from which strings in 0710 can be derived. This continues until a completely
terminal string is obtained. The total number of language names Y; that show up during this
derivation equals 2".

Each ; generates some string in 0”10 by the following sequences of rules. Let ¢, = Tg,
Co = TETHTRT, and C3 = TETETHETY,. Then

W10 ol Wil 7% 00wy, and @0 7% o s0.
As the control language we take the trivial control language, i.e., C = (PO P)". We have
Lt 01(G,C) = {WD{O,l}D\the number of 1'sinw isa power of 2},

which can easily be checked. Cf. [10], where it has also been proved that this language can be
generated by an Ol-macro grammar but not by an |O-macro grammar. O

Although it is straightforward to define reductions associated with productions of the form
2.4(iii) (cf. Definition 3.6.), we do not study grammatical models in which such (arbitrary) reduc-
tions occur. These terminal reductions have the effect that they allow terminals to act as some
kind of nonterminal symbol, which makes the distinction between terminals and nonterminals
unclear. We have noticed this problem already in the case of regularly controlled bidirectional
grammars that have a context-free grammar as its underlying grammar; cf. [15]. This restriction
means that in this paper we only study the fair mode — cf. [15] — of bidirectional rewriting, in
which we disallow terminal reductions. As a consequence, it enables us to omit the symbol ¢.
We will call this type of grammar an (r, f, m,REG,K)-belb grammar. The family of languages
generated by (r, f, m,REG,K)-belb grammars is denoted by RBLB; ; (K). Note that the language
of Example 3.8 can be generated by an (r, f, Ol, REG, LINE)-belb grammar.

In the remainder of this section we clarify the structure of sentential forms generated by
(r,f,m,REG,K)-belb grammars. Since the family of regular languages is closed under intersec-
tion, we can put regular restrictions on the control language. In the sequel, we assume that the set
of productions P is the union of the digoint setsP,, P, and P53, where P, P, and P5 consist of
productions of the form 2.4(i), 2.4(ii) and 2.4(iii), respectively. Then we assume without loss of
generdlity that for an (r,f, Ol,REG,K)-belb grammar (G,C) with underlying grammar
G=(P,¥,2 XP,S), the control language C isincluded in

(P1P10P,P2)NP, 0P, 0P,P3(PLO{A})) . (1)
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For the same reason we can assume that an (r,f, |O,REG,K)-belb grammar (G,C) possesses a
control language C which isincluded in

(P2P20 P3)HP20{A)(P1(P2P2) P10 P,Po) (P10 P,P3)) . )

In addition, for both modes Ol and 10 we may assume that the first rule of each control
word in Cisaninitia production.

The restriction to control languages which are included in (1) or (2) becomes apparent when
we inspect the structure of a sentential form occurring in the derivation according to an
(r,f,m,REG,K)-belb grammar (G,C). We represent terms from Term(G) as follows. Define a
c-tree as a variation on the well-known tree structure in which now the nodes are strings over
dWEEO XO{#}. The symbol # is used to denote the concatenation operation in
T(e@MWEO X) explicitly. If Aisan element of ® [ with rank n and n=1, then A hasn
descendants which are again c-trees. If a node a is a string of symbols of rank zero, i.e,
ald(PoW o0 XO{#})" thena iscalled aleave. Asan example, theterm

A(P(x1,axzb) x1,ab) Y (a,b) X,
is represented by the c-treein Figure 1.

A # U # X1
llJ#Xl atth a b
X1 attx #b
Figure 1.

Note that a c-tree does not represent a derivation of the grammar (G,C).

A derivation corresponding to an (r, f, O, REG,K)-belb grammar consists of a sequence of
sentential forms which have the form

Wi W (t1) W .o Woo1Wn( Wy () WaA (g (o)) Wo. ©)
The formulay; (1) isthe abbreviation of
Witltie)s - Wir gy (tiry) with 0<i<n.

In (3) the following notational conventions are used. The symbols y;; are language names.
The number of language names may be zero, i.e,, n=0. The symbol A is either alanguage name
or a nonterminal. A terminal string is a possible sentential form, so the substring A(...) is
optional in (3). Eacht;; isalist of terms over W, each of which can be represented by ac-tregin
which each node is a language name; the leaves of each term in t;; are language names of rank
zero. In the c-tree representation of (3), shown in Figure 2, these t;;’ s are represented by a trian-
gle. Thetermsw; are strings in (= 0 X)". Note that r (i) is equal to the rank of y; (i=1), and
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r (O) isequal to the rank of A.

Y, #wg #... #Fw AU, #Fow, # A # Wq

Wig - - ll—’lr(l) Wn1 .- llJnr(n) Wop - - - lJ—’Or(O)

VA NERVAN

Figure 2.
A sentential form generated by an (r, f, 10,REG, K)-belb grammar (G, C) is of the form
Ao(Wor(tor), - Wai, (toi,) A1(War(tag), o Wai, (1, ) A2y An(Wna(tha), oo
Wni, (tni, )y Wi+ 1o ees Wr ()5 wes W (2))s W ti 1425 000 Wi (2))s Wi g+ 25 -0 Wr (0)) - (4)

In this sentential form (4) the A;’s are nonterminals, the ;;’s denote language names, the
w;;’s are strings over 2 [1 X, and each t,, denotes a list of w;;’s the length of which is equal to the
rank of Y,y. Furthermore, r (i) (O<i<n) is equa to the rank of A;. The sententia form (4) is
represented by a c-treein Figure 3 in which each t;; is represented by atriangle.

Ao
Wor Woi, Ay Wi +2 Wi (0)
AN AN
P11 Wi, As Wi +2 Wi (1)
AN AN 1
|
|
|
|
l
|
An
lIJnl llJnin Wnin+l Wy (n)
AN AN

Figure 3.
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4. Propertiesof RBLB,  m(K)-languages

In the proofs of the following propositions we assume that L; (i =1) is alanguage generated by an
(r,f,mREG,K)-belb grammar (G;,C;) with G; = (d)(i),kl—’(i),zi ’Xi’P(i)’S)' Thus cD(,) and LP(|) are
ranked alphabets, i.e., @) = Ld;); and Wiy = W ;. We assume that the sets of language
names and the sets of variables of these grammars are mutually digoint, i.e., i#j implies
CD(i)ﬂ CD(J') =0, W(i)ﬂ qJ(j) =0 and Xin Xj =[.

Remember that a family of languages K is closed under left- [right-] marking if for each
language L ¢ in K, the language { $} L [L o{ $} , respectively] isin K, where the symbol $ does not
occur in the alphabet of L. Frequently, we write $L  instead of {$} L.

The family SYMBOL is defined as the family of al languages consisting of a single word
which is of length one, i.e., SYMBOL ={{a} |a[X ,} where X isacountably infinite set of ter-
minal symbols.

Proposition 4.1. Let K be a family of languages closed under left- or right-marking. If
K O SYMBOL, then RBLB; ; m(K) is closed under union, concatenation, Kleene + and Kleene [

Proof. Union. Straightforward. This even holds without the premisses on the family K.

Concatenation. We construct an (r,f, m,REG,K)-belb grammar (G,C) from (G4,C,) and
(G,,C,) such that L, m(G,C) =L1L,. For both modes Ol and 10 we can use the same underly-
ing grammar G. Define G equa to (®,W,%1,X4,P,S), where ® = dy[® 0{SZ}, SI® o,
Z[® 5, and where W = Wy [W (o) 0{, Y1, Yo} such that Y, o and Y @& . Furthermore,
we assume that S, Z, |, Yq, and |, are new symbols. The set of productions P is equal to
PoUPoU{my, m,m,m,mt  with 1 =0Xxy) - {Xy}, M= Z(XYy) - ¥(Xy),
TH=S-Z(PY1,Po), Ty =S; - Yy, and T = S, - YP,. Note that {xy} belongs to K, as K
includes the family SYMBOL, x #y, and K is closed under left- or right-marking. Now if m = Ol,
then define the control language C by Tronzrrwﬁzczﬁlcl. Otherwise, if m =10, then we define C
by Moo Comy C 1T Ty,

Kleene+. Asin the case of concatenation, we construct an (r, f, m, REG,K)-belb grammar (G,C)
from (G4,C,), that generates L7. The underlying grammar G is for both modes Ol and 10 the
same, but the control languages are different. Viz., define G by (®,W,%,X,P,S), where
® = &) {SZ} with SI® o and Z[P ,, and where the set W is equal to Wy { W, Y1, W5}, with
P, Yo g and Y™ 5. Again S Z, Y, Y1, and Y, are new symbols. We also assume
Oyn{SZ} =0 and Wyn{Y,W1,Po} =0. The set of productions P is formed by
PoU{my, T, 15,10,7y}, where Ts=S - S;, 1 =9(Xy) - {xy}, T=Z(Xy) - P(xy),
=S -Z(Y,P1), and M= S; - Y;. The control language C is equa to
Ts( Ty T, C114)"Cy if mis equal to OI, and in case of the 10-mode we take C equal to
Ts( o™ C1 1) "C 1 (T T,)".

Kleene I Straightforward.

Note that in the proofs presented above the control languages have for both modes Ol and
IO aform in accordance with (1) and (2) from Section 2, respectively. O

In the next proposition we show the closure under ngsm mappings of the language family
RBLB; 1 o/(K). Therefore, werecall the following definition.

Definition 4.2. An ngsm or a nondeterministic generalized sequential machine is a 6-tuple
T=(Q, %,A,5,00,QF), Where

° Qisafinite alphabet of states,
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° > isafinite alphabet of input symbols,
e Aisafinite aphabet of output symbals,
° godQistheinitial state,
° Qr0Q isthe set of accepting states,
° d isamapping from Q x X into the finite subsets of Q x A".

Asusual, 8 is extended to afunction from Q x " into the finite subsets of Q x A” asfollows.
(i) o(q,A)={(a.A)}
(i) ForqOQ,xX "andalX ,

d(q,xa) ={(p,w)|w =w;w, and for somer in Q, (r,wy)isin (q,x)

and (p,w,)isind(r,a)}.
The mapping associated with T = (Q, Z,A,8,q0,Qf) — called an ngsm mapping and denoted

by T too - is the function T:2" _ 22" defined by T(w)={z](0,2)[8 (qo,w), qUQg}. The
extension of T to alanguage L o over Z isdefined by T (L) = LJ{T(w) |wOLg}. O
The proof of the following proposition is performed by applying the well-known “triple”
construction.
Proposition 4.3. Let K be a family closed under ngsm mappings. Then RBLB; ; o (K) is closed
under ngsm mappings.
Proof. Let (Gl,Cl) be an (r,f, OI,REG,K)-ber grammar with Gl = (dD(l),\P(l),Z,Xl,P(l),Sl),
C,.O0(P@wO I5(1))D, and let T be an ngsm with T=(Q, Z,A,0,40,Qr). We construct an
(r,f, Ol,REG,K)-belb grammar (G,C) such that L, ¢,(G,C) =T(L; 0(G1,C1)). Define the set of
variables X as {X[p,q) |1<i1<|X1], p,q0Q}, and let Q ={qo, ...,qn}. With the list x4, ..., %,
we associate the list Xyjq, q,] - - -+ Xn[q,.q] » dENOted by X. It consists of n|Q |? different variables
from X; |Q| isthe cardinality of the set Q. Let i(X) denote

(o Wao)(X), ... (an W an)(X).

For each p,q0Q, let T,y be the ngsm mapping induced by the ngsm
(Q E0X4,20X,8",p,{q}), whered": Qx (Z O X;) — 2Q@*(Z0X)" j5the mapping defined by

3'(sy) ={(t.2)|(t.2) B (sy), Y }H{(t.Xise)) [tOQ, X =y, yOXy}.
Furthermore, let U be the union of the sets
{(PADK) - (PBOWLX), ... lh&E) AL ,, B® |, p.q0Q,
Y@ ,, n=0,k=1},
{(PAQ)X) -~ (PYQ)X) |AD ,,WW ,, n20, p,q0Q}, and
{(PWa)X) - Tpg(Lo) W™ n, p,A0Q, W(X) ~ LoOP(y}.
Define afinite substitution T: (P (5)0 (P )~ P py3))" — 2UOUY by
T(S1 — A(W1, ... Un) ={(@0 S1 &) — (do A ar)({pr. ... 1) o OQE},
T(A(X) - B(o(X), ..., Wk(X))) =
{(PAD® - (pB W), ... W)
T(A(X) - U(x)={(PAQ)X) - (pWa)X)|p.q0Q},

p,q0Q},




RCB Extended Linear Basic Grammars 15

T(Y(X) - Lo)={(P ¥ a)(X) ~ Tpq(Lo)|P.alQ}.

Since there are no terminal reductions involved, a reduction Ttis aways a reduction associ-
ated with an argument-preserving production of type 2.4(i) or 2.4(ii). Therefore, we can define
T (1) equal to T (TT).

Then we define G equal to (P, W,Z,X,P,S), where ® is given by

Do ={S}O{(p A Q) |A® (1)0,p,q0Q},

Py ={(PAQ)|AD (1yn,p,q0Q} foreachn(n=1),

@, =0 if thereisnonOIN with | =n|Q|?,
and W isgiven by

Wi ={(pwa)| W @yn, p,0OQ}  foreachn (n=0),

W, = O if thereisnonOIN with| =n|Q 2.

The set of productions P equas t(Py)0Ps, where Pg is equa to

{S - (90 S1 ar) |9r DQF}, and, finally, we define the new control language C equal to Pst (C)).
ThenL; 0/(G,C) =T(Lr,01(G1,C1)). o

Remember that a family closed under ngsm mappings if and only if it is closed under inter-
section with regular languages and under finite substitution; cf. Lemma 9.3 in [18]. Therefore, a
direct consequence of Proposition 4.3 is the following result.

Corollary 4.4. Let K be a family closed under nhgsm mappings. Then the family of languages
RBLB; 1 o(K) is closed under intersection with regular languages and under finite substitution. [

Next we establish closure under two types of substitution. First we give precise definitions

of substituting words for symbols in a word “nondeterministicaly” (Definition 4.5) and “ deter-
ministically” (Definition 4.6).
Definition 4.5. Let K be afamily of languages and let 2, be an aphabet. A nondeterministic K-
substitution (or nK-substitution) T is a mapping from %, into the set of K-languages which is
extended to words in = by T(A)={\} and t(a;...a,) = 1(a;)...1(a,), where gI ;
(1<i<n), or, equivalently,

T(@...an) ={wy...wh|W@ (), 1<i<n}.
The mapping T is extended to languages L over Z; by
T(Lo) = L{t(w)|wOLg}. O

Notice that in case the family K equals ONE, FIN or REG, an nK-substitution is known as a
homomorphism, finite substitution and regular substitution, respectively.

The addition of the adjective “nondeterministic” suggests that we can also consider deter-
ministic substitutions [2, 9]. The difference with the usual (nondeterministic) substitution — the
additional “nondeterministic’ may be omitted - is that in a deterministic K-substitution T we
choose in advance for each letter a in 2, a fixed word w, from the language t (a); the language
T (a) belongs to the family K. Then in the application of T to a word w each occurrence of a is
replaced by w,. The choice of the words w, determines a homomorphism h:3; - ¥5. There-
fore T (w) is defined to be equal to the set of the images of all homomorphisms h:%; - =5 such
that h(a) isint(a). We define thisformally.

Definition 4.6. Let K be a family of languages and let Z; be an alphabet. A deterministic K-
substitution (or dK-substitution) T is a mapping from %; into the set of K-languages. It is
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extended to wordsin ;' by T(A) = {A} and
1(as...ay)={h(@y)...h(a,) |h isahomomorphism such that h(a) @ (a)

foreachalX .}, wheregX ; (1<i<n).

The extension of T to languages L o over 2, is defined by

T(Lo) = L{t(w)|wOLg}. O

From this definition it follows that T (w) = 0 for each word win caset(a) = [J and at least
one symbol a occursin w. It isasoimportant to note that a dK-substitutions is not a special case
of a nondeterministic substitution, but they are both different generalizations of the notion of
homomorphism. In fact, a homomorphism is both a dONE-substitution and an nONE-
substitution.

Definition 4.7. A family F is closed under nK-substitution [dK-substitution] if for each language
Lo in F and each nK-substitution [dK-substitution, respectively] T the language T (L) isin F. In
case the family K equals the family F, the we say that F is closed under (n-)substitution [d-
substitution, respectively]. O

The following proposition shows that under weak assumptions on K the family of languages
RBLB; 1 o (K) is closed under n-substitution.

Proposition 4.8. Let K be a family closed under isomorphism such that SYMBOL {0} O K.
Then RBLB; 1 o (K) is closed under nondeterministic substitution.

Proof. Let L;=L;0(G1,C;) be a language in RBLB, g (K) , where G;=
(Pay, Wy, 21,X1,Pa),S1)- Let T3 ={ay,...,ay}, and let 0:%; — 2% be a nondeterministic
RBLB; 1 o (K)-substitution, such that for each a in Z; the language o (a) is generated by the
(r,f, OI,REG,K)-belb grammar (G,,C,), where G, = (®Pa),W(a),Za, Xa,P(a),S2). We construct
an (r,f, Ol,REG,K)-belb grammar (G,C) with underlying grammar G = (®,W,%,X,P,S) such
that o (L1) =L, 0/(G,C).

Essentially, we use the terminals in 2, of (G1,C,) as variables in (G,C) via a transforma-
tion which associates with each a in Z; a corresponding variable y, in X. Each terminal ain Z;
which occurs in the K-languages at the right-hand side of the productions of type 2.4(iii) in
(G1,C) isreplaced by the variable y,. The origina start symbol S; in (G1,C;) is transformed
into S7 such that S; has rank N. The new start symbol Sis used in the new initial production
S - S1(Wa,, ..., Wa,). The other productions of (G,C) are obtained from those in (G1,C1) by
adorning them with additional variables y, ,...,Ya,. Then throughout each derivation the
language names Y, , ...,P,, Will be passed on downwards. By applying reductions Y, - S
followed by a control word from C, (whereaX ) in the proper way, each alX ; in aword from
Lr 01(G1,C4) is substituted by the RBLB;, ¢ o (K)-language o (a). Formally, we perform the con-
struction of (G,C) in the following way.

Assume that the sets ®,) with alX ; are mutually digoint. Let this property hold for the
sets W(,) and for the sets X, too; in both cases a varies over Z;. Then the alphabets ® and W are
defined by

Do ={S}0 {Day0|aX 1},
D, = {P)|aX 1} for eachnwith1<sn<N,
Dy ={A' A 3y} 0 {P@yn+n|aX 1} foreachn (n20),
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and
Wo ={Walal 1}0 {Wayo|aX 1},
W, ={Wgn|al 1} foreachnwithl<n<N,
WYon={p'lp@ (1)n}D{(Pn,a‘a[X 1}DD{LP(a)n+N‘a[X 1} for eachn (n=0).
Define X =X10{ya|aX (}00{X,]aX 1}. Let the sets Uy, U,, and U3 be defined in
the following way, where X = (X1,...,X;) and ¥ = (VYa,, ---,Ya,)-
U]_:
{A'()?vV)*B'(qu'()?vV)v---’lIJIL(Y’V)’(Pn,al()?,V),---v(Pn,aN()?vV))‘
A'® N, B yan, o nens @alX 4, Y iy, 1i<k n20},
Uz ={A(X,7) - W(X,¥)|AD 1oy W'W pen, n20},
Usg={W'(X,y) - i(Lo) | ninP(X) - LoOP (33, n20},
wherei : 3,0 X, - Xistheisomorphism defined by
i(X)=x if xOXq,
i(@=y, IifalX ;.
Let U=U1D U2DU3DP21D P(p, where lez{s.l—’ l.IJa‘a[X 1} and
Po={®a(X,¥) - {ya} |aX 1,n=0}. Definetheregular substitutiong: Py — rall by

g(A(X) - B(Wi(X), ... . W(X ) =
{A(X,¥) - B'(P1(X, ¥ ) oWk (X, ¥ ), Pna, (X, Y )se i Gha, (XL Y )}
g(A(X) - w(x)={A(Xx,¥) - P'(X,¥)},
g(W(X) - Lo)={(Y(X,¥) - i Lo)(Pe(Ps,O{CalalX 1}).

We define the set P to be equal to {y, — O |alX 1} in order to satisfy the condition that
G ought to@n (Ol,K)-elb grammar. Furthermore, if Ttisin P(3)10 P15, theng (1) is defined
asg(m) =g(m).

Letp =S -~ Si(Ya,, ---,Pa,)- Then P isdefined by
P=U{PmlalZ 0{p'(X,y) - i(Lo)|((X) - Lo) OP()3}0

Ps, OP,0{m}0g(Pyy10P @2 OPq.

Finally, asthe control language we take C equal to hg (C1). O

We recall the following concepts. A family of languages is called nontrivial if it contains a
language which differs from O and from {A}. A full Abstract Family of Languages or full AFL is
anontrivial family of languages which is closed under union, concatenation, Kleene +, homomor-
phism, inverse homomorphism and intersection with regular languages.

Corollary 4.9. Let K be a nontrivial family closed under ngsm mappings. Then RBLB; ¢ o (K) is
a full substitution-closed AFL.

Proof. Recall that it is sufficient to prove closure under intersection with regular languages, regu-
lar substitution and union with a regular set in order to prove closure under inverse homomor-
phism [12]. We can easily show by the inclusion LB (K) ORBLB; ; o(K) that under the
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premisses on K the regular languages are included in RBLB; 1 o, (K). Then the statement follows
immediately from Propositions 4.1, 4.3, and 4.8, and Corollary 4.4. O

For the 10-mode closure under K-substitution or even under finite substitution is unlikely.
On the other hand we can establish closure under intersection with regular languages and under
deterministic substitution.

Proposition 4.10. Let K be a family closed under intersection with regular languages. Then
RBLB; ¢ |0(K) is closed under intersection with regular languages.

Proof. The proof is based on a modification of the technique of factored grammars [10]. Recall
that each regular set R equals the (finite) union of a number of congruence classes which
corresponds to a congruence relation = — with respect to concatenation — over =" of finite index;
cf. [20]. Starting from an (r,f, 10,REG,K)-belb grammar (G1,C;) we will construct an
(r,f, 10,REG,K)-belb grammar (G, C) such that in (G,C) we can tell just by looking at a nonter-
minal or a language name to which congruence class its arguments must belong if this nontermi-
na or language name ever appears in a sentential form. We also can determine to which
congruence class any string generated by this nonterminal will belong. Therefore, we transform
the grammar (G1,C4) in the following way. Each nonterminal and language name is adorned
with n+1 congruence classes ug, ...,U,, Where n is the rank of that nonterminal or language
name. However, an exception is made for the start symbol S;, which is left unchanged. The
congruence class of the resulting terminal string generated by the transformed nonterminal — if
any —isequal to ug.

The transformation of productions is arranged as follows. In connection with the exception
made for the start symbol, the congruence class uq of the nontermina on the right-hand side of an
initial production ought to be taken from the finite number of congruence classes, the union of
which equals R. The transformation of the remaining productions is such that with respect to the
nonterminal or language name to the left-hand side we can freely choose the congruence classes
Up, . ..,Us. Then the congruence class ug of the nonterminal or language name on top level of the
right-hand side is equal to the corresponding congruence class on the left-hand side. And in case
of non-initial productions of type 2.4(i) and productions of type 2.4(ii) the congruence class of
each argument of the nontermina on the left-hand side determines the congruence class of the
corresponding argument of the language name on the right-hand side.

Concerning the productions of type 2.4(iii) we replace the language L by L n R, « , Where
0 =(uq,...,uy). Theregular set R, ¢ consistsof those wordsin (X O{xj, ... X} such that
substituting an element from the congruence class u; for x; (1<i<n) results in a word from the
congruence class ug. After applying this transformation, a combination ug, ..., U, of congruence
classes combined with a production (X4, ...,X,) — Lo of type 2.4(iii) gives a blocked deriva
tion in case the intersection of the language L and the regular set R, ¢ is empty. Viz, in that
case there are no rules to rewrite the language name [ {J,uq, 0" ], and this particular guess of the
grammar gives no contribution to the language generated by (G, C).

It is left to the reader to check that the construction below formalizes the ideas presented
above, and that the resulting grammar (G, C) generatesthe language L, ,0(G1,C1) n R.

Let Gy = (D), Wy, Z,X1,P1y,S1) and C10(PydPpy)" Let R be a regular language
accepted by the deterministic finite automaton M = (Q, Z,8,q,F). Therelation = on 2™ " s
defined by

x=sy ifandonlyif 0OqOQ.d(q,x)=293(q,y).
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Because R is regular, it is possible to partition =" by = into a finite number of congruence
classes. Let /= denote the set of congruence classes [t;],...,[t] induced by =, where
t1,...,tx ae freely chosen but fixed representatives. Let R- be equa to
{[ti]116(q0,ti) OF, 1<i<k}. Then we havetheidentity R = [IR.. Definethe setsR, ¢ , where
uX Y= (0<i<n)by

Ry, o =h3t (uog),
whereh ; : (Z0X;)" - 2" isthe homomorphism defined by
hy (@) =a foreachainz,
hg () =t for each x; in X1, wheret; equalsu; =[t;].
Notethat R, ¢ isregular.

Consider the following (r, f, 10,REG, K)-belb grammar (G, C) which generates the language
L; 10(G1,C1) n R The underlying grammar G equals (®,W,%,X1,P,S;), where P is given by
P =9(P(y). Thefinite substitution g is defined in the following way for rulesin P4y of the types
2.4(i), 2.4(ii) and 2.4(iii). Let O =(uq,...,uy)and Vv =(vq,...,V%). Then
g(Sl - A(lIJ]_, v 1L|Jn)) :{Sl - [A’uov vy ]([ q"lvul]v e ’[wn’un])‘

ugOR=, uq,...,uy X =},
g(A(X) - B(Wa(X), ..., u(X))) =
{[Aug, 0 ](X) - [Bug, V J([W1,v1, T J(X ), ..., [ Wk, Vi, T 1(X))|

Ugs ..+ sUn, Ve, ..., X Y=},
g(A(X) - W(X))={[AUg, T](X) - [W,ug, T ](X)|ug,...,un T 7=},
g(W(X) - Lo) ={[W.uo, T](X) ~ Lon Ry [Uo, -, UpX Y=},

Since there are no terminal reductions involved, a reduction Ttis aways a reduction associ-
ated with an argument-preserving production of type 2.4(i) or 2.4(ii). Therefore, we can define
g (1) to be equal to g ().

The ranked alphabet ® of nonterminalsis given by

®p ={[AUg, T ]|AD (3yn,Ug,...,UsE 7=} foreachn (n=1),
®o ={S1}O{[Aug] |[A® (1)0={S1} , UoX /=}.

The sets W,, of language names are given for each n (n=0) by
Wy ={[Y,uo, TP qyn, Ug, ..., U Y=}

Finally, asthe control language wetake C =g(C1). O

Although — as remarked before — for the 10-mode closure under finite substitution is
unlikely, we have closure under deterministic substitution.

Proposition 4.11. Let K be a family closed under isomorphism such that SYMBOL {0} K.
Then RBLB; ¢ 10(K) is closed under deterministic substitution.

Proof. Let L; be an RBLB; o(K)-language, i.e, L;=L;0(G1,C1), Where G;=
(qJ(l),LP(]_),Z]_,X]_,P(]_),SJ_). Let 3, ={a;,...,an}, and let 6:%; - ZZD be a RBLBr’fJo(K)-
substitution, such that for each a in Z; the language o (a) is generated by the (r, f, |O,REG,K)-
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belb grammar (G,,C,;), where Gy= (Py),%@a),2a:XaP@),S). We construct  an
(r,f, 10,REG,K)-belb grammar (G,C) with underlying grammar G = (®,W,2,X,P,S) such that
o(L1) =L;,10(G,C).

The construction resembles much to the proof of Proposition 4.8. We use the terminals in
2, of (G4,C,) asvariablesin (G,C). Thisis obtained via the isomorphism v which associates
with each ain Z; acorresponding variabley, in X. Each terminal ain 2, which occursin the K-
languages at the right-hand side of the productions of type 2.4(iii) in (G1,C,) is replaced by the
variabley,. Theorigina start symbol S; in (G1,C,) istransformed into S; such that S; has rank
N. The new start symbol S of G is used in the new initial production 1 equal to
S - Si(Wa,,...,Wa ). The other productions of (G,C) are obtained from those in (G1,C;) by
adorning them with additional variablesys, ,...,Y,,. A derivation in (G,C) starts with the initial

production, followed by a sequence of control strings from the set LI{ (Y4 — S3)CqlalX 4},
until we have obtained a term in Term(G) of the form Sj(wq,...,wWy), Where w[d (&)
(1<i<N). From then on we can follow a derivation according to C;, where the construction is
such that each letter  in %; (1<i<N) isreplaced by a fixed word w; from o (g). The formal
construction is asfollows.

We assume that the sets ®,) with alX ; are mutually digoint. Let the sets W(,) and the
sets X5, where a varies over Z;, possess this property too. Then the alphabets ® and W are
defined by

D ={S}0 { Py |aX 1},
D, = {P)|aX 1} for eachnwith 1<sn<N,
Dy ={A' AP 3y} 0 {P@yn+n|aX 1} foreachn (n=0),
and
Wo={Ya|alX }0{WaolaX 4},
W, = {Wgn|al 1} foreachnwithl<n<N,
WYon={u'y@ (1)n}D{(pn,a‘a[Z l}DD{w(a)mN‘a[z 1} foreach n (n=0).
Define X =X10{ya|aX }00{X,|aX 1}. Let the sets Uy, U,, and U3 be defined in
the following way, where X = (X1,...,X;) and ¥ = (VYa,, ---,Ya,)-
U]_:
{A’()?,V)—»B'(l.p]'_()?,y)),, IL(X"V)’(Pn,al(X’,V),---v(ﬂw,aN()?vV))‘
A 1in BT in, Gra® nens @ 1, W o4y, 1<i<k, n20},
Uy ={A(R,¥) - Y'(X,V)|AD ninP'W ooy, N20},
Us={Y'(x,y) - V(Lo) [U' ™ n+n,W (X ) » LoOP(yy3,n20},
wherev: 2,0 X; - Xistheisomorphism defined by

V(X) =X if xOXq,
v@) =y, ifalX ;.

Let U=U1D U2DU3DP21D P(p, where lez{sd—’ l.IJa‘a[X 1} and
Po={®a(X,¥) - {ya} |aX 1,n=0}. Definetheregular substitutiong: Py — 2u” by

g(A(X) - B(W(X), ..., 0(X)) =
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{A'(x,y) - B'(Wi(X,¥ ) - k(X7 ). Gha, (XY ),

Bha, (X, Y )P},
g(A(X) - W(xX)={A(X,¥) - W' (x,¥)},
g(W(x) - Lo)={Y'(X,y) - v(Lo)}

In order to satisfy the condition that G ought to be an (10,K)-elb grammar, we define the set
P to be equal to {Y, — O|alX 1}. Furthermore, if tisin P(3)10P 42, then g(m) is defined
asg(m) =g(m).

Let =S - S1(Wa,,---,Ya,).- ThenPisdefined by

P=0{PgwlaX }0{Y'(X,¥) - V(Lo)[(W(X) - L) OP )3}
Py OPo{mo}0g(P1)10P2) OPq.
Finally, asthe control language we take C equal to
o{(Wa ~ S2)CalaX 1}7g(Cy). O

Remark that it follows from Proposition 4.11 that the language family RBLB; ¢ 0(K) is
closed under homomorphism in case K is closed under isomorphism.

Recall that a language family is a full Quasi Abstract Family of Languages or full QAFL
[2], if itisafamily that contains at least one SYMBOL-language and that is closed under the regu-
lar operations (union, concatenation, and Kleene ), intersection with regular languages, and
homomorphism.

Corollary 4.12. Let K be a family with KO SYMBOL, and let K be closed under left or right-
marking, intersection with regular languages, and isomorphism. Then the family RBLB; ; ;0(K)
isa full QAFL closed under deterministic substitution. d

5. Generating Power of (r,f, m,REG,K)-belb Grammars

In this section we determine a lower bound on the language generating capacity of
(r,f,m,REG,K)-belb grammars. First, we establish some results which are analogously to the
non-bidirectional (unidirectional) case. Let the family BLB; ;,(K) denote the family of
languages generated by (r,f,m,REG,K)-belb grammars (G,C) in which C = (POP)". Such
uncontrolled bidirectional grammars are called (r, f, m,K)-belb grammars in the sequel. Conse-
guently, the control language C will be omitted in the pair (G, C), so that we denote such a gram-
mar by G only.

Lemma5.1.

(i) RBLB t 0(ONE)=RBLB;  o(FIN).

(i) BLBy t10(ONE) =BLB; ¢ ;o(FIN).

(iii) For each family K, we have BLB; ¢ ,(K) O RBLB; ; m(K), where either m = Ol or m = 10.
Proof. (i). Theinclusion from left to right is obvious. The converse inclusion can be shown by
replacing each production @ (X4, ...,X,) - Lo inan(r,f, 10,REG,FIN)-belb grammar by produc-
tions Y (X1, ...,%,) — {ni}, where it is understood that Lg ={n4, ...,Nx} for some k=0. Here
k =0 means that Ly = 0, in which case no replacement ought to be made. As a consegquence,

each rule p in which Y (X ) occurs I-times has to be replaced by k' rules covering all combina-
tions of Y;’s (1<i<Kk) possible in p. The corresponding alterations in the control language C are
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allowed, for REG is closed under finite substitution.
(ii) and (iii). Obvious. O
In the following proposition we show that the family 10 is included in BLB; ; jo( O NE).
With respect to an mrmacro grammar G equal to (®,2, X,P,S) we define for each A[® thefinite
(possibly empty) language L g over Z [ X by
Lac ={n0(ZOX)Y|GtOP.m=A(X) - n}.
Note that La ¢ does not depend on the mode m.

Proposition 5.2. The family 10 of |O-macro languages is included in the families
BLB; t 10(ONE) and RBLB; 1 |0( ONE).

Proof. Let Lo be an 10-macro language generated by the grammar G1 = (®(3),2,X,P(),S). We
assume G isin |0 standard form [10Q]; i.e., each production is argument-preserving and it has
either the form

(i) A(X1,....%) > BMD(Y1,--- W) Z2, - .., %), Where AID (), BI® (g,
(k=1), D@ ! and yq,....%, 2o, ...,Z0X, or
(i) A(Xq,...,%) — N, wherenO(=OX)".

We construct an (r,f, IO,FIN)-belb grammar G with underlying grammar
G=(o,¥,2,XP,S)suchthat L, 0(G) =L,0(G;) asfollows. Starting from P = [1, for each pro-
duction mtin P (1) we add to P a sequence of productions. If Ttis of the form (i), then we add pro-
ductions pagpm Powp @d pp; to P, where D' , (n=0) and

Pagpr = A (X1, ..., %) - B(Wpn( X ), W, (X ), ..., W, (X)),
Pord = DX, -+ %) —» D(Wy, (X)), ..., Wy (X)),
Pom =Dn(X1, .- %) = Wpn(Xy, ..\ %)

If Ttis of the form (ii), then we add to P the productions 1, and 115+, Where
T =A(X1, -+ Xn) — WalX1, -1 Xn),
T = Pa(X1, .-, %) - Lag,-

Furthermore, we add to P the elements of the set Py, consisting of all productions
Wy(X1, ..., %) — {X}, with xOX and x occurs in X. A nontermina D ought to be expanded by
the corresponding language name Yp. Therefore, we add to P all productions Ypr( X ) - O, in
case D occurs in the argument list of the right-hand side of a nested production 1tin G1. From
the construction of P one can easily determine ® and W. We observe that a production of the
form (i) is simulated in G by some element of { pagp n} PX{ Pot Pop} PX. In addition, a produc-
tion of the form (ii) issimulated in G by Ty T, . HOwever, it is not necessary to provide G with a
control language in order to generate the language Lo. The correct order of application is
arranged implicitly by the derivation mode. Therefore, we can take for C the trivia control
language (PO P)".

So far we have shown that IO BLB; ¢ ,o(FIN). The conclusion now follows from Lemma
51 L]

Coroallary 5.3. If K is a language family that includes CINE, then the families BLB;  ;0(K) and
RBLB; 1 10(K) both contain all |O-macro languages. O
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For mequal to Ol an analogous result holds.

Proposition 5.4. The family Ol of Ol-macro languages is included in the families
BLB; t o (ONE) and RBLB; 1 o (O NE).

Proof. Let Lo be an Ol-macro language generated by the grammar G1 = (®(y),2,X,P(y),S).
Assume G4 isin Ol standard form [10]; that means that each production has either the form

) AXq,...%y) = B(D1(X1, .- s Xn)s - -+, Di(X1, ..., X%q)) , with k,n=0,
or
(i) A(Xy,....%) - 1N, Wwhere nO(ZOX)”and n=0.

Furthermore, we assume that in G, the symbol Sonly occurs at the left-hand side of pro-
ductions of the form (i). This is no loss of generality, since we can eventualy transform the
grammar G into the equivalent grammar G, equal to (®(3),Z,X(2),P2),S'), where

cD(z) =CD(1)|:|{S',S"}, X'ZXD{X}, and
P@ =Pyl{S" - S"(), $"(x) - x}.
Analogously to Proposition 5.2 we construct an (r,f, Ol,ONE)-belb grammar G with

G=(9,¥,%,XP,S) such that L, 5(G) =L (G;) as follows. For each nested production tin
Py of theform (i), we add a corresponding production 1t"to P, where 11" is defined by

A(X) - B(Wp,(X),....0p, (X))

Define P (1) by P (3 = {Tt'| T P 4),Ttis of the form (i)}.

Let © be the set of al nonterminals in ®, that occur in the argument list at the right-hand
side of a nested production of the form (i). For each D in ® we introduce a language name p
and a production of type 2.4(ii), vizz. D(X ) —» Yp(X ). Inaddition, we define for each such D a
production of type 2.4(iii) by Yp(X ) — O. The two sets of all productions of the form 2.4(ii)
and 2.4(iii) obtained in this way are denoted by Pg and P, respectively. Thus

Po={D(X) - Wp(X)|D® (3}, and
Po={yp(X) -~ O|D® )}
Next, we define P by
P=Pid PeOPoO{A(X) - Wy(X ), (X)) - {n} |A(X) - nOP}.
We take the set of nonterminals ® equal to ®(;y and the set of language names W is defined
by
Wy ={yy|A(X) - nOP), AZS}0{Yp D@ n D (3},
for each n (n=0).

The application of a nested production of the form (i) is simulated by the corresponding
production A(X ) — B(Wp,(X),...,Pp (X)) in G. In case alanguage name Y, percolates at
top level, it hasto be rewritten into the corresponding nonterminal D. Thus aterminal production
nequal to B(X ) - n, withnO(ZOX)", in G, issimulated by the sequence of rules

(B(X) — Wn(X ) (Wy(X) ~ {n}) (PeO{A}).

The additional {A} in this sequence is necessary to cover the case in which B has no argu-
ments. Note that the trivial control language suffices, i.e., we can take C equal to (PO P)". O
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Corallary 5.5. If K is a language family that includes CINE, then the families BLB; ¢ o (K) and
RBLB; 1 o (K) both contain all Ol-macro languages. O

In the remaining part of this section we show that the language family RBLB; ; o(Ol)
equals the family OlI; cf. Theorem 5.13.

Let G be an Ol-macro grammar. Then we define the language L, ¢, (G) over " by
Lr,0/(G) ={wX "|SO {/ow},

where a0 ; o3 holds if and only if B is obtained from a by a single right-most Ol-derivation
step. The strings a and 3 are terms over the alphabet of G. For 10 and Ol-macro grammars, the
right-most derivation relation can be defined analogously to Definition 2.6. An Ol-macro gram-
mar provided with right-most rewriting will be caled an (r,Ol)-macro grammar, and the
language L, o (G) will be called an (r, Ol)-macro language. Let Ol, denote the family of (r, Ol)-
macro languages. In addition, let Ol,(REG) denote the family of languages generated by regu-
larly controlled (r, Ol)-macro grammars. Then we can prove the following result.
Proposition 5.6. The family RBLB; o, (Ol) isincluded in the family Ol (REG).
Proof. Let L, be generated by the (r,f, OI,REG,Ol)-belb grammar (G{,C4), where
G1=(P),¥,Z,X1),P),S). We construct a regularly controlled Ol-macro grammar (G,C)
with G = (®,Z,X,P,S) such that Lo = L, ¢,(G,C). Starting with P = 00 we add for each rule in
Py P(1y one or more productions to P as follows. If p 0P (1,0 P1y20 P (1)1, then p is added
toP. If pisinP(y3, then pisof theform Y (x4, ...,X,) — Ly. Let for each language name Y in
W the language L, be generaled by some Ol-macro grammar Gy =
(P, Z O{X1, ..., %}, Yy, Py, Sy). We assume that the alphabets of this finite number of gram-
mars G, are mutualy disoint. Then we add each production in P, to P, where P, equals
{A'(Yy,X) - t|A(Y) - tOPy}, and we define Py = LI{Py|y @ }. Next, we add to P pro-
ductions (X' ) — Sy(X ), where Y@ . Findly, if therule p isin |5(1)1, then p is areduction
of the form B(W1(X ), ...,yk(X)) — A(X ). First consider the case that A isin ®(3)0. Then
the production Tz equal to B(X' ) — Alisaddedto P. Secondly, if Aisin @, (n>1), then we
add productions Tz, equal to B(X ) - X; (Remember that k>1) and Ty equa to
P1(X) - A(X)toP.

Now we define P to be equal to
P20 Pay20 Payr D C{W(X) - Sy(R)|W(K) - LyOPmys}OPG
D{TQDIA‘DB@ W, (@ LA(K) 5 B(WL(X), L Wk(X) OP )
{1 |[TA® 1, W (¥ AKX ) - B(W3(X ), WX ) DP}
O{mea |0 1, ., [ ¥ LA(X) - B(Wa(X),...,.W(X ) OP )}

Next define the regular substitution o: (P30 (P ()= P(3y3))"” — 27 by
S(A(X) - W(X)={A(X) - (X)),
o(P(x) - A(X))={w(x) - A(X)},
O(W(X) - Ly) ={W(X) - Syu(X NP7,
O(A(X) - B(Wa(X ), ..., 0(x))) ={A(X) - B(W1(X), ..., W(X )},
oB(Wi(X),....u(X)) - A(X)) ={Tg1Tiy,A},

o (B(W1, ..., W) - A) ={Tea}.
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From P we obtain @ and X in a straightforward way. It easily follows from the construction
of Gthat Lo =L, o(G, 0(Cy)). O
L et the number of occurrences of asymbol o in aword w be denoted by # 5 (w).

Example 5.7. Consider the (r,f, Ol,REG, [INE)-belb grammar (G,C) of Example 3.9, where
G=(o,¥,{0,1},X,P,S), X ={x},C = (PO 5)5, and P consists of

=S - A(U), T =B - Y,

M =A(X) -~ A(P2(x)), % =B - D(4y),
T =A(X) - Ws(x), Tg =D (X) - Y4(x),
3 = Ys(X) - {X}, T = Yy(x) — {Ox},
4 = Pa(X) - {xx}, Ty =D (X) - Ws(X),
5=y - {1}, Ty = Ws(X) - {x0}.

According to Section 3, we have tha P,;={m,m, %}, P,={m,T M}, and
Ps =P-(P,0P5). Now we replace production 15 by the production 1 = Yy - L, , where

Ly, ={wO{a, 1}"|#;(w) = 2, k=0}.
The resulting grammar (G',C') is an (r,f, OI,REG,0Ol)-belb grammar, where

"= (o,W{0,1,a},X,P',S), with P' = PO{155} {155} and C' is the resulting variant of C. Itis
easy to see that the language generated by this grammar equals

L, ={wO{0,La}*|lw=w;...w, k=2,120, w; isin0"a"(1a”)™ 0",
m =2",1,>0}.
The language L, can be generated by the Ol-macro grammar Gy =
(d)wl,{l,a},Y,Pwl,Swl), whereCIJqJl = {Swl,F,H}, Y ={y}, and Py, consists of the productions
Sq—'l - F(H)’ F(y) - yi H - Ha!

The languages {u;}, with g;(X) — {u;} (2<i<5), can be generated by Ol-macro grammars
which have asingle production Sy, — u; (2<i<5).

Using the construction given in the proof of Proposition 5.6, we obtain the following regu-
larly  controlled  (r,Ol)-macro grammar (G,,C;) that generates L4, where
G1=(P),2,X(1),P1),S), and P4y isformed by

P1OP,0P,0{i(X) — Sy, (X)[2<i <5} 0{Sy, (X) - Ui |2<i<5} 0P, O
O{y1 - Sy,,A(X) -~ SD(X) - B, A(X) > X, Wao(x) - A(X)}.

We define the regular substitution o: (P (30 (P 3y~ P(13))" — 27 by
o(p)={p} foreach pOP PO I5(2),
o (W - Ly,) ={W1 - Sy,}Py,.
S (Wi(X) — Ly) ={(Wi(X) ~ Sy)(Sy, ~ W)} for eachi (2<i<5),
o(A(Y1) ~ 5 ={A(X) - S},
o(D(w) - B)={D(x) -~ B},
o (A(W2(x)) - A(X)) ={(A(X) - X)(W2(x) - A(X))}.
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Finaly, ®q) =@ WD , O{Sy, [2<i<5}, Xq) =XOY and as the control language we
defineC, =a(C"). m

Next we give a characterization of the family OI,(REG). This is achieved by a proof
method of Ginsburg and Spanier [11], who showed that the family of languages generated by reg-
ularly controlled context-free grammars provided with left-most derivation equals the family of
context-free languages. First we give the obvious right-most version of Theorem 2.1 from [11]
which isformulated in our notation.

Theorem 5.8. [11]. Let K be a family of languages closed under A-free regular substitution.
Then the family of languages generated by K-controlled context-free grammars provided with
right-most rewriting equals the family of all languages of the formh(L;n L), whereL, isinK,
L, is a context-free language, and h is a homomor phism. O

If we replace in Theorem 5.8 “context-free” by “Ol-macro” everywhere, then an analogous
statement still holds; cf. Theorem 5.11. The proof according to [11] of Theorem 5.8 uses closure
under inverse homomorphism of the family of context-free languages. Although this closure pro-
perty does hold for the family Ol [10Q], it is sufficient to have closure under isomorphism. To
prove Theorem 5.11 we need the following two lemmas.

Lemma5.9. Ol, =0Ol.

Proof. The proof is analogously to the context-free case, which is well known; cf. for instance
[19]. O

For each Ol-macro grammar G = (®,2,X,P,S) we define the Ol-macro grammar H (G) by
(P,21,X,P4,S), where>; => 0P and

P1={A(X) - nu|nP, m=A(X) - n}.

Lemma5.10. Let G be an Ol-macro grammar (®,2,X,P,S) and C be a control language over P.

Then there exists a A-free regular substitution T and a homomorphism h such that

Lr,01(G,C) =h(L; 01 (H(G)) nT(CF)).

Proof. Similarly to the proof of Lemma 2.1 in [11]. Viz., the homomorphism h:Z7 - =" is

defined by h(m) = Aif mP,and h(a) =aif alX . The A-freeregular substitution 1 is defined by

(1) = =Y 13 =", for each 1t [P. O
The following theorem has been adapted from Theorem 2.1 in [11].

Theorem 5.11. Let K be a family of languages closed under reversal and A-free regular substitu-
tion. Then the family of languages generated by K-controlled Ol-macro grammars provided with
right-most rewriting equals the family of all languages of the formh(L;n L,), whereL, isin K,
L, isan Ol-macro language, and h is a homomor phism.

Proof. By Lemma 5.10 there exists for each control language C in K and each Ol-macro gram-
mar G a A-free regular substitution T and a homomorphism h such that
L. 01(G,C) =h(L;. o/ (H(G)) n T(CR)). Then t(CR) isin K. The language L, o(H(G)) is an
Ol-macro language (Lemma 5.9), so L; ¢, (G,C) has the proper form.

Conversely, let L, and L, be languages over %, where L, is alanguage in K and L, an
Ol-macro language. Let h: 2} - 25 be ahomomorphism.

We may assume 2, n 2, = [, which is shown as follows. Let a be adistinct symbol not in
3, foreachain Z;, and let 3; ={a|alX 1}. Let h; bethe isomorphism from Z; into 3, defined
by hi(a)=a for each @ in =;. Then hi! is an isomorphism too. Let L; =h7(L;) and
L,=hi1(L,). Then 5;nZ,=0, Ly isin K, L, is an Ol-macro language [10], hh; is a
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homomorphism and h(L,n L,) =hhy(Lin Ly).

Now let Gy =(®1,21,X1,P1,S) be an Ol-macro grammar that generates L,. Let
Gy =(9,,5,,X1,P5,S) be the Ol-macro grammar with ®,= ®&[F ; and
P,=P;0{a - h(a)|aX ;}. Letthe production 1, beequa toa - h(a) foreachain¥;. The
homomorphism h3:P5 - =7 is defined by hs(11) = for TP, and hs(1,) =a for a in ;.
Then h3t: =5 - 27 is a A-free regular substitution, h32(LR) isin K and L, o(G,h3t(LR)) =
h(LynLy). Hence a language of the form h(L;n L), with L; in K and L, an Ol-macro
language, can be generated by some K-controlled (r, Ol)-macro grammar (G, C). O

Corollary 5.12. The family Ol,(REG) equals the family Ol.

Proof. Recall that the family Ol is closed under intersection with regular sets and under
homomorphism [10]. O

Theorem 5.13. The language families RBLB; ; o(Ol) and BLB; ; o(Ol) are equal to the
language family Ol.

Proof. Lemma5.1(iii), Corollaries 5.5 and 5.12, Propositions 5.4 and 5.6. O
Corollary 5.14. RBLB; ; o(ONE) =RBLB; 1 o/(Ol) = Ol.
Proof. Corollary 5.5 and Theorem 5.13. O

Of course, a similar statement holds for any family of languages K which satisfies
ONEOKOOL.

On the other hand, Corollary 5.14 may also be considered as a closure property of the fam-
ily Ol, viz., RBLB; 1 0(Ol) D Ol. Whether this property is stronger or weaker than the one esta-
blished in [6] for the family Ol remains open.

Now we show that the family BLB; ¢ o( L NE) differs from the family BLB; 1 o; (L NE).
Proposition 5.15. The family BLB; ; ;o( ' NE) is not equal to the family OI.
Proof. The language Lo ={1"(c1™)"|n =2"-1, m=0} is an 10O-macro language which is not
an Ol-macro language [10]. The language L can be generated by the (r, f, |O,REG, ONE)-belb
grammar (G,C), where G = (®,%,%,X,P,S) is defined by ® ={SD,F,G}, ¥ = {y; |0<i<4},
> ={1,c}, X ={x}, and P consists of

T =S - F(Wo), T =Yg (X) - O,
™ =Y - {1}, Ty =G(X) - Ws(x),
T =F(X) - G(Y1(x)), Tg=U(x) - {x1},
R =F(X) - G(Ws(x)), To=ys(x) — {xcx},
=D (X) - Wi(x), Ty = Wa(X) - {X}.
T =D (X) - F(W2(x)),

Finally, take as the control language the trivial control language, i.e,, C = (PO I5)D. That
(G,C) generates Lo can be shown in the following way. First, a term 1., of the form
G(G(...G(F(1M)...)) is produced, where 1,, contains exactly m—1 symbols G (m>1). This
can be performed by a control word Ty (TLT,TETE)™ L. Then applying Ty, followed by
repeatedly applying T T, yields the string 1™(c 1) L. O

Proposition 5.15 shows a typical consequence of bidirectional rewriting. In case of uni-
directional rewriting we have that with K = OONE for both modes Ol and 10, linear basic gram-
mars have the same generating power; viz. they both generate the linear basic languages. The
latter equality can also be expressed in terms of (m,K)-elb languages, i.e., let LB denote the fam-
ily of linear basic languages. Then we have LBg,(ONE) = LB,o(UNE) =LB (= EDTOL, [6]).
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Due to the presence of bidirectional rewriting in (m,REG,K)-belb grammars we have that the
family BLB; 1 o (LINE) differs from the family BLB; 1 |o( O NE).

6. Free Rewriting of Nonterminals and L anguage Names

In this section we study another grammatical model that can be derived from (m,REG,K)-belb
grammars. It is natural to investigate also (m,REG,K)-belb grammars provided with the (usual)
derivation relation which models the free application of rules from the grammar; i.e., the restric-
tion of right-most rewriting will be dropped in this section. We maintain the restriction of disal-
lowing terminal reductions. Then we prove that the corresponding language family RBLB; ,(K)
equals the family of recursively enumerable languages for m =10 (Proposition 6.3) and for
m = Ol (Proposition 6.4), provided some minor conditions on the family K hold.

Definition 6.1. Let (G,C, ¢) be an (m REG,K)-belb grammar, where G = (®,W,%, X,P,S). Letp
berulefrom PO P, and 0, T betermsin Term(G, ¢). Wewriteo O At if

° either p isaproduction, o isrewritten by p, and o 0 T,
° or pisareduction, T is rewritten by p, and 10 ;0.

In addition, let ¢ be a control word in CO(POP)Y, with c=p;...p, (N0, p;OPOP,
0<i<n). Then O §, is defined (as usual) for terms T and T’ from Term(G, ¢) by 10 51’ if there
aretermsT; (O<i<n) suchthat 1o =T, T, = T’ and for eachi (O<i<n), 7,0 hi1;+, holds.

In case arule p; in ¢ is not applicable to the term T, then further application of rules is
blocked, and the application of cto T yields no result, i.e, thereisnoterm 1’ suchthat T 5,1’ is
defined. 0

In this section an (m,REG,K)-belb grammar will be provided with the derivation relation
introduced in Definition 6.1.

Definition 6.2. If (G,C, ¢) is an (m,REG,K)-belb grammar where G = (®,¥,Z,X,P,S) is its
underlying grammar, then the language generated by (G,C, ¢) is

Lm(G,C, ¢) ={wX "|0cOC.SO §w},

where either m=0I or m=10. The family of languages generated by (m,REG,K)-belb gram-
marsis denoted by RBLB(K). O

Asin Section 2 and 3, only (m,REG, K)-belb grammars without terminal reductions will be
studied. Such grammars are called ( f, m,REG,K)-belb grammars, and their associated family of
languages will be denoted by RBLB; (K). The next propositions characterize — under minor
conditions on the family K — the families RBLB; o(K) and RBLB; o (K); viz. these families
equal the family of recursively enumerable languages. The proofs are inspired by the equivalence
of Turing machines and on-line acceptors provided with two pushdown stores as auxiliary
storage. We refer to [13] for a precise definition of the concept of the Turing-machine as well as
related notions and terminology. Given a Turing machine A and a mode m, we construct an
(f,m,REG, K)-belb grammar (G, C) which simulates computations of A, using an encoding of two
pushdown stores in the derivation tree. These simulations (Propositions 6.3 and 6.4) heavily rely
on the use of reductions, which will be no surprise, in view of the main result of [4].

Let RE denote the family of recursively enumerable languages.

Proposition 6.3. Let K be a family satisfying {{A},0} 0K ORE and let K be closed under left or
right-marking. Then a language L is in the family RBLBs ;o(K) if and only if L is recursively
enumerable.
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Proof. Let Lo be equal to T(A), the set of stringsin =" accepted by the deterministic single-tape
Turing machine A, where A = (Q, ,I,B, d,9q,F). Furthermore, we assume that &(qg,a) = U for
each gin F. We construct an (f, |O,REG, OONE)-belb grammar (G,C) with G = (®,W,%, X,P,S)
such that L,o(G,C) =Lg. The grammar (G,C) generates nondeterministically a representation of
aword zin 3" and simulates the computation of A on z. The Turing machine A reaches a final
state with zasitsinput if and only if (G,C) generatesz. Let 2, denote Z LI{A}.

We define the alphabets @ and W of G by

and

where

Dy ={S A0} {Rypa:Uqpa |q0Q, DM ,alX ,},
&, ={[D,a]|DT ,aX ,},
®y ={Aq},

Wo = {1} 0{&q.nq[q0Q},
Wy ={WalaX ,},
Wy ={n,}.

The set of variables X is defined by X ={x,y} and the set P of productions by
P ={T0, T, T, Ty, Ta, . Ty }

O{Uppa - Nq|p,q0Q, DT ,alX }
0{Rppa - &q
0{Uppa — [E.a]l(ng) [p.a0Q, D,EM ,alX ,}
O{Ropa - [E.a](&q)[P,.qUQ, D.EM ,alX »}
{[D.a](x) -~ Ya(x)[DIT ,alX 5}

{Wa(x) - {xa}|alX )}
OP:OPs0OP,0O{yy - O},

p,q0Q, DI ,alX ,}

=S - A1(&q, W1), ™ =Ag - Y,
g =Ag -~ [B, A](Y1), Ty, =Ao — Ngy»
T, =A1(XY) > Wa, (XY), Ty =Wa (XYy) - {xy}.

Furthermore, let

Pe ={&q - {A}|qOF},
Py ={ng - {A}|qOF},
Ps ={Ao - [aal(y1)|aX }.

The control language C is defined by

C = o1y (TeT) (Ps14) My, (E10OMoOM_1E_1)"MIP EfPe T, Y.
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The control language C can be considered to consist of three major parts; viz.

initialization part oy (TeTy) (P h) g,
simulation part (E:O0MoOM_1E_y)Y,
termination part M{P,E5Ps Ty, T,

Before the actual ssimulation of the Turing machine A starts, the initialization part generates
a sentential form a, , which has a corresponding c-tree of the form shown in Figure 4, where
aX (1<i<n). If Aacceptsthe
Aq

&, [B,A]

[B,A]
\
(2 20]

[al;al]
r]qo

Figure4.

string a;...a,, then it will stop after some finite computation. The number k is a guess of the
number of additional cells to the right of the n input cells, which the Turing machine A uses dur-
ing this computation.

The simulation part (E;0MOM_;E_;)” simulates the computation of the Turing
machine A. The setsE, E_1, Mg and M_; in the simulation part of C are defined as follows.
Let A(r,q,D,a) be an abbreviation of

r{-1,0,1},q0Q, DI ,alX ,,0EM .0Op0Q.d(q,D)=(p,Er),
and let [(g,E,r)]y =gand [(g,E,r)]> = E. Thenwedefine
E1={(&q - Rypa)([D,a](ng) - Ugpa)(Rypa — [[0(a,D)]2,a](&[5(q,0),))
(Ugpa - N[s@oy,) 1A(1,9,D,a)}.

The set E; simulates a 1-step of the Turing machine A. The first rule {; — Rypa of each
control string in E4 is such that D and a are guessed nondeterministically. By the second rule
([D,a](&q) — Uqgpa) this guessis checked, and if the guess happens to be wrong the derivation is
blocked.

Ms={([D,al(ng) - Ugpa)(Ugpa - [[3(a,D)]2,al(Ns(q,0y,))|A(S,0,D,a)},
wheresequals—1 or O.
The set M simulates a 0-step of the Turing machine A.

E-1={(Ng - Ugpa)([D,a](&p) - Rypa)(Ugpa — [D,al(ng))(Rypa — Eq)‘
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p,g0Q, DT ,al ,}.

The sequence M_, E_, simulates a (— 1)-step of the Turing machine A.

A1
[Dlzal] [Dn+_ka7\]
[Di—l;ai—l] [Di:ai]
&q Nq

Figureb.

We can show by induction on the number of Turing machine moves that if
Jod1-..8 A D1...Di-1qD;j ... Dnk,

then for some control string ¢ in the ssimulation part of C we have

c_,\n+k
Cxn,kD Iowi,q )

where a,,  is the sentential form generated by the initialization part of C, corresponding to
Jodj...a, (cf. Figure 4) and mﬂa’ K is the sentential form associated with the c-tree represented in
Figure 5, whereg; = A for dl i withn+1<i<n+k, and D; foraliwithl<i<n+k.

If qisinF, then no rulesin the simulation part of C are applicable.
In the termination part, sequences from M — with M, defined by

My ={(nq - UqDa)([D,a](Eq) - RqDa)(UqDa - [Dva](r]q))(RqDa - Eq)‘
gUF, DI ,alX ,},
— transform the sentential form that has been derived after the actual ssmulation of the Turing
machine A into one with a corresponding c-tree of the form shown in Figure 6, where g OF, and
DiI (1<i<n+K).
Ay

Eq [Dn+_ka)\]

[Dps1,A]
[Dna_an]

[Dl:al]
\
Ng

Figure6.
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Finally, PQEEPZTﬁAlTI'q, derivestheterminal string a;. .. a,, where
Es ={([D.a](x) - Ya(X))(Pa(x) - {xa})[alX ,,DT }.

By this construction, we have T (A) O L,(G,C). The converse inclusion can also be proved
in a straightforward way. Thus, for each Turing machine A we have constructed an
(f, 10,REG,K)-belb grammar that generates T (A). This proves the proposition from right to left.
The converse implication can be proved using Church’s Thesis. O

The construction in the proof of Proposition 6.3 can serve as a base to prove a similar result
with respect to the family RBLB; o (K).
Proposition 6.4. Let K be a family satisfying {{A},0}0KORE, and let K be closed under left
or right-marking. Then a language L is an RBLB; o (K) language if and only if Lg is recur-
sively enumerable.
Proof. We give only the major steps of the construction. The construction of
G=(P,¥,2,X,P,S) and C follows the proof of Proposition 6.3 directly. Firgt, the initialization
part of C hasto generate a sentential form a, , with a c-tree structure as shown in Figure 7.

I

q‘o # q ‘o
[$A] [a1.a4]

[an.:an]
[B,A]

[B,A]
\
[EA]

Figure?.

This can be obtained easily. In general, if qUQ, then g and g’ are nonterminals in ®;. Nonter-
minals of theform [D,a], whereDI andalX ,, arein W,. Furthermore, [$,A] and[£,A] arein
Yo, where $, £ are new symbolsnot inT.

The simulation part of C has the form (E;0MyOM_,E_;)", which is identical to the
simulation part of the control language in the proof of Proposition 6.3. However, the sets E,
E-1, Mg and M_; are defined differently. Let Rypa, Ugpa (QUQ, DT , alX ) and A(r,q,D,a)
be defined as in the proof of Proposition 6.3. In addition, we need language names Yy, with
gUQ. Then

E:={(@(X) - a([D,a})x))) (a'([D,a](y)) - Ugpa(¥y))
(a([D.a](x) - Rgpa(x)) (Rgpa(x) — [0(a.D)]1([[5(a.D)]2.a](x)))
(Ugpaly) = Wrsgoy, (V) (W0, (Y) - [8(a.D)]1'(y)) ]|
A(1,9,D,a)}.

Toobtain Mg and M_1E_1 we define Mg for sequal to —1 or 0 by
Ms ={(a'([D,al(y)) —» Ugpa(¥))
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(Ugpa(y) — [8(a,D)]1'([[3(a.D)]2.al(y)))[A(s,a,D,a)}.
Finally, E_; is defined by
E-1={(a'(y) - a'([D,a](y))) (p([D.a](x)) - Rgpa(X))
(Rgpa(X) » Wq(x)) (Wg(x) - a(x))[p,q0Q, DI ,alX ,}.

Then it easily follows that a sentential form generated during the simulation of the Turing
machine A has a c-tree structure as shown in Figure 8. Note that g =A for al i with
n+l<i<n+k

oo q
[Di—l’.ai—l] [Dl’al]
[Dy.a,] (D1 2+
[$A] [EA]
Figure8.

The discussion of the termination part of C is left to the reader, as well as the remaining
details of the proof. ]

7. Concluding Remarks

In this paper we have studied (m,K)-elb grammars provided with regular control and bidirectional
rewriting. We have shown that if K is a nontrivial family closed under ngsm mappings, then the
family RBLB; ; o(K) is a full substitution-closed AFL. Furthermore, if K is a family with
K OSYMBOL, and closed under left or right-marking, intersection with regular languages, and
homomorphism, then the family RBLB, ¢ ;o(K) is a full Quas Abstract Family of Languages
closed under deterministic substitution.

Asfor the generating power of these types of grammar we have seen that the family of 10-
macro languages is included in each family RBLB; ¢ ;o(K), whenever KD NE. And similarly,
the family of Ol-macro languages is included in each family RBLB; ; o (K), whenever K[ NE.
Furthermore, we have that the family RBLB; ; o, (K) equals the family Ol whenever the family K
satisfies INEOK [ OI. We aso would like to establish upper bounds for the families
RBLB;  ,o(LONE). However, the proof techniques applied in the Ol-case do not work for the IO-
mode, since Lemma 5.10 does not hold for 10-macro grammars.

The results of Section 5 suggest that (m,K)-elb grammars provided with RCB-rewriting
generate languages of a “nonlinear” character; i.e., languages generated by a type of grammar
provided with symbols similar to nonterminals, such that each grammar, which generates such a
language, derives — unidirectionally — at least one sentential form which contains at least two
nonterminal-like items. It is likely that this is due to the interaction between the bidirectional
rewriting and the presence of language names nested within nonterminals, which allow to obtain
such nonlinear sentential forms. Therefore, it is interesting to study ordinary linear basic gram-
mars provided with RCB-rewriting; cf. [16, 17].

Finally, with respect to Section 6 we remark that the use of control on the application of
rules is indispensable to establish that — under weak assumptions on the family K — the family
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RBLB; m(K) equals the family of recursively enumerable languages for both m = Ol and m = 10.

Acknowledgment. | like to thank Peter Asveld for his comments on both text and contents of a
preliminary version of this paper.
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