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Abstract

The thesis is concerned with verification of properties of concurrent
systems expressed in the modal p-calculus. This approach 1s called
model-checking.

The modal p-calculus contains fixpoint-operators which give great ex-
pressive power. In order to treat the model-checking problem alge-
braically we introduce fixpoint-equation systems as an extension of
expressions containing least and greatest fixpoints. Fixpoint-equation
systems interpreted over the Boolean lattice or an infinite product of
Boolean lattices are called Boolean equation systems. Model check-
ing for systems with finite state spaces is shown to be equivalent to
solving finite Boolean equation systems. We discuss existing model-
checking algorithms from the perspective of Boolean equation systems
and

present a new algorithm, similar to Gaufl elimination for linear equa-
tion systems.

As an application we investigate algorithms solving the problem of
mutual exclusion, construct formulae for liveness properties and verify
them with an implementation of the Gaufl elimination algorithm.
Model-checking in the modal p-calculus has already been treated in
automata theory and game theory. We are able to show a new equiva-
lence to an automata-theoretic problem by going via Boolean equa-
tion systems. There existed a reduction of model-checking to a game
theoretic problem. Using Boolean equation systems we can prove the
equivalence.

For the case of infinite state spaces we also show that model-checking is
equivalent to solving infinite Boolean equation systems. Additionally,
we present an algorithm, similar to the Gaufl elimination algorithm for

the finite case.
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Chapter 1

Introduction.

1.1 General introduction.

When it is necessary that a thing should
be, ot is possible that it should be.

Yet, from the proposition ‘@t may be’
it follows that it is not impossible, and
from that it follows that it is not nec-
essary; it comes about therefore that the
thing which must necessarily be need not

be; which s absurd....
Aristotle, Hermeneia

The beginning of modal logic dates back to Aristotle who was already
concerned with the logic of necessity and possibility. Later, the Megar-
1an Stoics also dealt with modal logics, introducing a time based inter-
pretation: possible is just what either is or will be; a thing is necessary
only if it is now true and always will be true.

Leibniz gave a semantic model for logics including the modalities ‘nec-
essarily’ and ‘possibly’: he assumed a set of worlds and defined a
proposition being necessarily true if it is true in all worlds, and being

possibly true if there exists some world where it is true. In addition,

lsee [BocT0]
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he proved that we live in the best of all possible worlds.

Formal mathematical treatment of modal logic started in this cen-
tury. Nowadays philosophers, logicians, linguists and computer scien-
tists share an interest in the subject, and various systems of modal
logic have been developed.

In further development, more structure was given to the model of
worlds. When deciding whether some proposition p is necessary in
one world only a specified set of worlds may be relevant, which need
not include every world in the model. This feature is represented by
an accessibility relation between worlds, and p is necessarily true in
one world means that p being true in all worlds accessible from the
current one. Temporal logic is then defined as a modal logic, where
accessibility between worlds represents time passing by, and the worlds
are ordered linearly in time.

In computer science modal and temporal logic play a role in the ver-
ification of systems. Here, the task is to show that a system meets
its specification which may consist of set of properties expressed as
formulae of a logic.

Models for modal logic are Kripke structures, also called transition
systems. They consist of a set of states (representing the worlds) and
transitions between the states (the accessibility relation). A transition
system models the different states an arbitrary system can enter, and
actions leading from one state to another. A state can represent e.g.
the content of a memory, the value of a program counter, a state of a
pinball machine. Transitions may carry a label identifying an action
(write 1 to a memory cell, shoot the pinball) or modelling just the
on-going of a system as time passes. The latter case provides a model
for temporal logic.

Propositions are about states or paths of a model, e.g. for the pinball
machine initially the only possible action is to insert a coin; there exists
a run of the pinball machine, where I always get a free game, or, if |
hit the pinball machine infinitely often then the ball will eventually

roll down.
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In the first period, objects of verification were sequential and impera-
tive programs. Proving correctness for a program was to show that
given a specified input the program would terminate and produce
a specified output. The works of Floyd [Flo67], Manna and Pnueli
[MP69], Park [Par70] and Hoare [Hoa69] were important developments

in this context.

The first modal logics for verification were dynamic logics introduced
by Pratt [Pra76], and mostly used in the propositional version. Propo-
sitional Dynamic Logic (PDL) is built up from Propositional Logic
extended by the modalities {(a), where a program « is a regular ex-
pression over a set of atomic programs. The formula (a)p is true at a
state, where 1t is possible for the program a to execute and result in
a state satisfying p. Various restrictions and extensions of PDL have
been investigated. The most famous ones are PDL with test progams,
and PDL-A [Str81] where an infinite loop-operator is added to pro-

gram expressions.

The introduction of concurrency caused change concerning the char-
acteristics of programs: termination and results produced were not
longer necessary features, but on-going and interaction with an en-
vironment became relevant. Pnueli called them “reactive systems”.
Proving correctness here required more expressive logics. Manna and
Pnueli [MP83] found that temporal logic is suitable in this context.
They applied a proof-theoretic style of verification: for a given pro-
gram they derived a set of temporal properties and showed that the

specifying property was a consequence of this set (or was not).

Clarke, Emerson and Sistla [CES86], and others started with a new
approach, called model-checking. Here, verification for finite state sys-
tems is performed automatically and, in contrast to deriving a proof,
an algorithm receiving a formula and a model as input gives the result
true or false. The temporal logic they used is Computation Tree Logic
(CTL). In this logic a number of useful properties is expressible (e.g.
if the pinball is shot then it will eventually roll down again), but some
relevant properties are not (e.g. if infinitely often a player hits the

pinball machine then infinitely often it will be in the state “tilt”).
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In subsequent development, work was centered mainly on two issues:
the tackling of the size of problems and the definition of more expres-
sive logics. Of course, the problems are not mutually independent of
each other; roughly, the more expressive a logic is, the more complex
is verification and the smaller is the size of solvable problems.

An extension of CTL that can express the “tilt”-property cited above
is called CTL*. For this temporal logic Emerson and Lei [EL86] pre-
sented a model-checking algorithm.

Meanwhile also various extensions of CTL and CTL* have been inves-
tigated which are more expressive, but still simple enough for model-
checking.

Kozen [Koz83] introduced a very powerful logic, subsuming all other
modal and temporal logics mentioned above: the modal p-calculus. In
addition to Propositional Logic it contains the modalities [a] and (a)
and the fixpoint operators g and . The modalities allow one to ex-
press properties for one next-step, while by means of least (and dually
greatest) fixpoint immediately properties over finite and infinite paths
can be modelled. The beauty of this logic lies in its expressiveness in
combination with its simplicity. The first model-checking algorithm
for the modal p-calculus was developed by Emerson and Lei [EL86].
However, the complexity of their algorithm is higher than that for less
expressive logics such as CTL: 1t is of exponential complexity in the size
of the formula in contrast to polynomial complexity of model-checking
algorithms for CTL. Since then a number of algorithms for the modal
p-calculus have been suggested, yet there has not been any essential
improvement concerning complexity so far, and the lower bounds for
the complexity of this problem have not yet been detected.
Concerning the size of problems considerable progress has been achieved
by so-called “symbolic model-checking”. For earlier algorithms the
model, a transition system, had to be represented explicitly. In a
new approach for CTL model-checking Burch, Clarke and McMillan
[BCM92] chose Binary Decision Diagrams (BDDs) as data-structure,
which allowed a very compact encoding of transition systems, and the

size of problems that could be treated grew enormously.
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However, the size of the transition systems is still the most limiting
problem in this area. Especially for concurrent systems the so-called
“state space explosion” makes verification difficult or even impossi-
ble. Reduction techniques for transition systems have been investi-
gated including e.g. abstractions and symmetries, which relativize
the purely automatic approach and reintroduce elements of proof to
model-checking.

The method of model-checking described above is “global” in the sense
that the algorithms traverse the whole state space and determine the
set of all states satisfying a property. Usually, we are interested in
whether a property holds of paths starting from the initial state of a
system. Showing its correctness may not require the whole state space,
or not even the set of reachable states, but a (hopefully small) subset
of it. Algorithms based on this idea are called “local”. A local model-
checking algorithm for the modal p-calculus was first introduced by
Stirling and Walker [SW89] in form of a tableau system.

In the case of general infinite state-spaces there is no hope for fully
automatic methods. However, proving properties with computer as-
sistance is a possibility. Bradfield and Stirling [BS90, Bra92] developed
a tableau method allowing computer-aided verification for formulae of
the modal p-calculus. Other work has been done in this area for infinite
models defined e.g. by some Petri-net classes [EN94], or context-free
grammars.

Also in this work, we are concerned with model-checking for the modal
p-calculus. The approach is an algebraic one: model-checking is trans-
formed to the problem of solving a class of equation systems, called
Boolean equation systems. In fact, we can show that the two problems
are equivalent, for the case of finite systems as well as for infinite ones.
Based on this equivalence we discuss model-checking algorithms and
show their relations to other techniques, in automata theory and game

theory. The following section goes on to outline this in more detail.
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1.2 Synopsis.

In the beginning we give a brief collection of relevant definitions and
facts from lattice theory and the fixpoint theorems which are structures

and facts basic for the whole work.

In computer science mainly least fixpoints have been considered. Propo-
sitions for expressions containing least and greatest fixpoint operators
do not go beyond duality arguments so far. Chapter 3 contains the first
contribution of this work: an introduction of fixpoint-equation systems
as a generalization of nested and alternating fixpoint-expressions. It
entails an extensive collection of properties of fixpoint-equation sys-
tems. The difference between more traditional equation systems and
fixpoint-equation systems consists of the additional structure given to
the latter: there is an order defined on the equations and each equa-
tion is equipped with a minimality or maximality condition. Because
of this structure known results for solutions of equation systems over
lattices do not apply for the fixpoint-equation systems. In this work
fixpoint-equation systems will be interpreted over the Boolean lattice
for finite state space model-checking as well as over an infinite product
of Boolean lattices for model-checking of infinite state spaces. Section
3.2 contains definitions and properties for the finite case, extending
properties for fixpoint-equation systems over arbitrary lattices. The
infinite case will be treated in chapter 9. Fixpoint-equation systems
interpreted in this way are called Boolean equation systems and infinite

Boolean equation systems.

Chapter 4 contains an introduction to the modal p-calculus, including

syntax, semantics, basic notations and facts.

The main point of chapter 5 is the equivalence of the model-checking
problem for finite state spaces and the problem of solving Boolean
equation systems. Reductions to Boolean equation systems for the case
of non-alternating p-calculus expressions have already been treated by
other people. The extension to the general case could be done by the
well-known fixpoint theorems. Here, in section 5, we give a reduction

applying directly to the general case. The size of a Boolean equation
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system derived is linear in the size of the model and linear in the size
of the formula. In order to get a representation of a Boolean equation
system linear in the size of the original model-checking problem a a
simple form for equations has to be defined following known techniques.
Section 5.2 shows the reduction in the other direction. Given a Boolean
equation system, we construct a formula of the modal p-calculus and a
model, such that the Boolean equation system has the solution true iff
the the model satisfies the formula. The size of the model is quadratic
in the size of the Boolean equation system, the size of the formula is

linear.

Chapter 6 deals with methods for solving Boolean equation systems,
local as well as global ones. We start with a discussion of the problem,
relating it to the “classical” version of Boolean equation systems with-
out order on the equations and without side conditions for fixpoints.
The known methods solving the model-checking problem are the ap-
proximation technique and a tableau method. We interprete them
on Boolean equation systems. In addition we present a new solving
technique for Boolean equation systems which is similar to Gaufl elim-
ination for linear equation systems. It leads to both, a local and a
global algorithm. The last section contains a simple proof for solving
Boolean equation systems being in NP N co-NP, and according to the
equivalence results also the model-checking problem is contained in

this class, which is a known result.

Examples for application are presented in chapter 7. Here, we focus
on composing and proving different liveness properties for Peterson’s
algorithm solving the problem of mutual exclusion. These properties
provide non-trivial examples for p-calculus formulae. They are veri-
fied with an implementation of Gauf} elimination for Boolean equation

systems.

The model-checking problem for the modal g-calculus has been treated
in other frameworks: there exist reductions to problems in automata-
and game-theory. In the first case all automata derived are tree-
automata. In section 8.1 we show the equivalence of model-checking

and the non-emptiness-problem of alternating automata on infinite
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words over a single-letter alphabet with a parity acceptance condition.
The model-checking problem has also been reduced to model-checking
games. In section 8.2, we show the equivalence of deciding whether a
player has a winning strategy for a game and solving a Boolean equa-
tion system. The reduction of Boolean equation systems to model-
checking gives immediately a reduction from a model-checking game
to a model-checking problem, which has been an open question.

So far we have only been considering finite state spaces. In chapter
9, the theory of Boolean equation systems is extended to the infinite
case. Boolean equation systems as they are used here are derived from
fixpoint-equation systems interpreted over a (possibly infinite) prod-
uct of Boolean lattices. The equivalence of infinite Boolean equation
systems and the model-checking problem for infinite state spaces is
proved by reductions in both directions. These results are only useful
when having a finite representation of the problem which is given by
set based equation systems. We present an elimination method using
ideas from Gaufl elimination for the finite case and from the tableau
method of Bradfield and Stirling. It solves set based equation sys-
tems and also the model-checking problem for the infinite case. Small
examples demonstrate the technique.

The thesis ends with concluding remarks putting our results in a gen-

eral framework.



Chapter 2

Basics.

2.1 Orders and lattices.

The basic structure in this work are lattices; formulae of modal logic
with implication order form a lattice, the powerset of a state space
is complete lattice. The semantic of a formula of modal logic can be
interpreted as an order preserving function between two lattices. The
fixpoint operators of modal logic have to be defined via continuous
functions. Therefore, we collect here the relevant definitions and facts.
A detailed introduction into lattices and orders can be found [DP90].

Definition 2.1 A binary relation < on a set P is a partial order

if for all z,y, 2z € P:

(reflexivity) r<zx
(antisymmetry) z<yandy <z implyx =y
(transitivity) r<yandy<zimplyz <z

A set equipped with a partial order is called an ordered set.

Definition 2.2 Given an ordered set P and a subset ) of P the
greatest element of ) is a € ) if a > z for all x € @. Dually, the
least element of () is a € Q) if « < x for all z € Q.
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Definition 2.3 Let P be an ordered set. The greatest element of
P, if it exists, is called the top element of P and written T. Dually,
the least element of P, if it exists, is called the bottom element of
P and written L.

Proposition 2.4 Given an ordered set P any subset Q C P is an

ordered set.

Proposition 2.5 Let (P, <;),...,(Py, <,) be ordered sets. Their
product P; x...x P, can be equipped with a partial order by point-
wise definition: (z1,...,25) < (Y1,...,yn) iff 2; <y for 1 <i < n.

Definition 2.6 Let P and () be ordered sets. The set of functions
from P to @ is denoted by (P — Q). For each function f € (P — Q)

the domain 1s P and the codomain is ().

A function f € (P — @) is monotone, if for all p;,ps € P with
p1 < pg it is the case that f(p1) < f(p2).
The set of all monotone functions is denoted by (P — @).

On the set of functions (P — @) an order is inherited from the
order on their codomain @: Let f.g € (P — Q). Then f < g if
fla) < g(a) for all a € A.

Definition 2.7 Let P be an ordered set and S be a subset of P.
Then # € P is an upper bound of S| if s < z for all s € S. Dually
z € P is a lower bound of S| if x < s for all s € S.

All upper bounds of S are collected in a set T S, the lower bounds
in a set | S. The least element of 1 5, if it exists, is called least
upper bound of S, and denoted by \/.S. The greatest element of
1 S if it exists, is called greatest lower bound of S, and denoted by
A S. They are also called the supremum and infimum of S.

Notation: For the supremum \/{z, y} we write z Vy, and z Ay for the

infimum A{z,y}. When speaking about powersets we will use | J and

N

instead of \/ and A, and U and N instead of V and A.
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Definition 2.8 Let P be a non-empty ordered set. P is a lattice,
if £ Vyand Ay exist for all z,y € P. P is a complete lattice, if
VS and A S exist for all subsets S C P.

Proposition 2.9

(1) In alattice \/ S and A S exist for all finite subsets S C P.
(2) Every finite lattice is complete.

(3) In acomplete lattice the bottom element L and the top element
T exist.

(4) TFor any set X its powerset P(X) equipped with the set inclusion
order C is a complete lattice.

(5) If P and @ are (complete) lattices then also the sets of functions
(P — Q) and (P — @) are (complete) lattices. Supremum and

infimum are obtained pointwise.

In most cases we think of functions as represented by function expres-
sions. These are built up by variables X from a set of variables X,
the operations supremum V and infimum A, and a set of operators

{Op(lkl), Cel Opglk")} for some n € IN, where k; denotes the arity of
(ki)

) .

Fu= X [FVELFAFIORI(F, . F)

the operator Op

Proposition 2.10 Let P and @ be ordered sets, f : P — @ a
monotone function, and S C P such that \/S and A S exist in
P, and \/ f(S), Af(S) exist in Q. Then f(\/S) > V f(S) and
FNS) <V A(S).

Proposition 2.11 Products of complete lattices equipped with a

partial order as in proposition 2.5 are complete lattices.

Definition 2.12 A non-empty subset S of an ordered set P is
directed, if every finite subset F' of S has an upper bound in S.
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Definition 2.13 Let P and @ be complete lattices.
Then f: P — @ is continuous if for every directed set in P it is the

case that f(\/ D) =\ f(D).
A function that preserves L, i.e. f(L) = L is called strict.

Proposition 2.14 Let P and @ be complete lattices. Then every

monotone function f: P — @ is also continuous.

Definition 2.15 Given a lattice P and a function f: P — P. An
element # € P is a fixpoint of f if f(z) = «.

2.2 Fixpoints and their properties.

This section 1s a collection of various properties of fixpoints which can
be found in the literature. It starts with properties of simple fixpoints,
both least and greatest. Then we look at the more general case where

fixpoint operators of possibly different type are nested.

2.2.1 Simple fixpoints.

The very basic theorem comes from Tarski [Tarbb] (see also [LNS82]).
It guarantees the existence of a least and greatest fixpoint for a mono-

tone function over a complete lattice.

Theorem 2.16 Let (A, <) be a complete lattice, f : A — A a
monotone function, and P the set of all fixpoints of f. Then P is
not empty and the system (P, <) is a complete lattice; in particular
the least fixpoint is pX.f(X) = Afa € 4 | f(a) < a} and the

greatest fixpoint is vX.f(X) = \{a € A | f(a) > a}.

We will use ¢ when referring to either p or v.

The next properties (for monotone f) can be found e.g. in [Koz83].
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Proposition 2.17

(1) fleX.f(X)) =X .f(X)
(2) If f(a) < a then puX.f(X )<a.

(3) If f(a) > a then v.X.f(X) >

(4) If f(a) < g(a) for all a € A then ¢ X.f(X) < o X.g(X).
(5) If f(a) = f(b) for all a,b € A then o X.f(X) = f(X).
(6) oX.f(X)=0oX.f(f(X))

The following property is known as the reduction lemma, see for ex-

ample [Koz83], [Win89).

Lemma 2.18 o <vX.f(X) iff a < f(vX.(f(X) V a))
or, dually, ¢ > pX . f(X) iff a > f(pX.(f(X) A a)).

Tarski’s theorem shows the existence of a least and greatest fixpoint,
but no constructive method to yield it. This is the subject of the next
well-known theorem based on approximants. It is presented here in its

general version, using transfinite iteration (see [LNS82]).

Definition 2.19 Let (A4,<) be a complete lattice and
f A — A a monotone function. Then ¢“X.f is an approximant
term, where « 1s an ordinal. The approximant terms are defined by

transfinite induction:

pWXFX) = L

POXFX) =T

MY f(X) E fe" X (X))

XS 2\ p X (X))
a< A

PXFX) 2 N\ X A(X)
a< A

where A 1s a limit ordinal.
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Proposition 2.20 TFor a complete lattice (A, <) and a monotone
function f: A — A

pXJ(X) =\ ptXf(X)

a€O0rd

vX.J(X)= \ vOXf(X)

a€O0rd

where Ord is the class of all ordinals.

Moreover there exists an ordinal a of cardinality less or equal to
that of A such that for 8 > «:

X J(X) = W X F(X)
and, dually,

vX . f(X) =P X f(X).

2.2.2 Nested fixpoints.

We now want to consider nested fixpoints, such as v X. f(X, pY.9(X,Y))
where X and Y are variables over lattices (A4, <) and (B, <), and f
and ¢ are monotone in both arguments. As a first step we will define
the inner fixpoint uY.¢(X,Y") as a function ¢’ from A to B. We will
abuse notation and do not introduce new names for f and g when
their domains are interpreted in different ways. For technical reasons
we assume from now on that there are not two different variables in a

nested fixpoint expression having the same names.

Definition 2.21 Let (A, <) and (B, <) be complete lattices, g a
monotone function on A x B to B. Then the least fixpoint with
respect to B is a function from A to B

pY.g(X,Y) = Ao € (A= B) | g(X,¢'(X) <¢'(X)}

and the greatest fixpoint is

vY.g(X,Y) = V{g' € (A= B) |g(X.q'(X)) > 4/(X)}.



2.2. Fixpoints and their properties. 25

Proposition 2.22 The least (greatest) fixpoint of g : A x B = B
is a monotone function ¢’ : A — B and it is the case that

g'(a) = pYg(a,Y) (¢'(a) = vY.g(a,Y)) for every a € A, where
g9(a,Y): B — A and aY.g(b,Y) follows definition 2.16.

Proof: straightforward d
The monotonicity of ¢’ implies that f(X, ¢’ (X)) is a monotone function
from A to A and its fixpoints are well defined according to definition
2.16. The application to arbitrary nesting of fixpoints works straight-
forwardly. In the remark below ¢’ might be a vector of functions
resulting from inner fixpoints and all domains could be interpreted as

(possibly empty) products of complete lattices.

Remark 2.23 We want to point out, that there exist two ba-
sically different interpretations of the inner fixpoints which have
consequences for algorithms calculating them. The first one is the
more common one: ¢’ as a function on A to B is defined pointwise,
¢ (a) £ oY.g(a,Y). For every argument a € A we get the simple
function g(a,Y) on B to B and the application of a fixpoint operator
oY is well defined. This interpretation gives rise to the approxima-
tion based algorithms. Evaluation of ¢’ at a is done by a simple

approximation of ¢Y.g(a,Y) as in proposition 2.20.

The other interpretation focuses on the fact, that in some cases we
can explicitly calculate the function ¢’, not in a pointwise manner,
but as a function expression with a free variable Y. Here the evalu-
ation of ¢’(a) consists of a simple function evaluation and not of an

approximation.

Bekié’s theorem [Bek84] for elimination of simultaneous fixpoints shows
how a simultaneous fixpoint can be transformed to a nested fixpoint

expression.
Theorem 2.24 Let (A, <) and (B, <) be complete lattices,
fiAxB— Aandg:Ax B — B monotone functions.

Then p(X,V).(f(X,Y),9(X,Y)) = a, b, where
a=pX.f(X,1Y.g(X,Y)), and b = uY.g(a,Y).
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Chapter 3

Fixpoint-equation

systems.

We introduce fixpoint-equation systems extending the notion of nested
fixpoint expressions. The intention of this chapter is to provide the
technical basis for the rest of the work. Therefore, apart from defi-
nitions of syntax and semantics 1t contains an extensive collection of
properties of fixpoint-equation systems. In the first section the general
case of fixpoint-equation systems is investigated, where they are inter-
preted over arbitrary complete lattices. For the issue of this work the
required domains are the Boolean lattice and a possibly infinite prod-
uct of Boolean lattices. The second section focuses on the fixpoint-
equation systems over the Boolean lattice, Boolean equation systems.
For this case some definitions simplify and we get a number of further

properties. Proofs of this chapter are shifted to the appendix.
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3.1 Fixpoint - equation systems for

complete lattices.

First syntax and semantics' are defined, then we give a translation
from fixpoint expressions to fixpoint equation systems. The main part
of this section contains an extensive collection of properties of fixpoint-
equation systems.

In the following we consider sequences of functions fi, fo, ... over a lat-
tice (A, <). Often, free variables will be substituted by the same values
in each function. Instead of performing explicitly the substitution in
each function we collect the values of the variables in a valuation, called
environment. 8,61, ... will range over environments, where each 8 is
a function 6§ : ' — A.

A function f can be applied to an environment @, and the result f(6)
is the value of the function f after substituting each free variable X of
f by 6(X). By 0[X/a] we denote the environment that coincides with
@ for all variables except X, i.e. 8(Y) = (0 [X/a])(V) for Y # X, and
(0[X/a])(X) = a. In the remainder [X/a] has priority over all other
operations, and 0[X/a] always stands for (6[X/a]).

The order on a lattice (A, <) extends naturally to an order on environ-
ments over A (see Definiton 2.6). We have 6; < @ iff for all variables
X € X it is the case that #;(X) < 05(X). Thus the set of environ-
ments (for a fixed set of variables X') forms a lattice. Obviously, the
lattice operations V and A can be applied also to environments when

interpreting them pointwise.

Definition 3.1 Let (A, <) be a complete lattice.

A fixpoint-equation system over A is a finite sequence of equations
of the form (¢X = f), where f : A" — A for some n € IV is a

monotone function.

The empty sequence is denoted by e.

!The version of notation used here was inspired from Vergauwen [Ver95] who
pointed me to it for the special case of fixpoint-equation systems over the Boolean

lattice. It turned out to be more compact than earlier versions.



3.1. Fixpoint - equation systems for complete lattices. 29

In the following £, &’, &1, . .. will range over fixpoint-equation systems.
For technical reasons we assume that no two equations of a fixpoint-
equation system &£ have the same left hand side variable. Variables
which appear on the left hand side of an equation of £ are collected in
the set [hs(&), i.e. Ihs((c X =£) &) = {X}Ulhs(£). Variables on the
right side of an equation of £ are collected in the set rhs(E). Variables
of rhs(€) which are contained in lhs(€) are called bound. Variables
which are not bound are free, free(£) = rhs(E) \lhs(£). A block in
a fixpoint-equation system & is a set of consecutive equations of £ all
having the same fixpoint operator in front.

The order defined below reflects the linear order of equations in a
fixpoint-equation system. It will be applied to both equations and

variables.

Definition 3.2 Let (6 X =f) & be a fixpoint-equation system and
'Y =g an equation of £. Then e X =f <1 ¢’'Y =g and also X < Y.
As usual X 4V abbreviates (X Y or X =7Y).

A fixpoint-equation system &£’ is a subsystem of a fixpoint-equation
system &, if for each pair of equations with (cx X =fx) < (6cvY = fy)
in £ both equations are contained in £ and ordered in the same way.
A subsystem &’ of a fixpoint-equation system & is called closed with
respect to &, if free(&') C free(€).

Definition 3.3 Let (A, <) be a complete lattice, (¢ X = f) £ a

fixpoint-equation system over A, and 6 : ¥ — A an environment.

The solution of a fixpoint-equation system relative to 6 1s an

environment defined by structural induction:
(] = 6
[(nX=1) €160 = [E]0[X/nX.f([£]0)]
[(vX=0)E10 = [E]0[X/vX.f([€]0)]
where
pX f([€10) = Mala> f([€]10[X/a])}
vX.f([€10) = VH{ala < f([€]0[X/a])}
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Note, that if all variables of rhs(€) are bound, then [£]6;, = [£] 0

holds for all environments &1, 85.

Definition 3.4 Given a fixpoint-equation system £ we define a

lexicographic order <g on environments.

01 <. 05 iff 61 = 65

Let E= (uX=1)&.

0y <g O iff 61(X) < 02(X) or 01(X) = 02(X) and 61 <gr f.
Dually, if £ = (v X =f) &', then

0y <g O iff 6,(X) > 02(X) or 01(X) = 02(X) and 61 <gr b.

There exists an alternative characterization of the solution of a fixpoint-

equation system, which in some contexts will be more suitable.

Proposition 3.5 The solution of [¢] 6 is 6.

The solution of [(¢X = f) £] 0 is the lexicographically least (w.r.t
(cX =f) &) environment #; satisfying:

(1) f(f1) = 61(X) and

(2) 6y is the solution of [£]0[ X /61(X)].

Definition 3.6 For & = (o1 X1 =f1)(02Xa=f2) .. . (cnXn=1n)
let £0) & (o:Xi=fi) .. (opnXpn=1n) for 1 <i<n.
Corollary 3.7 If [£]6 = ¢ then [0’ = ¢ for 1 <i < n.

The characterization of the solution will be illustrated by an example

over the Boolean lattice IB = {false, true}, where false < true.

Example: Let (¢vX; = Xa2 A Xy) (uX2 = X5V X1) (vX3 = X4 A
Xs3) (uX4=X1 V X3) be a fixpoint-equation system over IB.

Starting from the fixpoint-equation system consisting only of the last
equation uXy= X7V X3 we will select stepwise all environments ful-
filling point (2) of proposition 3.5, then those fulfilling point (1), and
in the next step the remaining environments are considered for the

equation system with one equation more.
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For readability we write an environment f here as a vector (b1, ba, bg, b4),

meaning an environment ¢ where 0(X;) = b;.

For the equation system consisting of the last equation £%) = (uX4=
X1 V X3), it is the case that

&
&

SO

&

[
[
[
[
[
£

I
I
I
)] (true , true , true , true
I
T

true | false, false, true
true | false, true, true

true | true, false, true

false, true | true, true

true | false, false, true
true | false, true | true

true | true, false, true

false, true, true, true

)
)
)
true, true, true, true)
)
)

[5(4)] (false, truefalse, false

(
(
(
(
(false, false, true , true
(
(false, true false, false)
(

)
)
)
)
false, false, true, true )
)
)
)

[5(4)] (false, false, false, false false, false, false, false)

Now we go on with £3) = (vX3=X4 A X2) (X4=X1 V X3)

Each of the environments above fulfill point (2) of proposition 3.5, but
not all of them fulfill point (1), i.e., the equation X3 = X4 A X3; the
following do:

true, false, false, true)
true, true, true, true)

false, true, true, true)

. —

false, false, false, false)

Note that for all these four environments it 1s

€GN0 = [(vX3=Xa A Xo) (pXa=X1V X3)]0 =0

The next step is to select these environments ¢ which fulfill also the
equation Xs= X3V X;. These are:

(true, true, true, true)
(false, true, true, true)

(false, false, false, false)

But here 1t 1s the not the case that each of these satisfies
[8(2)] 0= [(/,LXZIXB vV Xl) (I/X32X4 A Xz) (/,LX4IX1 vV Xg)] f=0.
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For (true, true, true, true) we have

[5(2)] (true, true, true, true)
= [(/,LXQIXQ,\/Xl) (VX32X4/\X2) (/,LX4IX1 \/Xg)]
(true, true, true, true)
= [(qung\/true) (VX32X4/\X2) (uX4:trueVX3)]
(true, true, true, true)
= [(pXz=true) (v X3=X4 A X2) (uX4=true] (true, true, true, true)

= (true, true, true, true)

On the other hand, (false, true, true, true ) and (false, false, false, false) co-
incide in the free variable of £()) which is X; and equals to false.
Both fulfill point (1) and (2) of proposition 3.5. Hence solution is
only the lexicographiclly smaller one with respect to &2, which is
(false, false, false, false) (because of the mu-fixpoint in the equation of
Xs).

Both environments (true, true, true, true) and (false, false, false, false) fulfill
equation X7 = X3 A X4 and the lexicographically smaller one, here
(true, true, true, true) (because of the v-fixpoint of X1) is the solution of

the equation system. <

Unfortunately, the definition of the solution of a Boolean equation
system is not very intuitive, and an interesting question is, whether
there exists a more illuminating characterization.

A natural idea is to determine the set of all environments that fulfill all
equations #(X;) = f;(9), and then, according to the fixpoint operators,
select one environment as the solution.

Unfortunately this approach cannot work. Counterexamples can be
found in section 6.1 and also some more discussion of this point.

The question for a clearer characterization of the solution is closely
related to the methods which determine the solution. This will be
treated in chapter 6.

Fixpoint equation systems are introduced as an extended notation for
nested fixpoint expressions. We now define a transformation from
fixpoint expressions to fixpoint-equation systems and show that the

semantic is preserved.
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The transformation is divided into two functions. One, E, maps the

tree-like structure of a fixpoint expression to a sequence of expressions.

The other one, E’ turns expressions into fixpoint equations. We start

with an example and give the formal definition afterwards.

Example:

E( uX(vYXVY)ANWZXANZ)))
=(uWX=E(@WYXVY)AWZXANZ)))

E((wYXVY)AWZXANZ))

=(uX=FEWYXVY)AEWZXAZ) EWYXVY)EWZ.XAZ)
=(uX=YANZ) WY=E(XVY)) wZ=FE(X AZ))
=(uX=YAZ)WY=XVY) WZ7=XNAD2)

Definition 3.8 Let ocX.f be a fixpoint expression over a lattice
(A, <), where f is a monotone function on A consisting of constants,
variables, fixpoint expressions, the lattice operations V and A and
additionally a set of monotone k;-ary operations on A, denoted by
Opl(»k’) for some 7 € IN. Assume that in ¢ X.f names are unique, i.e.
each variable 1s bound only once by a fixpoint operator. E maps

cX.f to a fixpoint-equation system and is defined as follows:

E(a) = ¢
E(X) = ¢
E(finfa) = E(fi)E(f)
E(fivf) = E(fi)E(f2)
EOpF ) (fi, f)) = E(A).. E(fx)
E(cX.f) = (oX=E'(f)) (E(f))
E/(a) = a
E(X) = X
E'(finf) = E(fHi) NE'(f2)
E'(fivf) = E(fi)VE(f)
E(Op" (S, fx)) = O™ (E'(f),... . E(Ji,)
E(cX.f) = X
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Proposition 3.9 Let ¢ X.f be a fixpoint expression over a lattice

(A, <) and ¢ an arbitrary environment.
Then (¢ X.f)(0) = ((E(cX.f)]0)(X).
The proof of this proposition requires the following lemma:

Lemma 3.10 Let & and & be fixpoint-equation systems, such
that

o [hs(&)

o lhs(&)N rhs( ) ={,
o Ihs(&)Nrhs(&) =10
Then [£][€2]0 = [£1&2]0

Note that a straightforward transformation back from a fixpoint-equation
system to a (nested) fixpoint expression is not always possible. For
Boolean equation systems in the context of p-calculus model checking
we will show a method in section 5.2. In general, a fixpoint-equation
system can be transformed back to a set of (nested) fixpoint expres-
sions. For example (v X =Y)(pU =V) is a fixpoint-equation system,
and ¥X.Y and pU.V are (the only sensible) fixpoint expressions cor-
responding to it.

Another example is (v X =2)(pY =X)(vZ=Y) . It might correspond
to the expression v X.vZ. ;Y. X, but the transformation of this expres-
sion to a fixpoint-equation system gives (WX =2)(vZ7=Y)(pY = X).
In the following we present a collection of properties of fixpoint equa-
tion systems which describe equivalence and order relations on their
solutions. The first one states that a fixpoint-equation system is a

monotone operator on environments.
Lemma 3.11 If ¢; < 05 then [£]0; < [£] ba.

It is easy to see that in the lemma above only for variables X that are
free in € we need the condition #;(X) < 62(X). Hence the order of
the environments defined pointwise on all variables can be restricted

to the variables which are free in &.
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Corollary 3.12 [£]6, V [€]
&6, A [E]

[E](61V 05), and

02 <
02 > [E](01 A 02).

—

We define an equivalence relation ~ and an order < on fixpoint-
equation systems, relating those that have the same solution, or solu-
tions ordered by < respectively, for all environments. It extends the

equivalence relation ~ defined in [Ver95] for Boolean equation systems.

Definition 3.13
Define 81 ~ 82 iff [81] =
Define & = & iff [£1]6 < [£2] 6 for all environments 6.

[E2] 6 for all environments 6.

Equivalence and ordering of fixpoint-equation systems is preserved for
prefixing of equations. For equivalence on Boolean equation systems
this result was stated in [Ver95].

Lemma 3.14 If £ ~ &, then £&; ~ E£E-.

If 81 j 82 then 551 j 552

Definition 3.15 Let for some n € IV

o L= Xi=f).. (onXn="1n),

o L= X1=g1)...(6nXn=09gn).

Then & < & iff f; < g;.

EVE Z (X1 =FVa). . (0aXn = faVan),

def

ENE = (i Xi=[ing) .. (02Xn = [n Agn),
Lemma 3.16 If & < & then also & < &

Corollary 3.17 [£]0 V[E2]0 < [&1 V&P, and
[£1]6 A [E]6 > [E1 NEL)D.
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This corollary will be illustrated by an example, where even in the
case that both systems have the same solution their disjunction has a
greater one:

Example: Again the lattice is (1B, <). Consider two fixpoint-equation
systems £ = (v X1 =X2) (pX2=X2) (vX3=X1) and & = (v X1 =
X3) (pX2=X35) (vX3=X>)

Both have the same solution (false, false, false) for any ¢. However, the
solution of their disjunction (v X;=X3V X3) (pX2=X>V X3) (v X3=
X1V X3) is (true, true, true). <

There are other simple, desirable properties which surprisingly do not

hold. We demonstrate here one of them.
Ifgl jgz then g\/gl jg\/gz andé‘/\é‘l jg/\gz

Counterexample: Let £, &1, &, be fixpoint-equation systems over the
Boolean lattice (1B, <).

81 = (/,LXl IXl) (I/XQIXQ) (I/Xg:Xg)
82 = (/,LXl :XZ) (I/Xz:Xg) (I/Xg:Xz)
& = (/,LXl :XZ) (I/Xz:Xl) (I/Xg:Xg)

&1 has the solution (false, true, true) and &; has the solution (true, true, true).
Hence & 2 &s.

The solution of & is (false, false, true). & A & has also the solution
(false, false, true), £; A € has (false, false, false) as solution. Here EA &y 3
ENE. <

The following lemma extends a property for Boolean equation systems

in [Ver95] to fixpoint-equation systems.

Lemma 818 1f  ([(0X=/) £]0)(X) = ([(cX=g) £0)(X)
then [(eX=Ff) £]0 = [(¢X=yg) &0

The next both lemmata deal with a quite natural property: when
knowing parts of the solution then these parts may be “removed” from
the equation system preserving the solution. This allows stepwise solv-

ing and reduction methods for fixpoint-equation systems.
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Lemma 3.19 Let

o £=& (6 X=F) &,
([€16)(X) =a, and
° S/Egl (O’X:Cl) 82.

Then [£]6 = [£]6.

Lemma 3.20 [& (06X =a) &]0 = [&1 &]0[X/a].

The following lemmata describe properties of the solution of a fixpoint-

equation system when interchanging equations or switching the fix-

point operator, from p to v, or the other way round. From Beki¢’s

Theorem 2.24 it follows that interchanging subsequent equations with

the same fixpoint operator does not influence the solution. The same

holds for equations with different fixpoint operators if the variables of

both equations are different. Otherwise interchanging equations im-

plies different solutions which are ordered pointwise. This property is

slightly surprising having in mind the characterization of a solution

which refers to lexicographic ordering (Proposition 3.5).

Lemma

01
02

Then 6,

3.21 Let

(&1 (e Xi=f) (6 Xa=f) &) 0,
[81 (O'Xzzfz) (O’Xl :fl) 82] 9
=0.

Lemma 3.22 If

X1 1s not free in fo,

X5 1s not free in f,

01
02

det

det

&1 (1 X1i=f1) (02X0=12) &3]0
&1 (02 Xa=fo) (mXai=f1) &0

Then 91 = 92.
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Lemma 3.23 Let
o 0 =& (pX1=1h) wXa=Ff2) &]0,
o 0y Z [& (vXa=Fo) (nX1=11) &]0.

Then it is #; < 5, and moreover, if the inequality is strict then
gl(Xl) < gz(Xl) and gl(Xz) < HQ(XQ)

Lemma 3.24 Let

o 01 Z[& (uX =) &6,

o 0y Z[& (vX=F) &0,

Then it is #; < 5, and moreover, if the inequality is strict then

gl(X) < HQ(X)

Often we need some standard representation of fixpoint-equation sys-
tems, where each right hand side contains at most one of the operators
V or A. Every fixpoint-equation system can be transformed into such

a form by introduction of additional “fresh” variables.
Lemma 3.25
((rX =i A f2) E10)Y) = ([(0X = fi A X) (X' = ) E]O)(Y),
((rX = F1 v F)E10)Y) = ([(0X = fi V X')(o X' = [2)€]0)(V),
where X' is a new variable, i.e. (*) X’ does not occur on the right

hand side of £ or in f or fz, and (**) Y # X'.

For reduction of fixpoint-equation systems the next property is useful:

within a block duplicate equations may be removed.
Lemma 3.26 Let
o 01 Z[& (oXi=f) (6X2=f) &]0

o 0y Z [E1[X1/X5] (0Xo=f[X1/X3]) E[X1/X5]]0
o 0y = 04[X1/04(Xo)]

o

o

Then 91 = 92.
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3.2 Boolean equation systems.

We now introduce Boolean equation systems as a special case of fixpoint-
equation systems, where the underlying lattice is the Boolean lattice
{true, false} with false < true. Of course, syntax and semantics as de-
fined in section 3 apply also to Boolean equation systems. However,
interpreted over the Boolean lattice dealing with fixpoints gets simpler,
and we will reintroduce syntax and semantics for this special case. In
order to distinguish the Boolean case also syntactically we choose [ ]
instead of [ ] as semantic brackets.

Let A be a set of Boolean variables, and f,g,... range over Boolean

expressions. Analogously to definition 3.1 we define:

Definition 3.27 The set of negation free Boolean expressions over
a countable set of variables X’ is denoted by B*(X).

A Boolean equation is of the form o X=f, where o € {u, v}, X is a
Boolean variable X € X, and f € Bt ().

A Boolean equation system is a sequence of Boolean equations. The
empty sequence ¢ is a Boolean equation system; if c X=f is a Boolean
equation and £ is a Boolean equation system, then (¢ X=f) £ is also

a Boolean equation system.

Dealing with fixpoints gets much simpler over the Boolean lattice.
The following two lemmata show that the least and greatest fixpoints
of Boolean functions can be represented as functions themselves. In
contrast to standard definitions it is not necessary to evaluate them

pointwise. (See also definition 2.21 and remark 2.23.)

Lemma 3.28 Suppose f(X) is a monotone Boolean function in the

single variable X. Then pX.f(X) = f(false) and v X.f(X) = f(true).

Lemma 3.29 Suppose f(X1,..., Xy) is a monotone Boolean func-
tion from B” to IB. Then its least and greatest fixpoints with
respect to Xy are pXi.f(X1,...,X,) = f(false, X5,...,X,) and
vX1.f(X1,...,Xy) = fltrue, Xa,...,X,) and both are monotone

function from B*~! to B.
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Proposition 3.30 Let £ be a Boolean equation system, o X=f a
Boolean equation, # an environment, b, = false and b, = true. Then

for the solution of a Boolean equation system it is the case that:

[e]é = @
[(cX=1) €16 = [€101X/ [([€]6[X/b])].

Example: Consider the equation system v X;=X; and arbitrary 6.

[[I/XlzXl]] )

[€] 01X/ (Xa) ([e] 01X/ true])]
01X1/(X1) (0] X1 /true])]
61X /true]

Hence the solution of this Boolean equation system 1s X; = true. <
The size of a Boolean equation system & is defined as the number of

its variables and the size of all its right-hand side expressions,

le] 20
(eX=p) & = 1+[fI+&]

The size of a negation free Boolean expression |f| is the number of
variables and constants contained in f.

A Boolean equation system & is in simple form, if each right-hand side
expression consists of conjunctions, or disjunctions, or a single variable
or a constant.

In some contexts it is useful to restrict the size of the right-hand size
expressions to 2. This gives rise to the following definition of a standard
form for Boolean equation systems.

A Boolean equation system & is in standard form, if
o [hs(€) ={X1,...,X,} for some n € IV
. ifXZ'<]Xj then 7 < j

e cach right-hand side expression consists of a disjunction X; V X, a

conjunction X; A X;, a single variable X; or a constant true or false.



3.2. Boolean equation systems. 41

Proposition 3.31 For each Boolean equation system & there exists
a Boolean equation system &’ in standard form and a renaming
function A, such that ([€]6)(X) = ([E']6)(AM(X)), and & has size

linear in the size of £.

A Boolean equation system can be devided into blocks. A block is
defined as a set of consecutive equations of £ having the same fixpoint
operator in front. Hence we can distinguish p-blocks and v-blocks.
The linear orderings <1 and <] on the equations of a Boolean equation
system extends naturally to an order < and <1 on the blocks of a
Boolean equation system. We now define active variables, nesting

depth and alternation depth for Boolean equation systems..

Definition 3.32 Let

e & be a Boolean equation system,

o oxX=fx,ovY=/fy beequations of &,

o oxX=fx <doyY=fy

Then X is active in oy Y = fy iff

e there is a free occurrence of X in oyY = fy, or

e some variable Z isfreein oy Y =fy, X < Z <Y and X is active
nozZ=7Ffz.

A variable X is active in a block &, if it is active in any equation of

&;.

A block &; is active in a block &;, if some variable X in an equation

ox X =fx of & is active in &;.

When defining the nesting depth and alternation depth of fixpoint
operators for expressions we have to take into account that the subfor-
mula order is a partial order. In the case of Boolean equation systems
we have just a linear order on the equations. However, the partial order
is reflected by the possible applications of lemma 3.22 to interchange

equations.
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Definition 3.33 The nesting depth of a Boolean equation system
& is the minimal number of blocks of all Boolean equation systems
that can be derived from & by (repeated) interchanging of equations

according to lemma 3.22.

Definition 3.34 Let

e & be a Boolean equation system,
e Xy = fid...<d0,X, = fp a chain of Boolean equations of
maximal length, such that for every 1 << n
(1) X; is active in 0341 Xi41 = fit1,
(2) X, is free in f,, and
(3) oi # oiy1,
Then & has alternation depth n, i.e. ad(€) = n.

Section 3 contains a number of properties of fixpoint equation systems,
which are, of course, also valid for the special case of Boolean equation
systems. In addition to these there exist more properties for Boolean
equation systems, which will be needed in later chapters.

The complementation £ of a Boolean equation system is defined in-

ductively as follows:

(X=N¢ = @EX=T)E

where = v
v u
true = false
false = true
X = XforXex

Jinfo = AV]
iV = AAfR

The complement @ of an environment @ is defined as (X) = §(X).

The complementation lemma for Boolean equation systems 1s:

Lemma 3.35 ([£]0)(X) = false iff ([£] 8)(X) = true.
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The next 1s a very strong property about a reduction of Boolean equa-
tion systems preserving their solution. Having a Boolean equation
system & in standard form we can construct a new Boolean equa-
tion system &’ in the following way: all equations having conjunctions
or constants on their right-hand side are unchanged and become equa-
tions of £’. In every equation of £ with a disjunction on the right-hand
side one disjunct is selected as the new right-hand side for the equation
in &. Note that &£ contains no proper disjunctions and we say, such
a system is in conjunctive form. The order of variables in £ and &’
is the same. From definition 3.15 and lemma 3.16 we know already
that for every environment @ the solution of £’ is lower or equal to the
solution of £. The following proposition says even more: for every 6
there exists a choice of disjuncts, such that £ and & have the same
solution. The dual property holds when choosing conjuncts instead of

disjuncts.

Proposition 3.36 Given a Boolean equation system & and an
environment & there exist Boolean equation systems £’ and £” with
the properties:

e &’ isin conjunctive form,

o £ <& and

o [E]0=1]&]6.

For £” the dual properties hold:

e &' isin disjunctive form,

o £">& and

o [E"6=1[E&]6.

Corollary 3.37 For Boolean equation system £ and an environ-
ment @ there exists a Boolean equation system &£’ with the following
properties:

o [£]10=1[&T0, and

e &' is derived from & by selecting in every equation one variable

of the right hand expression.



44 Chapter 3. Fixpoint-equation systems.

Proof: Apply proposition 3.36 for the disjunctive and then for the

conjunctive case. a



Chapter 4

The modal p-calculus.

This chapter gives an introduction to the modal p-calculus according
to Kozen’s propositional p-calculus [Koz83]. The modal pi-calculus has
been widely studied and detailed introductions can be found in several
places, such as [Sti93] and [Eme91]. Here we will briefly review the
logic and its properties and we give associated definitions relevant to

our work.

4.1 Syntax and semantics.

The syntax of the modal p-calculus is defined with respect to a set Q
of atomic propositions including true and false, a finite set £ of action
labels and a denumerable set Z of propositional variables. A formula

of the modal p-calculus is an expression of the form:
S:=7|Q|-P|PAD|[a]D|u”.D,
where 7 € Z, @@ € Q and a € £, and where in vZ.® every free

occurrence of Z in @ falls under an even number of negations. The

standard conventions for the derived operators and abbreviations are:
B VP, = (=D A D)
(a)® = a0
[K]® = [a]®

eK
def
= eK<a>q)

A(I
V
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K & [\ K]®
-]® = [£]®
V2D 077,
where K C £, and ®[Z/—7] means the syntactical substitution of

every occurrence of Z in ¢ by —7.

We denote the set of all modal p-calculus formulae by plL, and the
subset of fixpoint free formulae by Ilj.

A formula is in positive normal form, if negations apply only to
atomic propositions and no variable is quantified twice. Every for-
mula can be transformed syntactically into positive normal form by
using the derived operators, applying the De Morgan rules and re-
naming variables. Therefore, we can restrict the set of formulae to the
positive fragment assuming that for every atomic proposition @) € Q
the negation of @ is also an atomic proposition, i.e. an element of Q.

In this sense, an equivalent definition of the syntax is:
:=Z|Q|PAND|DPVD|[a]®| ()P | pu”l.D|vZ.D

In the following we will refer only to formulae of the positive fragment
and assume that they are in normal form.

Formulae of the modal p-calculus with the set £ of action labels are
interpreted relative to a labelled transition system 7 = (8, {3|a €
L}), where S is a possibly infinite set of states and 5C 8 xS for every
a € L a binary relation on states. The union of all relations is denoted
by — = User 5. A valuation function V assigns to every atomic
proposition ) in @ and propositional variable 7 in Z a set of states
V(Q) C S and V(Z) C § meaning that proposition @ and variable 7
hold for every state in V(@) and V(7). The pair 7 and V is called a
model M of the modal p-calculus. The semantics of each p-calculus
formula ® is the set of states |®|],. A state s satisfies a formula @,
written as s =g @, iff s €|®|J, which is defined inductively as follows:

IRy = V(@)
1215 = v(2)
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[V @l = 0T U jeal)
[0 ARy = [T N ealh

ey = [ o}

[ayal} = (a)T ol

nzaly = ({5 S S I91F51C ')
wzely = S CS|S Clel,s)

where [a]’S" £ {s|Vs'€S. ifs S s then s'€S'}
(a7 = (5|3 €S s S5}

Examples for p-calculus formulae will be given below. First we want
to introduce some technical terms.

The size of a transition system includes the number of states and the
=S|+ =]

A\
The branching degree |—> | is the max1mal number of successors that

number of transitions, | 7|

any state of the transition system has, |—> | £ mazees|{s’ | s — s}
An upper bound for the branching degree is the number of states |S|.

The size of a formula |®| is defined as follows:

17l = Q=1
@1V Q2| =[] + [Do]
[P1A Q2| = |P1] + [Do]

[a]®] = 1+|2
(a)®| = 1+][9
|uz.® = 1+|9|
vZ.® = 1+ |9

Definition 4.1 As usual, subformulae of a formula ® are defined
inductively on the structure of ®. If ¥ 1s a subformula of ® we will

write ® < ¥ and ¢ < ¥ if it is a proper subformula.
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Definition 4.2 In a formula ¢Z.¥ each occurrence of the variable
Z 18 bound. An occurrence of X in ® is bound, if it is bound in any
subformula of ®. An occurrence of a variable which 1s not bound is

called free.

We now want to introduce the notions of nesting depth and alter-
nation depth of fixpoint operators for formulae of L. The latter
will be defined via active variables as introduced by Kozen [Koz83].
Alternation depth was defined by Emerson and Lei [EL86] and is a
relevant size for many model checking algorithms. Niwiriski [Niw86]
gave a more sensible definition for alternation depth which we will use
with a minor extension. Its definition based on active variables follows
Kaivola [Kai96]. There a more detailed discussion of these concepts
can be found. A small example for demonstrating the differences is:
the Emerson-Lei alternation depth of v X.uY.vZ. X 18 3, its Niwiniski

alternation depth is 2, whereas we want it to be 1.

Definition 4.3 Let

e & be a formula,
e dJdo X 1.V «...10,X,.¥,; a chain of subformulae of maxi-
mal length.

Then & has nesting depth n, i.e. nd(®) = n.

Definition 4.4 Let

e & be a modal p-calculus formula,

e W be a subformula of @, 1.e. ® < W¥, and
e 7 avariable.

Then Z is active in ¥ iff

e there is a free occurrence of 7 in ¥, or

e some variable Z’ is free in ¥, ® < ¢Z'. W' < ¥, and 7 is active
in oz,
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Definition 4.5 Let

e & be a formula,

e dJdo X 1.V «...10,X,.¥,; a chain of subformulae of maxi-
mal length, such that for every 1 <i < n
(1) X;is active in o341 Xi41. W41,
(2) X, is free in ¥,, and
(3) o; # 0iq1.

Then & has alternation depth n, i.e. ad(®) = n.

Note that our extension consists of point (2) in the previous definition.

Leaving it out would give Niwinski alternation depth.

4.2 Basic formulae.

It needs some practice to read and create p-calculus formulae. How-
ever, there are only a few basic structures, from which formulae are
built up, and we want to explain them here.

The first aspect to make clear is the difference between the modalities
[a] and (a). The formula [a]® is true at a state for which necessarily
the a-successors fulfill @, the formula (a)® is true at a state for which

possibly the a-successors fulfill ®.
s1EQ b EQ

/a/’ . / i

30_a>32|:Q _a>t2|:

- S

53

b
Ug — U3

For the first transition system, we have sy = ()@ and sy |= [a]@. For
the second one it is ¢y |= (a)@, because ty has an a-successor fulfilling
Q, but {y £ [a]Q, as iy also has an a-successor fulfilling —=@). In the
third transition system we get ug = (a)@, due to the absence of an a-

successor, but ug |= [a]@, because there is no a-successor not fulfilling

Q.
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Crucial is the difference between least and greatest fixpoints. In gen-
eral, least fixpoints describe finite behaviour, greatest fixpoints addi-
tionaly also infinite behaviour. In the transition systems below we

assume —() at each state, where the opposite is not stated explicitly.

ST i
vy vy EQ wy Wr—s w3 @
> \

The formula pZ.{a)Z Vv @ stands for the property “there exists an a-
path on which eventually @ will hold”. It holds both states v; and
wy. The universal counterpart “on all paths eventually @ will hold”,
expressed by puZ.[a]Z Vv @, holds for vy, but not for wy, because on
the infinite path wiwswiws, ... the atomic proposition () never holds.
Considering the semantic definition of a least fixpoint, we have that
the subset {ws} satisfies the inequality:

||[a]XVQ||€[Z/{w3}] = [al"{ws}U{ws} = OBU{ws} C {ws}
It follows that in the intersection of all sets satisfying the inequality
wy 18 not contained, and hence is not an element of the least fixpoint,
which coincides with the informal argumentation above.

With a greatest fixpoint, the proposition “on all a-paths always @
holds” can be formulated as vZ.[a]Z A Q. In the transition systems
above it only holds at ws.

Combining least and greatest fixpoints allows us to express more com-
plicated properties. The formulavZ.uX . (([a]ZAQ)V[a]X) corresponds
to the proposition “on all infinite a-paths infinitely often ) holds”. To
make the structure plausible, consider the two fragments of the for-
mula pX.(([a]Z A Q) V [a] X) saying “eventually ([a]Z A Q) will hold”
and vZ.([a]Z A Q) saying “always @ will hold”. Combining them in
one formula gives “always, either @) holds, or, if it does not, then even-
tually ¢ will hold” which is equivalent to the first explanation above.
In the transition systems above, this formula satisfies v1 and ws. The
existential version vZ.uX.(({a)Z A Q) V {a)X) holds also for w;.

As last example consider the property “eventually @) will always hold”,
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expressed by the formula pX.vZ.(([a]Z A Q) V [a]X). Here, the least
fixpoint is the outermost and the difference to the previous formula
lies in the order of “always eventually” and “eventually always”.

In chapter 7 we use some more sophisticated formulae, but they are

explainable with the basic examples discussed in this section.

4.3 Properties of the modal p-calculus.

The modal g-calculus 1s a branching time logic, in that at each state
all successors or some successor may be considered. In fact, this is
the only way of looking at the next state within a path. It stands in
contrast to linear time (temporal) logic. There, the models are sets
of runs and in each run there 1s one unique successor for each state. A
branching time property which cannot be expressed in linear time is:

it is always possible to continue in such a way that eventually ) holds.

Expressiveness

The modal p-calculus subsumes many other temporal logics, such as
Propositional Dynamic Logic (PDL) [FR79], PDL-A [Str82], Compu-
tation Tree Logic (CTL) [CE81], its extended versions CTL* [EH86],
and ECTL* [VW83], Hennessy-Milner logic [HM85], and linear time
p-calculus.

However, translations from these logics (apart from Hennessy-Milner
logic) into modal p-calculus are non-trivial, e.g. for CTL* is it double-
exponential, for ECTL* the translation is single-exponential [Dam92],
as 1t 1s also for linear time p-calculus.

The fragment L; of the modal p-calculus consists of formulae which
contain only disjunctions, diaa next step operators, and, as in the gen-
eral case, constants, variables and the fixpoint operators. The fragment
Ly includes Ly and allows conjunctions and [a]-operators in a restricted
form: they may be applied only to closed subformulae. In [EJS93] L,
was shown to be exactly as expressive as ECTL*. In the definition be-

low @5 denotes a formula that is closed and generated by the grammar.



52 Chapter 4. The modal pu-calculus.

The set of formulae of Lo 1s defined as:
q)z L= Q | Z | q)z \/(1)2 | q)z /\<I>§ | <Cl><I)2 | [a]CI)g | /,LZq)z | I/Z.q)z

For a long time it was not known, whether alternation depth of more
than 3 increases the expressiveness of the modal p-calculus. Bradfield
[Bra96] showed the strictness of the alternation hierarchy by transform-
ing it to the mu-arithmetic hierarchy. Independently, Lenzi [Len96]
proved the same result.

Comparing modal logics with propositional logic gives the following
relations: in modal logic without fixpoints first order properties can be
expressed, but modal logic lies strictly between propositional logic and
first order logic. Adding fixpoint operators to modal logic shifts the
expressive power beyond first order: the modal p-calculus lies between
first and second order logic.

Kozen and Parikh [KP83] reduced the modal p-calculus to SnS, the
monadic second order theory of n successors. In [Hiit90] Hiittel showed

it to be equi-expressive to SnS.

Axiomatization

Kozen [Koz83] gave an axiomatization for a fragment of the modal
p-calculus (the aconjunctive fragment). For a long time the axiomati-
zation for the full modal p-calculus was an open question.
Walukiewicz [Wal95b] showed the completeness of Kozen’s axiomati-
zation for the full modal p-calculus. Ambler, Kwiatkowska, Measor
and Bonsangue ([AKM95], [BK95]) proved the same result, and inde-
pendently also Hartonas [Har95], by means of modal duality theory.

Decidability

The question of decidability is: given a formula of the modal p-calculus,
does there exist a model for 1t?

From the reduction of the modal p-calculus to SnS [KP83] the decid-
ability follows giving a non-elementary decision procedure.

In [Koz88] Kozen proved a finite model theorem for the modal pu-
calculus, saying that every formula having a model has also a finite

model. He also gives a nonelementary decision procedure.
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In [EJ88] Emerson and Jutla showed that decidability of the modal -
calculus has deterministic exponential time complexity. By a reduction
from alternating polynomial space Turing automata it follows that the
problem is EXPTIME complete [Eme96].

Model Checking

The model checking problem is: Given a model and a formula of the
modal p-calculus does initial state of the transition system satisfy the
formula?

Many authors restrict the models to finite ones. We want to consider
models with both finite and infinite state spaces. Chapters 5 to 8 will
deal with finite state space model checking, chapter 9 with the infinite
case.

The size of the model checking problem is defined as |®| x |7, where
® is a formula and 7 a transition system.

Zhang, Sokolsky and Smolka [ZSS94] showed that finite state space
model checking is P-hard, even for the alternation free fragment. It
follows from Emerson and Lei’s [EL86] polynomial algorithm for frag-
ments with restricted alternation depth that for these fragments model
checking 1s P-complete.

Kalorkoti [Kal96] pointed out that a monotone Boolean circuit can
trivially be expressed as a set of Boolean equations (with any fixpoint
operators), and P-hardness follows from the equivalence of the model
checking problem and solving Boolean equation systems, which will be
proved in chapter 5.

The best known upper bound for model checking in the unrestricted p-
calculus is NP N co-NP, proved by Emerson, Jutla and Sistla [EJS93].
Section 6.5 contains a proof of this result in our framework.

In figure 4.1 below, we illustrate the model checking problem.

The set of p-calculus formulae L, factorized by the equivalence rela-
tion < forms a lattice, where formulae are ordered by implication,
known as the Lindenbaum algebra of L,. The semantic function
[1:L.— B(S)

monotone and maps each formula to the set of states that satisfy the

formula. The powerset (S) is a complete lattice.
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true S

I

false 0

Figure 4.1. Lattices of the modal p-calculus and its semantics

If | | were continuous, we could immediately derive that (L,/ <)
would also be a complete lattice. However, this is not the case, and
one example for non-continuity is [a]®, where |[a]®|,= [a]” |®|]; and
[a]” is only continuous for transition systems with finite branching
degree (see [Sti93] p.499).

One strategy to solve the model checking problem is to determine the
set of states for which the formula given holds, and then to check
whether the initial state is an element of this set. This approach is
called global model checking. The strategy of local model checking

tries to answer the question directly for the initial state.



Chapter 5

Boolean equation
systems for model

checking.

The main interest of this chapter is to show the equivalence of the
model checking problem for the modal p-calculus and the problem
of solving Boolean equation systems. Several authors have reduced
the model checking problem into Boolean equation systems: Arnold
and Crubille [AC88], Andersen [And92], Larsen [Lar92], Vergauwen
and Levi [VL94] and others. However, they mainly derive Boolean
equation systems for the case of simple fixpoints. One reason is, that
the approximation scheme using backtracking, the most well known
algorithm giving a solution to (nested) fixpoint expressions, requires
subsequently solving simple fixpoint expressions. Therefore; there is
no need for defining fixpoint-equation systems with nested and alter-
nating fixpoint operators. In contrast to this we want to investigate the
general case of Boolean equation systems independently from any algo-
rithm. Existing model checking algorithms can now be interpreted as
algorithms for solving Boolean equation systems and vice versa. Fur-

thermore, we have a number of useful properties of fixpoint-equation
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systems collected in chapter 3. They allow us to derive new algorithms
and help to give a clearer understanding of the basic problem. More-
over, the equivalence to other frameworks solving the model checking
problem will be shown, as they can be found in automata theory and
game theory (chapter 8).

Section 5 contains the reduction of the model checking problem. It con-
sists of a syntactical mapping from a p-calculus formula and a model
to a Boolean equation system, and the proof that the formula holds
at the initial state of the transition system, iff the Boolean equation
system derived has the solution true for a corresponding variable. In
section 5.2 it will be shown that there exists a reduction which is linear
in the size of the formula as well as in the size of the transition sys-
tem. A polynomial reduction from Boolean equation systems to model

checking problems is presented in section 5.2.

5.1 Reduction of the model checking

problem.

The transformation function E maps a pair (®, M) consisting of a
modal p-calculus formula ® and a model M to a Boolean equation
system.

E refers to a set of functions {Eq, ...E,}, where each E;, for 1 < i < n,
1s related to state s; of the transition system.

Roughly the function E is responsible for the linearization of a nested
fixpoint formula, whereas the function E; maps a modal p-calculus
formula to a Boolean expression at state s;. We will omit the second
argument M of E when it is clear from the context. Note, that the
transformation is defined for formulae having a fixpoint as outermost
operator. A formula ® not in this form can easily transformed to an
equivalent formula ¢ X.® by addition of an effectless fixpoint operator,

where X is not free in @ (see proposition 2.17(5)).
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BQ) = «
E(X) = «¢
E(@A®,) = E(@) E(®,)
E(®, V) = E(@) E(®,)
B(lo) = B()
B(()d) = B(®)
E(cX.®) = (¢X1=E{(®))...(cX,=E,(P)) E(P)

and for 1 <i<n

B0 = | e
EI(X) = X;
Ei(q)l A <I>2) = Ei(q)l) A Ei(q)z)
Ei(q)l vV <I>2) = Ei(q)l) vV Ei(q)z)
E;i([a]®) = E;(®)
Ei({(a)®) = E;(®)
Ei(O'X.CI)) = );Z ]

For a valuation V the environment 6y is defined as: 0y (X;) = true iff
si € V(X).
The following reduction theorem shows that the transformation pre-
serves the semantics, i.e. a property satisfies a state in a model iff the
corresponding variable in the Boolean equation system derived has the
solution true.
Theorem 5.1 Let 0X.® be a formula of the modal p-calculus,
M = (T,V) amodel and s; a state of 7.

Then for all environments 6y, it is the case that

S ':M cX.® iff ([[ E( (O’XICI)),M) ]] 91)) (Xz) = true.
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A proof can be found in the appendix. A motivation for it will be after
the following example.

Example: Consider the transition system de-

picted, and let @) hold for so, but not for sq, a

i.e. V(@) = {s2}. The proposition we want to N
prove is “on some infinite a-path @ holds in- S S9
finitely often”, v X . uY{a)((Q A X) VY). The A
reduction to a Boolean equation system is: a

E(vX 1Y.(a)(Q A X) VY))

= WX1=E((Y)) wX2=E2(Y)) EpY(a)(QAX)VY)
vXi=Y1) (vXo=Ys) (u¥1=Ei((0)((Q A X) VY)))
pYe=E;((a)((@ A X) VY))) E((a)((QAX)VY))
VX1=Y1) (vXa=Ya)
pY1=Ex((QAX)VY))) (pYa=E((QAX)VY)))
E(QAX)VY)

(
(
(
(

= (I/X1 :Yl) (I/XQIYQ)
(quz(true /\Xz) V Yz))) (ﬂYzz(false A Xl) V Yl)))

= (I/X1 :Yl) (I/XQIYQ) (/,LYl =X \/Yz) (/,LYZ :Yl) <

The proof of theorem 5.1 will take several intermediate steps. Roughly
a p-calculus formula has to be mapped to a p-calculus equation system.
Then the latter is mapped to a equation system on the power set of
the state space, where modal operators are mapped to set operators
etc. The last step reflects the isomorphism between sets and Boolean
vectors. For the base case of expressions the situation can be illustrated
as follows: Recall that Iy is the set of fixpoint-free expressions of
the modal p-calculus, i.e., the expressions of the propositional modal
logic. The equivalence classes of Il together with the implication

ordering form a lattice (IIp/<, =), the Lindenbaum algebra of TIj.
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true S (true, ..., true)

IR

Iy

false 0 (false, ..., false)

Figure 5.1. Lattices for modal p-calculus, state space and Boolean vector space

The powerset of the state space § = {s1,...,s,} with the inclusion
order forms a complete lattice (P(S),C). The evaluation function
11T : o — PB(S) is monotone (and continuous). The extension of
the evaluation function from Il; to expressions over Il maps modal
operators [a], (a) to set operators [a]”, {(a)7, modal variables to set
variables and the logical operators A, V to the set operators N, U. Thus
we get an expression over the powerset of the state space. Defining
false < true the Boolean lattice (IBIS!, <I81) with pointwise ordering is
isomorphic to (P(S), C). The last step leads from a vector expression
in IB" to a Boolean equation system; a vector expression is split into

n expressions and the operators [a]”, {(a)7 are evaluated.

5.2 Representation and complexity.

A straightforward application of the transformation E may lead to a
Boolean equation system of exponential size in the nesting depth of
modal operators. The problem is discussed in e.g. [And92]: an equa-
tion in L4 of the form o, X; = (a)[a] . . . {a)[a] X; with { modal operators
is transformed to |S| equations of the form \/; A, ...V, _ Ap Xk
for some index sets I1,..., ;. Obviously the size of this expression is
bounded by |—E |!, where |—E | is the branching degree of the under-

lying transition system. The upper bound for the branching degree is
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the size of the state space |S|.

In order to avoid such blow up Arnold and Crubille [AC88] suggested
to transform p-calculus equations into simple form, i.e. each right
hand side consists of a disjunct X; V X; or a conjunct X; A X; or one
modal operator in front of a variable [a]X or (a)X. The transforma-
tion is done by introduction of additional variables. For the general
case of nested fixpoint operators in proposition 3.25 the correctness
of introducing new variables and equations is proved for disjunctions
and conjunctions. The correctness of introducing new variables and
equations for modal operators can be shown similarly to the proof of
lemma 3.25.

Using this technique the size of a Boolean equation system resulting
from the transformation E from a modal p-calculus formula ¢ and a
model (7,V) is bound by O(|®||T]). A discussion of the representation
assumptions for this result can be found in Andersen [And92]. The
Boolean equation system derived from a model checking problem is
then also in simple form as defined in section 3.2.

Example: Consider a transition system with k states and from each
state exists an a-transition to each other state (not to itself). The

p-calculus formula is v X.[a](a) X .

Figure 5.2. Transition system
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The Boolean equation system derived from

an untransformed equation simple form equations
vX=[al{a)X (vX =[a]X") (vX'={a)X)
has size of O(k?): has size of O(k):
k k
I/X1 = /\ \/ Xz' I/X1 = /\ X;
J=2i=11#] j=2
k
vX; = X
j=2
k=1 & k-1
vX, = \/ X; vX, = /\ X;
j=li=1,i#j J=1
k—1
v, = \/ Xj
j=1
<

It is obvious that nesting depth and alternation depth of a Boolean
equation system are not greater than nesting depth and alternation
depth of the underlying p-calculus formula. In dependency of the

model these numbers can decrease as the following example will show:

Example: Consider the p-calculus formula
S =vX.(a)pY.[b]X Ala]Y

and the transition system depicted.

Transformation to a Boolean equation system a

& gives: T
(I/X1:Y2) (VX22Y1) (/,LY1:Y2) (/,LYQIY1) S1 S9
® has nesting depth and alternation depth 2. v

& has nesting depth 2 and alternation depth 1. a
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5.3 Reduction of Boolean equation

systems.

In order to show that the model checking problem and the problem of
solving a Boolean equation system are equivalent we also have to give a
transformation in the other direction. For any closed Boolean equation
system & we will construct a formula of the modal p-calculus @ and a
model M such that £ and E(®, M) are equivalent, i.e. for all variables
of £ they have the same solution. Roughly, after some reordering of
equations and introduction of new equations an equation system is
divided into blocks. We define a transition system that consists of as
many states as the largest block contains equations. Transitions are
defined straightforwardly in such a way, that the transformation E
produces the required expressions.
Theorem 5.2 For a closed Boolean equation system & there exists
a proposition of the modal g-calculus ® and a model M = (7,V),
such that for a variable renaming function p on the variables of &£,
all X € [hs(€) and environments ¢

([£19)(X) = ([E(®, M)] 0)(p(X)).

It is ad(€) < ad(®), T is of size O(|€|*) and @ is of size O(|€]?).

Proof: The construction of ® and a transition system is performed

in seven steps. We assume that the Boolean equation system & is in

standard form.

(1) Divide & into blocks, such that consecutive blocks have different
fixpoint operators and within one block there is a unique fixpoint

operator.

(2) Within each block move all disjunctions to the top and the con-
junctions to the bottom according to theorem 3.21. Now divide
each block into two new blocks, such that one contains no dis-
junctions (called conjunctive block) and the other one contains

no conjunctions (called disjunctive block).
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(3)

Introduce a new variable for each block and if X is the variable
of a block rename all the left-hand side variables of this block
to Xq,...,X; for some j € IN. Let p be the injective renaming

function which maps an “old” variable to a “new” one.

Transform the Boolean equation system into an equivalent one, &£’
in the following way. Assume there is occurrence of a variable X
on the right hand side of an equation Y = f, where Y < X and X
is not a variable of the same block as Y and not of the directly sub-
sequent block. Then introduce a new variable X', transform the
equation above to oY = f[X/X’] and add the equation ¢/ X' = X
to the directly subsequent block, where ¢ is the fixpoint oper-
ator of this block. Continue with introduction of new variables
until there is no occurrence of a variable which belongs to a sub-
sequent, but not directly subsequent block. Choose names of new
variables, such that within one block there is still a unique vari-
able name and consequent variables are numbered by consequent
indices. The transformation is correct according to lemmata 3.25
and 3.22. The additional blow-up of the Boolean equation system

= | £ |, because in each block of &’

is not more than O(n?) for n =
cannot be added more equations than the number of right-hand

side variables in the preceding blocks of £.

If n is the highest index appearing in one of the blocks then create
a transition system 7 consisting of n states numbered 1 to n.
Define a set of action labels, such that for each ordered pair of
(block) variables (X,Y) there exists a unique label z,. Transform
the equations and add labelled transitions to the transition system
as follows. Let 1 < 4,5,k <n.

for equations of a disjunctive block, add to T transition(s)
o Xi=YiVZ ~ oXi=(z)YV(£.)Z i3 i5k
o Xi =Y w0 X = (2,)Y i3

for equations of a conjunctive block, add to 7 transition(s)

G Xi=Yi AT ~ o Xi= eV N[22 i3 i 5k

UiXi = Y] ~ UiXi = [l‘y]Y Z#]
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The transformation does not increase the size of the equation sys-

tem (apart from addition of modalities).

(6) Create a sequence of expressions, one for each block. For each

disjunctive block with variables Xy, ..., X define

k

\/{<E’|0’Xi =®&; is an equation}.
i=1

def

by =

Note that according to the choice of action labels each variable
appears at most once in ®x (assuming that (z,)Y V (2,)Y is

reduced to (z,)Y’). Create the expression ¢ X.®x.
Dually, for each conjunctive block with variables X, ..., Xj define

k
;|0 X; =®; is an equation}.
®;|0X; = ®; is an equati
i=1

def

by =

Again according to the choice of action labels each variable ap-
pears at most once in ®x. Create the expression 0 X.®x.

The size of ¢ X.®x is linear in the number of blocks of &'.

(7) By construction the sequence of expressions has the property: in
o X.®x occur only left-hand side variables from preceding expres-
sions or from the directly subsequent one. Generate an expression
® starting with the first expression of the sequence and the iter-
atively substituting the variable which 1s left-hand side variable
of the next expression by the next expression. Show that £’ is a
subsystem of E(®, M), where M consists of the transition sys-
tem 7 and an arbitrary valuation (this is, because the formulae

constructed do not contain atomic propositions).

The size of ® is linear in the size of all ®x, and hence quadratic
in the number of blocks of £. Then, altogether, the size of ® is
O(b?), where b is the number of blocks in &, and the transition
system T has at most n states and 2n transitions, where n 1s the

number of equations in &. |

It is easy to show that & is a subsystem of E(®, Mr), where My =
(T,V). The valuation V can be chosen arbitrarily, because the formu-

lae constructed do not contain constants.
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Remark 5.3 The number of action labels is quadratic in the num-
ber of blocks of £, but does not depend on the size of blocks. When
considering infinite Boolean equation systems we assume that the
number of blocks is finite, but within each block there may be an
infinite number of equations. The transformation for the infinite
case then works as the one for the finite case, only the transition
system will have an infinite number of states. The formula & has

size quadratic in the number of blocks.

Example: step 1:

Boolean equation system step 2: block structure
uzy = Zs N Zs uzy = Zs N Zs
Uis = Zyg N Zs Wris = Za N Zs
vis = 41 N Zg vis = Z1 N Zg
urzs = Zs N Uy uzs = Zs N Zs
uris = Zs N Zs wris = Za N U3
wris = Zyg N Zs wuris = Zs N Zs

step 3: renaming step 4: introduction of

additional variables

wly, = W, v 7 uly = Vo VvV V5
Vi = X1 A Xy uVi = Wy A Ws
vW, = U VvV X5 uVo = W
uX; = Vi v Y uVs = Wy
Xy = Xu vV W vWi, = U VvV Xy
Y, = Wy AV vWe = X3

vWs = X»

vWys = X3

uXy = Vi v Y

Xy = X3 vV W

pXs = Y

/JYl = W1 A V1
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step 5: creating equations and a transition system

s = (u)V v {(u)V
uVi = o)W A oW Y1, Y2,
wiy TNy 21,222, V, W

wVa = Ju,|W

Vs = Ju,|W

vy = {(w)U VvV (wy)X

vWy = (w)X

vWs = (w)X

vWy = (w)X

uXs = (x,)V vV (z,)Y

uXo = {e)X V. (zw)W

pXs = ()Y

w1 = [wW A (w]V

step 6: create one expression for each block

wU{uy )V

wV v |W

vWAwy )U V {wy) X

uX e )V V (20)X V(2 )W V (2,)Y
1Y [y ]W A [go]V

step 7: generate one expression

WU ()
1V [vw](
vWAwy)U V {(wg)(
UX {2 )V V (25)X V (2 )WV (2)(
1Y [y W A Ty ]V )
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translate formula and transition
system created back to a

Boolean equation system

plh = Vo VvV Vs
pulUs = false
pulUs = false
plUs = false
Wi = We AN Wi
uVo = Wy
uVs = Wy
uVy = true
v, = Uy VvV X
vWe = Xy
vWs = X,
vWys = X3
pXy = W vV Y]
uXy = X4 v W
pXs = Y
puXy = false
pyp, = Wi AW
puYs = false
puYs = false
puYy = false
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Chapter 6

Solving Boolean

equation systems.

In this chapter we will illuminate various methods for solving Boolean
equation systems. All of them are in fact model checking algorithms.
Usually they are presented within different settings. Here they are all
discussed within one framework. This allows a clearer understanding

of concepts.

We distinguish two basic classes of methods, the global ones and the
local ones. The global ones require the full Boolean equation system
and their result is a complete solution for all variables. The local
ones try to determine a subset of equations which gives sufficient in-
formation to calculate the solution for the single variable which 1s of
interest. (Usually it is the variable which corresponds to the initial
state of the transition system and the property to prove.) The worst
case complexity of local algorithms can never be better than the one
of global algorithms: in the worst case the whole equation system is
involved in the solution for the first variable. However, in some average
case 1t 1s likely that just a subset of the equations contains sufficient
information and therefore local methods might have better average

case complexity. Traditionally, approximation techniques (see section
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6.2) belong to the global algorithms, tableau methods (see section 6.3)
to the local ones. However, borders between the approaches are not
strict. There exists an approximation based algorithm which works
locally; the Gauf elimination algorithm (see section 6.4) exists in both
versions.

In chapter 8 we will consider other frameworks, in which there exist
problems equivalent to solving Boolean equation systems. Of course,
algorithms solving an equivalent problem also solve Boolean equation

systems.

6.1 Plain Boolean equation systems.

For the moment we consider closed Boolean equation systems in simple
form without any minimality and maximality conditions, i.e. we just
forget about the os. The remaining system &, is not an ordered set
of Boolean equations of the form X; = f; for some 1 <7 < n. A
solution (or fixpoint) of &, is an environment 6 : [hs(E,) — B, such
that for each equation X; = f; it is f;(#) = 6(X;). An equation
system &, can easily be transformed into a Boolean function of the
form Vi cjen(fi AX))V (fI AX;) = 0. Tt is a well studied area what
the solutions of such a function are (see for example [Rud74]).

The condition that all f;s are monotone ensures that the set of all
solutions of the Boolean function form a complete lattice. The number
of solutions is in general exponential in the number of equations.
From a plain Boolean equation system &, we can derive two sorts of
graphs: the order graph telling order conditions for the variables in ev-
ery solution and the dependency graph showing the interdependency
of the variables in the system.

The order graph is a representation of order conditions derived from
the equations. Tt consists of a set of vertices {1,...,n, true false}, one
vertex for each equation of the system &, and two for the Boolean
constants. If there is an equation X; = X; A Xj, in &, then for every
solution of &, it is the case that X; < X; and X; < X;. Hence
there will be the edges j — ¢ and k& — ¢ in the order graph. Dually, if
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Xi; = X;VXy then X; > X; and X; > X, and the order graph contains
the edges ¢ — 7 and ¢ — k. Cycles in the order graph indicate that
all variables in the cycle have to be equal in every solution. However,
there exist environments fulfilling all conditions of the order graph,
but not being solutions of the system. For example 0(X;) = false,
8(X;) = true and #(Xy) = true fulfills the order conditions derived
from X; = X; A X}, but is not a solution of the equation.

The dependency graph of a plain Boolean equation system &, also
has the vertices {1,... n,true false}. Tt is a representation of the
dependency relations derived form the equations. For an equation
Xi = X; AN Xy or Xy = X; V X, the dependency graph contains the
edges 7 — ¢ and k& — 7. The information we can get from the depen-
dency graph is for example about the nesting structure of the equa-
tions. Parts of the graph which are not strongly connected indicate
that the underlying system can be decomposed in parts which can be
solved one after the other.

Our question now is what is the solution we are interested in, when
we add to our equation system minimality and maximality conditions
and order.

For Boolean equation systems with only maximal fixpoints or only
minimal fixpoints Andersen [And94a] investigated dependency graphs
(boolean graphs in his terminology) and derived efficient algorithms
for determining the maximal, or minimal resp. fixpoint.

For the case of nested and alternating maximal and minimal fixpoints
things get more complicated. Clearly, the solution of the system with
fixpoint operators is one of the solutions of the related plain Boolean
equation system. Now an interesting question is, which one of the so-
lutions of the plain Boolean equation system is the one we want? A
first idea is that it is the lexicographically least solution of the plain
system. The lexicographic order is derived from the fixpoint operators
as in definition 3.4 and the characterization of the solution from propo-
sition 3.5 suggests such an idea. The first example below will show,
that this is not the case. The second example will show that it is even

worse. There we present two Boolean equation systems, both having
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the same fixpoint operators in the same order, and both having the
set of solutions for their plain version. However, their solutions differ.
This indicates, that the set of fixpoints of the plain system and the
fixpoint operators do not provide enough information to select the so-
lution. All algorithms we will discuss in this chapter have to determine
the solutions of the subsystems first (in some abstract view). This is
an argument for that the traditional methods for solving plain Boolean
equation systems do not help in the case here.

Example: Let (X7 = X3)(rX2=X2) be a Boolean equation system.
There exist two environments fulfilling the both conditions above:

61 = O[X;/true][X2o/true] and 6, = O[X; /false][ X5 /false]. For both,
i=1,2, it is (X1)(0;) = 6;(X1) and (X2)(6;) = 0;(X2).

However, the solution of [vX2.X3] 0[X1/0;(X1)] is X2 = true for both
environments, 1=1,2. Hence the solution of the whole system 1s 64,
l.e. X; = true, Xo = true, whereas the lexicographic least fixpoint is
X1 = false, X5 = false. <
Example: The plain equation system X; = X9, Xy = X5, has the so-
lutions (true, true) and (false, false). The solution for the Boolean equa-
tion system is ([(vX1=X2)(uX2=X32)]0)(X;) = false for ¢ = 1,2.
The plain equation system X; = X5, Xo = X also has the solutions
(true, true) and (false, false). However, here we have another solution for
the Boolean equation system, ([(¥ X1 = X2) (X2 = X1)] 6)(X;) = true
fori=1,2. <

6.2 Approximation.

The most well known method for solving fixpoint equations over lat-
tices is based on the approximation technique from proposition 2.20.
Calculating the least fixpoint pX.f(X) of a monotone (and continu-
ous) function f(X) works in the well known manner: the function f
1s applied first to the bottom element of the lattice, then to the result
of the previous application etc., and the increasing chain of these ap-
plications of f will reach the fixpoint after a finite number of steps, if
the lattice is finite.
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LCf(L) CAf(L) C ... C (L) = pX.f(X) for some i € IV
Dually, when starting from the top element T, the greatest fixpoint
can be determined.
The method easily extends to nested fixpoints. For nested fixpoints of
the same kind such as pX;.f1 (X1, £ X2.f2(X1, X2)) both functions can
be approximated simultaneously in order to reach the least fixpoint.
For fI¥1(L) £ fi(fi(L), fiH (L)) and FF1(L) & L(F(L), F(L))
we get by monotonicity arguments the increasing chain
LCA(L)C L) S C AL =pXi il X, pXo fo (X1, Xo))
for some ¢ € IV.
For alternating fixpoints such as vX7.f1 (X1, pXs.f2(X1, X2)) a simul-
taneous calculation is not possible. When approximating v X;.f; each
evaluation of f; requires a full approximation of uXs.fs:

T = AT, nXa fa(F1(T), Xa)).
Hence the algorithms based on this technique are exponential in the
alternation depth.
The application of the approximation technique to Boolean equation
systems is straightforward. From the explanations above follows that
all variables of one block can be approximated simultaneously. There-
fore the algorithm is most efficient for a Boolean equation system when
it is transformed to an equivalent one with a minimal number of blocks.
We assume that Boolean equation systems considered here are in such
a form where the number of blocks is minimal. (See also definitions
3.33 and 3.34 for notions of nesting depth and alternation depth.) Be-
fore discussing the various approximation based algorithms we try to
illustrate the approximation scheme for an alternating depth 3 equa-
tion system
In picture 6.1 we consider an alternation depth 3 fixpoint equation
system (uX1=f1) (vX2=f2) (uX3=f3). The picture simplifies the
actual situation in the way, that we draw lattices as lines.
Each fixpoint equation determines one of the planes:
By o (X2, X3) = pX1.f1(X1, X2, X3)
Ey @ (X1, X3) 2 vXs.fa( X1, Xo, X3)

Es : (X1, Xs) = pXs.f3(X1, X2, X3)
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L T

Figure 6.1. Visualizing an alternation depth 3 approximation

The planes Fq, Fs and FEjs intersect in some of the fixpoints of the
equation system. One of them is the solution we are interested in. It
will be characterized by the order of equations. In the picture there is

just one intersection point, for simplicity.

The approximation algorithm works as follows: it starts at point X; =
1, X9 = T and X3 = L represented by a dot in the picture. From
this point it approximates in the direction of X3 the Es-plane. After
that, one step is performed in the direction of X» corresponding to
one evaluation of f5. The result is a lower value for X3, closer to the
intersection point of planes F3 and Es. The next starting point is
the lower value of X5, X7 = 1 and X3 = L. Again the Es-plane is
approximated in direction of X3, followed by a step in direction of fs,
etc.. These iterative approximations are depicted each by a dotted line

with an arrow showing the direction of the approximation. When the
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intersection line of F'5 and E5 is reached, one step in direction of X is
performed, corresponding to an evaluation of f3. The result is a new
value for X7 which gives a new starting point for the approximation,

illustrated by a hexagon dot in the picture.

Altogether the algorithm moves along the intersection line of F5 and
FE5 until it reaches the first intersection with Fy, the first fixpoint,

which is the solution of the system.

In Emerson and Lei’s algorithm [EL86] the approximation for unnested
fixpoints is performed by the straightforward application of proposi-
tion 2.20, the explicit calculation of an increasing chain. The time
complexity of the algorithm for Boolean equation systems with one
fixpoint operator is then O(]|€|?). By extension of the approxima-
tion technique to Boolean equation systems with arbitrary alternation
depth the algorithm has time complexity O(|€]*¥€)+D). Other au-
thors developed faster algorithms for the approximation of unnested
fixpoints, e.g. Arnold and Crubille [AC88], Cleaveland and Steffen
[CS91], Andersen [And92, And93] and Vergauwen and Lewi [VL92].
Arnold and Crubille’s and Vergauwen and Lewi’s algorithms are based
on Boolean equation systems, Andersen argues on dependency graphs,
Cleaveland and Steffen on p-calculus equation systems in simple form.
However, the basic idea of all these algorithm is the same: in a Boolean
equation system with only p-operators every variable has the solution
false unless it is “forced” to have the solution true. It must be true if
the right hand side of its equation is the constant true or a disjunc-
tion where one variable has the solution true or a conjunction where
both variables must be true. The extension of these algorithms to the
general case according to the approximation schema then provides al-
gorithms which are exponential in the alternation depth of the system

[And92, And93], [CKS92].
A great acceleration was gained by Long & al [LBCT94] for systems

with at least alternation depth 3. Their crucial idea is visualized in
picture 6.1: the standard approximation technique would continue the
approximation of plane F5 from the new start point, which is marked

by a hexagon in the picture. Actually, from the previous approxima-
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tion in the lower X;-level and monotonicity of the functions we know
that the 5 plane must lie above the square point, which may be used
as the new starting point then. Their algorithm is exponential in half
of the alternation depth of the system.

All algorithms mentioned above are global ones. Andersen [And92] de-
rived a local algorithm for alternation free fixpoint expressions based
on approximation techniques, but having a slightly higher worst case
complexity than the global ones. In [VL94] Vergauwen and Lewi pre-
sented a local algorithm for Boolean equation systems of alternation
depth 2 which is also approximation based. Their algorithm has the
same complexity as comparable global algorithms, but the advantage
of local methods that it possibly needs just a small subset of equations
to determine the variable of interest. This subset of equations has the
property that the solutions of variables of the subset do not depend
upon solutions of variables outside. It seems to be the case that the
other local methods as e.g. tableaux make use of the same subsets of
equations (up to nondeterministic choice).

In the table below complexity results of the algorithms mentioned are
collected. Many of them were not intended for Boolean equation sys-
tem and the complexity measures are for an adapted version. When
applied directly to the model checking problem in some cases there are
slightly better bounds. The alternation depth ad(F) is abbreviated by
ad. For the local model checking algorithm in [VL94] it is £ = & &,.

6.3 Tableaux.

In this section we define a tableau method for solving Boolean equation
systems. In contrast to global methods, which solve a Boolean equation
system completely. a tableau gives a solution just for one variable. For
this purpose not all equations are required. It is therefore called a local
method. The tableau method presented here is the one of Stirling and
Walker [SW89] applied to Boolean equation systems.

Consider a Boolean equation system & being in standard form and an

environment . Assume the solution is ¢/ = [£]6. The goal is to
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‘ Time Complexity of Approximation Based Algorithms

algorithm from | fragment | complexity

[EL86] full o(|&|*4+h) global
[AC8S] ad 1 O(|€]|lhs(E)]) global
[And92] ad 1 O(€]) global
[CS91] ad 1 O(€]) global
[VL92] ad 1 O(€]) global
[And92] full o(€]*9) global
[CKS92] full o(€]*9) global
[VL92] full o(€]*9) global
[LBCt94] full O(ad?|&|led/21+T) global
[And92] ad 1 O(|€log(I€])) local
[VL94] ad 2 O(|&1| + |ths(&1)]|€2]) | local
[VLAPY4] full o(|&|e*4) local

show that ([€] 8)(X;) = true. The solution for X; can only be true, if
for equation ¢;X; = f; the right-hand side f; is true at the solution,
ie. fi(0") = true. A subgoal is then trying to show that f; gets true
for the solution. A tableau for variable X; is a proof tree with root
X;. The sucessors of X; are variables representing the subgoals. The
rules for constructing a tableau are collected below. Rules are applied
until a termination condition holds for a node. In the case that there
1s no rule applicable to a node we have reached a leaf and can decide
whether it 1s successful or not. A tableau is successful if all its leaves

are successful.

Termination condition 1: The node n containing X; is a leaf of the
tableau if on the path from n to the root there is another node n’
containing X;, and between n and n’ there is no node containing a
variable X; such that X; is a variable of a lower block than X; in &.

The node n’ is called the companion of n.
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Termination condition 2: The node n containing X; is a leaf of the
tableau, if on the path from n to the root there is another node n’
containing X;. The node n’ is called the companion of n.

Tableau rules:

X;
[A1] X X, 0 X; =X; A X}, is an equation of £
J k
X; , ,
[A2] X, o Xi=X; is an equation of &
J
X; , ,
[Vi] X, 0 X;=X; V X}, is an equation of &
J
X; , ,
[Va] e 0 X;=X; V X}, is an equation of &
k

A leaf containing the constant true is successful, a leaf containing the
constant false is unsuccessful. For leaves containing a variable the
success criterion differs for the termination conditions:

Success criterion 1: A leaf containing a v-variable is successful, a leaf
containing a p-variable is unsuccessful.

Success criterion 2: A leaf n is successful, if the least (w.r.t. <)
variable at a node between n and i1ts companion is a v-variable. A leaf
n is unsuccessful, if the least (w.r.t. <) variable at a node between n

and 1ts companion is a p-variable.

Proposition 6.1 ([£]0)(X1) = true iff there exists a successful
tableau with root X;.

Example This is a demonstration of the exponential growth of a
tableau (for both termination conditions) when the underlying transi-
tion system just grows linearly.

Consider the p-calculus formula v X .[a]pY.(0)(YV X) and the following

transition system:

@
@/ @<@/’ © - ®\@/
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The Boolean equation system derived is

vX, = Y AY
vXi1 = true

vXp = Y AYps
vXp1 = true

puYy = false
/,LYll = Y2 vV X2
wYr = false
i = YiVXg

The tableau for the case k = 3 1is:

Xy

Y %
X3 X3 X3 XS
Y31 Y3z Y31 Yz Y3 Y3 Y3 Vi

X X X X X X Xv Xy

It is obvious that the exponential size of the tableau i1s due to the
fact that it contains the same subtrees several times. Another exam-
ple where the subtrees are not exactly the same, but similar is the

following:

Example:
Given the p-calculus formula
PX ()Y (=) ()X A (=)()Y

and the transition system
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The Boolean equation system derived is

I/X1 = Yz\/Yg\/Y4\/Y5
I/X2 = Y5
I/Xg = Y5
I/X4 = Y5
I/X5 = Y1 \/Yz\/Y3\/Y4
/,LYl = X5 A Y5
5 5
NYZ = \/ Xi A \/ Yi
i=1 i=1
5 5
nYs = \/ Xi A \/ Y;
i=1 i=1
5 5
ﬂY4 = \/ Xi A \/ Yi
i=1 i=1
5 5
uYs = \/ Xi A \/ Y;
i=1 i=1

The tableau for this Boolean equation system has an enormous size.
An implementation of the original tableau method of Stirling & Walker
was stopped after having created 22 million nodes. The sceptical reader
may try it by hand.

The version of the tableau method of Cleaveland as implemented in
the concurrency workbench can deal with redundancy of this kind.
The examples presented here can also be solved without producing
redundant information by the technique of [Mad92].

A tableau based model checking algorithm was introduced by Larsen
[Lar95] for unnested fixpoint expressions. Stirling and Walker [SW89]
and Cleaveland [Cle90] developed tableau methods for the full modal
p-calculus. Winskel [Win89] extracted the principles of these tableau
methods and presented them as a rewrite system. Unfortunately these
methods suffer from a high worst case complexity, which was demon-
strated by examples in this section. One reason for that is that in

different subtrees of the tableau the same (or very similar) subgoals



6.4. Gauf} elimination. 81

may be computed repeatedly. For unnested fixpoint expressions Larsen
[Lar92] presented a tableau method with polynomial worst case. There
previously discovered (failed) results are remembered. In [Mad92] the
tableau methods of [SW89] and [Cle90] are extended by additional
structure which allows to make maximal use of results gained in one
subtableau for later subtableaux during construction. However, some
amount of redundancy is inherent to top-down constructions, and it
can only be avoided by a bottom-up evaluation. This approach leads

to the Gaufl elimination method in section 6.4.

6.4 Gaull elimination.

The method for solving Boolean equation systems presented in this
section is similar to the Gaufl elimination algorithm for linear equa-
tion systems. It 1s the only method known so far which does not
require backtracking techniques: an equation system is stepwise re-
duced by one variable and equation after the other until the solution
is determined. The reduction consists of two steps which are applied
iteratively. First comes an elimination step, where for a variable X
an expression is constructed containing no occurrence of X. In a sub-
sequent substitution step each occurrence of X in the rest of the
equation system 1s substituted by the X-free expression. The remain-
ing system contains no occurrence of X on the right-hand sides of its
equations. Thus the problem of solving a Boolean equation system is
reduced to the problem of solving a smaller Boolean equation system.
The Gauf elimination algorithm is also related to the tableau methods.
The main idea here is that the construction of a tableau in a top-down
manner leads to trees possibly containing many copies of identical (or
similar) subtrees. A very natural way to overcome such an unnecessary
blow-up is to construct a directed acyclic graph instead of a tree (i.e.
a tableau). This can be done in a bottom-up manner.

A pure bottom-up method would again lead to a global algorithm
involving all equations of the Boolean equation system. The combina-

tion of a tableau-like top-down selection of equations and bottom-up
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evaluation gives an algorithm which makes use of the same informa-
tion as a tableau, but avoids redundancy. In many examples, where
the approximation method or tableau method have an exponential be-
havior, Gauf} elimination solves the problem in linear time. However,
for the naive algorithm derived from Gaufl elimination there exists an
example where the expressions created have exponential size.

The algorithm was introduced in [BM93, Mad95] and in a slightly
different version by Kalorkoti [Kal96].

6.4.1 Global and local algorithm.

In the case of Gaufl elimination for Boolean equation systems an elim-
ination step infered in lemma 6.2 is a consequence of lemma 3.29. In
an equation pX = f each occurrence of X in f may be substituted by
false, or dually for v by true.

The substitution step derived from lemma 6.3 preserves the solution
just in the case when we follow the order: an occurrence of a variable
may be substituted by a right-hand side expression only in all lower
(w.r.t. <) equations. (See also proposition 2.21.)

The proofs presented here were partly suggested by Vergauwen [Ver95].
Different proofs can be found in [BM93, Mad95].

The elimination step is based on the following lemma.

Lemma 6.2 Let
e &1,& be Boolean equation systems,
e ocX—=f, ocX—=f" Boolean equations,
where ' = f[X/bs].
Then [£1 (6 X=F) &]6 = [&1 (e X=f") &] 6.
Proof: According to proposition 3.14 it is sufficient to show that
[eX=)) &10 = [(eX=F) &]0.

[(cX=F) E:] 0 [€21 00X/ F( [€2101X/bo] )]
[£21 00/ 1 ( €21 01X /bo) )]

[(eX=1") &]0 O
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The following lemma is the basis for the substitution step:

Lemma 6.3 Let

e &1,&5, &5 be Boolean equation systems,

o o X1=f 01 X1=f", 05X3=g Boolean equations,
where f' = f[Xs/g].

o [&1 (01 X1=Ff) & (02X2=g) E]0 = 6,

o [& (1 X1=f) & (02 Xo=g) &3]0 = 6.

Then 6, = 0,

Proof: Again following proposition 3.14 we just need to show that for
01 = [(o1X1=f) & (02Xa=g) &3]0 and

0y = [ (o1 X1=f") & (02X2=g) &] 0

it is the case that 0] = 65.

We will show that 87 fulfills both conditions of proposition 3.5 for the
solution of (1 X1=Ff") & (02X2=g) &. Hence 0} is lexicographically
smaller than 61, because @), is the solution.

Show f/(67) = 01(X1) (condition (1) of proposition 3.5)

g(01) = 01(X2)

01(X1) = f(01)
= J(O1[X:/01(X2)])
= J(01[X2/9(61)])
= f(e)

Show [&; (02X2=g) &3] 0] = 6} (condition (2) of proposition 3.5 ):
follows from proposition 3.7

Analogously, the dual holds: @} fulfills both conditions of proposition
3.5 for the solution of (61 X1=f) & (02X2=g) &, and hence 6 is
lexicographically smaller than 6.

F(05) = 05(X1) (condition (1) of proposition 3.5):

analogously

[€2 (62Xa=g) &s] 04 = 6 (condition (2) of proposition 3.5)
Altogether we can conclude that 6] = 65. O
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Based on these both lemmata is the following algorithm in pseudo

code.
Input are (61 X1 = f1)...(6nXp = fn) and 0

1:=mn;

while not (f1 = true or f; = false)

do
Instantiate X; in f; to bs,; (elimination step)
Substitute f; for X; in f1,..., fi—1; (substitution step)
fi:=Eval(f1); ... fici:=Eval(fi_1); (evaluation step)
1:=1-1;

od

Figure 6.2. Global Version of the Gaufl Elimination Algorithm

A crucial point in the algorithm are the evaluation rules for Boolean
expressions applied in the function Eval of the algorithm in figure
6.4.1. In an implementation binary decision diagrams were chosen as
data structure for Boolean expressions. There the evaluation rules are
performed implicitly with every substitution and elimination step. In
the examples done by hand the following set of Boolean laws was used

for evaluation.

X Atrue = X
X Vitrue = true
X Afalse = false
X Vfalse = X
XV(XAY) = X
XAXVY) = X
(XAY)V(XANZ) = XANY VD)
(XVY)AN(XVZ) = XV((YAZD)

In most contexts we are only interested in the first component of the
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solution, 1.e. whether X; is true or false. Therefore the algorithm
in figure 6.4.1 stops, if the solution of X; (f1) is determined. If we
are interested in the whole solution the Gauf} elimination step and
substitution step have to be applied n times giving an expression for
every X; where the variables X;, ..., X,, do not occur. A straight

backward substitution leads to the whole solution.

Example: Starting with the Boolean equation system:

pX, = XoVXs
vXs = XsAX4
pXs = X4VX,
vXs = X1 AXo

Substitution of X; A X3 for X4 and evaluation (The substituted ex-

pressions are underlined):

pX1 = XoV X3

vXs = X3A(X1AXa)

uXs = (XiAXa)V X=Xy
Substitution of X; for X3 and evaluation:

uX: = XaVXy

vXe = XiANXiAX)=X1AX,

Elimination of X5 in v X5 = X7 A X5 gives v X2 = X7 Atrue = X;.
Substitution of X; for Xs:

pX1 = X3 VX=X, =false (by an elimination step)
The complete system constructed by the algorithm is:

nX; = false (from 4)
vXs = X, (from 3)
nXs = Xy (from 2)
vX, = Xi1ANXo (from 1)
Backward substitution gives X; = Xy = X3 = X4 = false. 4l

If only the first variable is of interest, it suffices to consider only the

subset of equations which is necessary to determine the solution for
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X1. The relevant subset of equations is selected in a top-down manner.
This observation leads to the local version of Gaufl elimination given in
figure 6.3. The idea 1s as follows. We start with the equation system
&’ consisting only of the equation (¢1.X; = f1). As long as X is
not evaluated to true or false we select a free variable from f;, insert
its equation in &', apply the global version of Gauf3 elimination, and

continue in the same way with the modified equation system &’.

&= (o1 X1 = f);
Instantiate Xy in fq; (elimination step)
f1 = Bval(f1); (evaluation step)
while not (f1 = true or f; = false)
do
Select X; from f1, where X; is not in [hs(&');
Create f;, insert 0;X; = f; in &
according to the order by the transformation rules;
Apply the global version of Gauf} elimination to &’
od

Figure 6.3. Local Version of the Gaufl Elimination Algorithm

There exists an acceleration of the algorithm which works as follows:
an occurrence of a variable X; may be substituted by true or false at an
earlier stage than when occurring on the right hand side of its defining
equation ¢; X; = f;. This is the case, when it does not happen that (a
copy of) this occurrence of X; is substituted into an equation 0; X; = f;
where X; < X; during the algorithm. This property is a static one
in the sense that it can be determined in advance, whether such a
substitution into a prior equation will happen. A special case of this
possibility appears in the definition of the semantics for Boolean equa-
tion systems (proposition 3.30): any occurrence of the first variable,
X1, will never be substituted into a prior equation, simply because
there does not exist a prior one. Hence, every occurrence of X; may

be substituted by true or false right in the beginning. However, for this
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acceleration 1t 1s the case that backward substitution does not work:
it 1s only guaranteed that the algorithm produces the correct solution
for the first variable.

6.4.2 Complexity for the general case.

In this section we argue that the naive algorithm derived from Gaufl
elimination is of complexity exponential in the number of equations,
and give an example for it. The source of complexity here is the size
of right-hand side expressions, which in an example growths exponen-
tially. However, it is not known, whether there exists a version of the
algorithm, where this exponential blow up is avoided by more intelli-
gent storage of expressions.

In comparison to the approximation algorithm the behaviour cwof
GauB elimination algorithms is very different. We show that the com-
plexity of Gaufl elimination is independent from the alternation depth
of the Boolean equation system, i.e. given an arbitrary Boolean equa-
tion system there exists a Boolean equation system with the same
number of equations, but alternation depth 1, and for both systems
the algorithm needs same time and space. An example demonstrates
a case, where the approximation based algorithms needs exponentially
many steps, but Gaufl elimination only polynomial time and space.
For some fragments we show that Gaufl elimination has complexity
polynomial in the number of equations. Especially for the fragment
corresponding to Ly Gaufl elimination provides an O(n?) algorithm.
The number of substitution steps during the Gaufl elimination in the
global algorithm is less than (n—1) 4+ (n—2)+...+1 < n?. The local
version includes at most n applications of the global algorithm giving
alltogether less than n® substitution steps.

The crucial point concerning complexity is the size of the Boolean ex-
pressions arising from iterative substitutions. In general substitution
of Boolean expressions into Boolean expressions leads to size exponen-
tial in the number of variables involved. Assuming that a Boolean

equation system in normal form consists of n equations (and different



88 Chapter 6. Solving Boolean equation systems.

variables), then the size of the Boolean expressions created during the
algorithm is bound by 2". Hence the worst case complexity of the
global and local algorithm is O(27).

Trying a big number of examples showed that the application of eval-
uation rules as discussed above and the elimination rule keep the ex-
pressions created relatively small. Finding an example where the right-
hand side expressions are of exponential size turned out to be a diffi-
cult task. The example below was constructed with help of Brinksma
[Bri96] and Rossmanith [Ros96]. The basic idea is to find an expres-
sion where one variable appears twice and the laws for evaluation of
Boolean expressions as fixed for the algorithm are not applicable in
order to reduce it. Such an expression gives a scheme for iterative sub-
stitution with no possibility of reduction. The fixpoint operators in
this example are irrelevant, because when building up expressions for
Xy up to X9 there is no application of the elimination rule possible.
Therefore fixpoint operators are left away. Assume n € 10IV. The size

of expressions is then bound by O(2"/%).

X1 = X

X5 = X3

X3 = Xy

Xy = Xs

Xn/2 = Xu/241

Xnjopr = Xpjoge Vo X 043
Xnjogzr = Xpjoga AN Xpo
Xnjags = Xpjogs A Xpooo
Xnjora = Xpge Vo Xpjoos
Xnjogs = Xppge Vo Xpjog
Xp1a = Xpo1z Vo Xpoao
Xno13 = Xp-11 A Xas
Xpno1z = Xpo1o A X
Xp-un = Xp9 Vo Xpg
Xpn1o = Xp9 V. Xyg
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Xn_o Xp_g V. X,_7
Xng = Xpnoe AN Xo
Xp7 = X5 AN X
Xns = Xp_y V Xy
Xns = Xpoa Vo Xs
Xn_4 = Xn—S \ Xn—Z
Xnz = Xy A X5
Xno = X, AN Xy
Xno1 = X4 vV X3
Xn = X Vo X,

In order to make the conceptual difference to the approximation method
clear we show that Gaufl elimination is independent of the alternation
depth of a Boolean equation system. Least and greatest fixpoints are
treated in a similar way: the corresponding variables are substituted
by a constant, true for a variable with greatest fixpoint, false for a

variable with least fixpoint.

Proposition 6.4 The complexity of the naive algorithm based
on Gaufl elimination is independent of the alternation depth of the
Boolean equation system and hence also of the underlying p-calculus

formula.

Proof: The idea is that for a given Boolean equation system & of ar-
bitrary alternation depth we construct a Boolean equation system &’
with only p-fixpoints, and £’ has the property that the size of expres-
sions created during Gauf} elimination is at least the size of expressions
created for £. (Their solutions may differ.)

For this purpose we have to restrict the class of Boolean equation sys-
tems we consider to those which do not contain constants and all right
hand side variables are bound. In fact this is not a real restriction,
because constants and fixed right hand side variables can be elimi-
nated from a Boolean equation system in linear time (in the size of the
system) such that the solution of the system is preserved. Hence ap-

plying this elimination before starting any algorithm will not increase
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its complexity. Furthermore we consider Boolean equation systems
in standard form. This representation can be achieved by a linear
blow-up of the original system (in the size of the underlying p-calculus
formula).

The transformation from &£ to £ works as follows:

e every conjunction containing a v-variable is transformed to a dis-

junction (of the same variables), and

e every v is substituted by a pu.

Note that the solution of & will be ¢, where #(X) = false for all
X elhs(&).

We have to show that the size of expressions when applying Gaufl
elimination to £’ is greater or equal to those for £. Both systems have
the same dependency graph, and therefore also the same structure of
substitutions. We just have to make sure that in £ “no variables get
lost” in comparison to £.

The property to show holds for the initial systems £ and &’. Fur-
thermore corresponding equations of both systems contain the same
variables. Let 0; X;=f, 0; X;=¢ be equations of £ and uX,;=f', uX;=¢'
the corresponding equations of &', where 7 < j.

Applying a substitution step leads to an expression o; X;=f[X;/g] and
uX;i=f'[X;/g'] respectively. If f and g contained at least the same
(number of) variables as f' and ¢’ then this will also hold for f[X;/g]
and f'[X;/¢'] and the size of f'[X;/g¢'] is greater or equal to the size
of f[X;/g]-

For an elimination step consider as part of an expression of £ a con-
Jjunction X; A X;, where X; is a v-variable and X is a p-variable, and
X; is substituted by true. Then the conjunction evaluates to X;. In
the transformed system &’ the conjunction was transformed to a dis-
Jjunction X; V X; and X; will be substituted by false. The disjunction
evaluates to X; as in the other case. When X is substituted by false
then the conjunction of & will evaluate to false, whereas the disjunc-
tion of & will evaluate to X;, leading to a greater expression (with at
least one more variable) than in £. Note that the case of substituting

true for a variable in a disjunction introduced in £’ does not happen,
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because the solution of £ gives false for every variable of £’.

Any statement about size of Boolean expressions makes only sense if
we choose a sensible representation of Boolean expressions. In the case
here we evaluate expressions just with the rules for constants. a
We now want to demonstrate by some examples “good” behaviour of
Gauf} elimination, where tableau method and approximation method
need exponential space and/or time. Two examples have already been
treated in section 6.3, illustrating the exponential blow-up of the plain
tableau method. These examples can easily be solved with the tech-
niques from this section without any blow-up. This might not be too
surprising as already extensions of the tableau method in [Cle90] and
[Mad92] can deal with these examples.

Here we present another example. Its features are the following:

e It is scalable, i.e. it is a set of examples, which can have arbitrary

size n and alternation depth n.

e The Gaufl elimination method produces only expressions of a fixed
constant length for any of the examples, and the complexity is
O(n?).

e Known algorithms based on the approximation technique are ex-
ponentially in n.

The last aspect is due to the fact that the example is constructed in a

way that a maximal number of backtracking steps is required.
Let n € 2IN

vX:; = XoAX,
X = X1V X,
vXs = XoAX,
uXs = X3V X,
vXn_3 = Xp_aAX,
pXn_o = X,_3VX,
vXn_1 = XpoAX,

ﬂXn = Xn_1 \/Xn/2
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6.4.3 Complexity for subclasses.

In this section we consider classes of Boolean equation systems for
which Gauf} elimination has complexity O(n?). These are the disjunc-
tive and the conjunctive class and a combination of them. The frag-
ments of the modal p-calculus that gives rise to these classes are Ly
and Ls. In [EJS93] the fragment L, was shown being equi-expressive
to ECTLx [VW83], an extension of CT L.

A Boolean equation is called disjunctive, if its right-hand side is a
disjunction or it is a 2-ary conjunction where at least one conjunct is a
constant. A Boolean equation system in standard form is disjunctive,
if all its equations are. Expressions created during an application of
Gauf} elimination to disjunctive systems are always disjunctions. The
size of an disjunction is bound by the number of different variables
that are involved, which 1s at most the number of equations in the

system.

Proposition 6.5 A disjunctive Boolean equation system of size n
can be solved in time and space O(n?) with the global version of the
Gaufl elimination algorithm. Applying the local version of the Gaufl

elimination algorithm needs time O(n?®) and space O(n?).

Proof: The global version of the Gaufl elimination algorithm takes
at most n? elimination and substitution steps. Each right-hand side
of an equation can be represented as a set. Substitution corresponds
then to a removing one element of a set and union of two sets. These
operations can be performed in constant time. There exist always not
more than n different expressions, or sets resp., each of size less than
n. The local algorithm needs less than n3 elimination and substitution
steps. (I
The conjunctive class is defined analogously: a Boolean equation sys-
tem in standard form is conjunctive, if 1t contains only equations with
conjunctions on their right hand sides; or disjunctions, where one of

the disjuncts is a constant. The dual argument holds here.

Proposition 6.6 A conjunctive Boolean equation system of size n

can be solved in time and space O(n?) with the the local version of



6.4. Gauf} elimination. 93

the Gauf} elimination algorithm. Applying the local version of the

Gaufl elimination algorithm needs time O(n?®) and space O(n?).

Proof: Analogously to the previous proof of proposition 6.5 Q.
Disjunctive and conjunctive classes may be combined in a restricted
way. Intuitively, the requirement is, that when applying the Gauf} elim-
ination algorithm never a digjunction (containing more than a constant
or a single variable) is substituted into a conjunction or vice versa. The
formal definition of the combined class is given below. Recall that a
subsystem &’ of & is closed with respect to &, iff free(E') C free(£).

e ecach digjunctive system is contained in the combined class;
e each conjunctive system is contained in the combined class;

e if a Boolean equation system & of the combined class containes a
disjunctive equation ¢4X 4= f; and a conjunctive equation . X.=
fe, then there is a variable X in either f; or f., such that

o oX = fx is the least (w.r.t. <) equation of a subsystem &’
closed with respect to &,

o &' is contained in the combined class,
o (04Xa=fa) < (X =fx),
o (oeXc=f) < (0 X =Fx).

Proposition 6.7 For a Boolean equation system in the combined
class the global version of the Gauf} elimination algorithm solves the

system in space and time O(n?).

Proof: The observation here is that the Gaufl elimination algorithm
evaluates the least variable of a closed subsystem to a constant. The
rest is analogous to the disjunctive and conjunctice case. a
Note, that ¢ X = fx has not to be necessarily the least equation of the
subsystem; it may be one equation of a closed subsystem. In this case
the Gaufl elimination algorithm has to be modified in the way, that
after each evaluation step equations with a constant right-hand side are
eliminated from the equation system according to lemma 3.20, followed
by a further evaluation step, and so on. In this case each variable of a

closed subsystem is evaluated to a constant.
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Also note, that the local version of the Gaufl elimination algorithm
applied to Boolean equation systems of the combined class possibly
substitutes disjunctions into conjunctions and vice versa. The reason
is that a subsystem of a Boolean equation system in the combined
class 1s not necessarily contained in the combined class. In order to
get a local algorithm for the combined class there is a modification
necessary: before application of the global algorithm equations have
to be created until the actual subsystem is in the combined class.

It is easy to see that Boolean equation systems derived from p-calculus
formulae of the fragment L, are disjunctive, and Boolean equation sys-
tems derived from p-calculus formulae of fragment L, are contained
in the combined class. (See definitions for L; and Ly in chapter 4).
Emerson, Jutla and Sistla [EJS93] presented a model checking algo-
rithm for Ly and Ly which is of complexity O(|®|?|T|). Transformation
to Boolean equation systems gives also an O(|£|?) algorithm.

Bhat and Cleaveland [BC96] developed a model checking algorithm for
the fragment L. It operates on the dependency graph where nodes are
additionally labelled by V or A. A formula of linear time temporal logic
expresses that there exists a v-cycle (or constant true) reachable from
the node representing the p-calculus formula and initial state, which
implies that the formula satifies the transition system. The linear time
formula is proved by a tableau system. The time complexity of their
algorithm is O(ad(®)*|®|«|T|), giving an O(ad(€)|€|) algorithm for the
case of Boolean equation systems. For the extension of the algorithm
to the fragment Lo they claim, that the resulting algorithm may be
shown also to have time complexity O(ad(®) * |®| * |T).

6.5 Complexity.

We give a proof that the problem of solving Boolean equation system
is contained in NP N Co-NP.

For the model checking problem this is a known result. Most of the
proofs (e.g. [EJS93, BVW94]) reduce the model checking problem to

non-emptiness problems of tree automata, which are in NP. Then the
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model checking problem is also contained in in Co-NP, just because a
property holds for some model if its negation does not and vice versa.
We claim that the proof in the framework of Boolean equation systems
is quite simple. Roughly the argumentation works as follows.

An arbitrary Boolean equation system in standard form can be re-
duced to a disjunctive system by choosing one variable out of every
conjunction and throwing the other one away. In general the reduced
Boolean equation system has a solution pointwise greater than the so-
lution of the original one. However, in proposition 3.36 it was shown
that there must be one reduction to a disjunctive system having the
same solution. According to proposition 6.5 we can solve the reduced
system in time O(]&|?).

Dually a Boolean equation system in standard form can be reduced to
a conjunctive system. In general it will have a pointwise lower solution
than the original one, but there must exist one reduction giving the
same solution. Again a disjunctive Boolean equation system can be
solved in quadratic time according to proposition 6.6.

Given a Boolean equation system in standard form we can guess two
reductions (out of exponentially many), one to a disjunctive system,
the other one to a conjunctive one. Both can be solved in quadratic
time. We know that the solution of the original system lies between
the solutions of the conjunctive and the disjunctive one. Hence, if
we guessed “correctly” and both systems have the same solution, this

must also be the solution of the original system.

Theorem 6.8 Solving a Boolean equation system & is contained
in NP N Co-NP.

Proof: We guess a conjunctive system £’: in each equation of £ with
a disjunction on the right hand side we reduce the right hand side
to one of the disjuncts. The equations with a conjunction on the
right hand side remain unchanged. By construction and definition
3.15 follows that £ < £. There are exponentially many possibilities to
choose such a conjunctive system. Analogously we guess a disjunctive

system &£ > £. Again there are exponentially many possibilities to
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guess. In general the solution of £ is pointwise lower or equal to the
solution of £ (proposition 3.16). Proposition 3.36 says that there exists
a conjunctive system &’ having the same solution as £. The solution
of £ is pointwise greater or equal to the solution of £ (proposition
3.16). And again there exists a disjunctive system £” having the same
solution as &.

& and £" can be solved in quadratic time (propositions 6.5, 6.6). If
they have the same solution then 1t must be the solution of £.

In lemma 3.35 it was proved that the solving £ is the complementary
problem to solving &, i.e. ([£] 6)(X) = false iff ([£] §)(X) = true. From
the argumentation above follows that solving £ is also contained in NP

and hence solving £ is also in Co-NP. a



Chapter 7

Peterson’s mutex

algorithm.

In this section we demonstrate two things: A non-trivial application of
the modal p-calculus and results from verification with a prototype im-
plementation of the local Gaufl elimination algorithm. For this purpose
the algorithms for mutual exclusion (mutex) seem to be appropriate:
on one hand they are more interesting than the coffee machine, but
they are small enough to capture concepts easily, on the other hand
the properties to be proved result in rather sophisticated p-calculus

formulae.

Roughly the mutex problem is the following: two (or more) processes
share a common source which may be used by one process only at one
time. When a process has access to the common source then we say
it is in the critical section. The task of mutex algorithms is now to
organize the availability of the common source in such a way that it
never happens that both processes have access at the same time (safety
property) and that a requesting process cannot be denied access forever
(liveness property).

The basis for the examples presented here is the work of Walker [Wal91],

who encoded the best known mutex algorithms as CCS processes and
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tried to prove safety and liveness properties for them. Whereas for
safety properties he was successful, there remained open questions
concerning liveness. One reason is that he did not treat fairness in
his properties. As Kindler and Walter [Wal95a, KW97] and Vogler
[Vog96] pointed out, liveness for mutex algorithms cannot be guaran-
teed without fairness assumptions. A common possibility is to require
fairness for everything. In general, this is not necessary for most cases,
and our interest here is to find out what are the precise fairness as-
sumptions for mutex algorithms to fulfill the liveness property. The

examples presented here are contained in [KM].

7.1 Modelling the algorithm.

We investigate Peterson’s mutex algorithm. Other mutex algorithms
can be treated analogously.

Peterson’s algorithm works for two processes P; and P, each one
having a Boolean variable, b; or by resp., which is set to true if a
process wishes to enter the critical section. There is a turn variable &
taking values from {1,2} and in case of a conflict it gives a priority to
the process with the corresponding index. Process P, writes to b; and
reads by. Dually process P, writes to b5 and reads ;. Both processes
read and write to variable k. Let ,j € {1,2} and j # 1.

while true do

begin
(noncritical section);
b; := true;
k= 7;

wait until not b; or k = ¢;
(critical section);
b; := false

end;

The processes are modelled following Walker’s [Wal91] approach. He
formulated the two processes as CCS agents [Mil89]. Each variable is
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represented by its own agent and writing to a variable or reading it

are actions where a process agent and a variable agent synchronize.

Modelling Process P;:

Py

Py

= vreq.bywt kw2.P1+71.P
= borf.Pia + bart.(kr2.Pyy + krl.Ppa)

= entery . exit; .bywf . Py

Modelling Process Ps:

= vreqs.bywt . kwl.Pyy + 7.5
= byrf.Pay + byrt.(krl. Py + kr2. Ps)

= entery. exity . bowf . Py

Modelling the whole process:

L

Peterson

Modelling the variables by, bo and &k by process agents:

Bif
Bt
Bof
Bot
Ky

K,

= {birf, birt, bywf, bywt, barf, bart, bawf, bowt,

krl, kr2, kwl, kw2}
= (PP K

= birf.Bif
= Dbyrt.Bit
= birf.Bof
= W.th
= krlk,
= kr2K,

_|_

_|_
_|_
_|_
_|_

Bif | Bof ) \ L

bywf B f
biwt. Byt
bywf . Bof
bywt.Bot
kwlK,
kw2 Ko

_|_

_|_
_|_
_|_
_|_

biwt. Byt
bywf B f
bywt.Bat
bywf . Bsof
kw2 Ko
kwlK,

However, there are small differences: in addition to Walker’s version

we also take into account that a process may never wish to enter the

critical section and model this behavior by additional T-loops for pro-

cess P; and process P,. Another point concerns the semantics of the

wait-statement in the algorithm. In the process above the busy-waiting

semantics is modelled. Alternatively we also want to look at the algo-

rithm with a (non-busy) wait-statement giving different process agents
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for P;; and Psq:

P = reqi.bywt. kw2. Py + 7.P;
Py = borf.Pis + krl.Pis
P = entery.exity . bywf . Py
Py = reqy.bowt. kwl. Py + 7.5
Py = birf.Pay + kr2. Py
Pso = entery . exity . bowf . Ps

7.2 Fairness and Liveness.

We distinguish three concepts: progress, weak fairness and strong fair-
ness. They describe conditions for access to common sources, which
are variables in the case here, whenever more than one process is in-
volved. Getting access to a variable is either reading the variable or
writing to it.

Progress: Whenever a process continuously wants to have access to
a variable then either it eventually can access or infinitely often some
other processes access.

Weak fairness: Whenever a process continuously wants to have access
to a variable then it eventually gets it.

Strong fairness: Whenever a process infinitely often wants to have
access to a variable then it eventually gets it.

The liveness property to prove is, that if a process wishes to enter the
critical section then it eventually may do so. We want to show the
property for process P; and by symmetry arguments it follows also for
process Po. A p-calculus formula expressing this property is:

S = vZ. -7 A [reqi](pX . [-]X V (enter )tt)

Verifying it for process Peterson gives false for both interpretations
of the wait statement as expected. The property does not hold if we
do not include some additional assumptions. For example it is easy to
see that in an interleaving based model we also have to make progress
explicit. After requesting the critical section one process could stop do-

ing anything, whereas the other one is reading variables continuously.
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The whole system is doing something all the time, but, of course, we
cannot prove that the one process eventually enters the critical sec-
tion. What further fairness properties are required is the point which
we want to make precise.

From the technical point of view we cannot formulate any fairness
condition with p-calculus expressions for process Peterson as encoded
above. Every variable access results in a 7-action and it is not visible
which process got access to which variable, or which process would
like to do so. Walker used additional actions, called probes, in order
to make request, entering and exiting of the critical section visible.
We will use the same technique and add various probes for variable
accesses to the processes.

A property we want to prove is the following:

Requiring progress for all variables; after requesting the critical section
a process may eventually enter.

According to the definition of progress we have to add an individual
probe to each variable access indicating which variable and which pro-
cess are involved. The additional probes are b1, 612, bol, 022, k1 and
k2. The new agents for processes P, and P, are for interpretation with

busy waiting are below.

P = reql . bywt.byl . kw2.kl. Py + 7.9,

Pii = barfibal . Pio + bartbal . (kr2.k1 . Pyy + krl.kl . Ppo)
P = enterl.exitl.bywf.bi1 . Py

Py = req2 . bowt.bs2 . kwlk2 . Pyy + 7.P

Py = birfbi12 . Poy + byrthy2 . (krl.k2 . Pay + kr2.k2 . Pay)
Pyo = enterg.exity . bawf.bo2 . Py

Petersony = (Py| Pa| K1 | Bif | Bof ) \ L

The formula expressing liveness under progress conditions i1s quite
large, but the construction is rather uniform, and I try to give a mo-
tivation. What is actually expressed is the property: always, after a
request, each path has to fulfill the following: either 1t eventually leads
to the possibility of entering the critical section or it fails (one of) the
progress conditions. The possibility of failing progress conditions con-

sists then in further disjunctions in the “pure” liveness formula ®;.
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It 1s supposed that a process “wishes” to read or write a variable, if
it could do it. In a CCS process the states, where a process could
have access to a variable are those where it could do a 7-action and
afterwards the indicating probe. For example at a state where process
P; wants to have access to variable k the p-calculus formula {r)(k2)tt
holds. According to this addition of probes we also have to model
that a variable access and its probe have to performed as an atomic
action. Paths where these actions are not directly subsequent should
not be considered and they also fail the assumptions. In the formula
this condition is expressed as “whenever a probe can be performed and
it is not performed immediately, then this path will not be considered”
(e.g. ...V ({1 1)t A[b11]X) .. .). Additionally we assume that if pro-
cess P, may enter the critical section or exit then it will eventually do
it.

We will have a closer look to one of the subformulae expressing the

possibility to fail a progress condition, e.g.
/,LX .. I/Y<T><b11>tt A [bll, b12]X A [—bll, b12](X vV Y) e

According to the discussions in section 4.2 this combination of fix-
point operators expresses an “eventually always” property. It is ful-
filled on all paths, where always access to variable 611 is possible (by
(TY(by11)tt), but only finitely often one of the processes performs an
access (by [b11,612]X) and eventually there will be always no access
(by [=b11,612]Y"). The disjunction [—b11,612](X VY') is necessary be-
cause of the branching structure: imagine a path failing the progress-

condition, but on paths branching off there is eventually an enter;

action.
¢, = vZ. [-|Z A [req:] P4
P, = uX. [-]X Vo (entery)tt
v Y. <T><b1 1>tt A [bll, b12]X A [—bll, b12] (X vV Y)
v Y. <T><b1 2>tt A [bll, b12]X A [—bll, b12] (X vV Y)
v Y. <T><b21>tt A [bzl, bz?]X A [—bzl, b22] (X vV Y)
v Y. <T><b22>tt A [bzl, bz?]X A [—bzl, b22] (X vV Y)
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VoY, (ke A [k E2IX A [—k1E2] (X VYY)
VouY. (m)y(k2yt A [k E2]X A [—k1E2] (X VY)
VY. (entera)tt A [enters]X A [—enters] (X VY)
VoY, lexitadtt A [exita] X A [—exits] (X VYY)
Vo (it A [b11]1X)
Vo (b )it A [b21]X)
Vo (12t A [612]X)
Vo ((ba2)it A [622]X)
Vo (kLY A [k1]1X)
Voo([k2)tt A [k2]X) )

Verifying ®, for Petersons shows that only progress conditions are
not sufficient for liveness, as expected. Having tried several fairness
assumptions, the following turned out to be the weakest one that is
sufficient for proving liveness: in addition to the general progress as-
sumptions, weak fairness is necessary for write access to b; and b, and
for both read and write access of variable k. The probes which have to
be added to the process agents now have also to distinguish between
read and write access for variables b; and bs getting the set of probes
bylw, balr, ba2w, by2r k1, k2 (the other possibilities do not appear in
the case here). We get the following process:

P = reql . bywtbilw . kw2.kl . Py + 7.P;
P11 = bz?“f.bzl?“ . P12 + bzrt.bzlr . (k’?“?k’l . P11 + krl.kl . P12)
Pis = enterl.exitl.bywf.bylw . Py

Py = req2 . bowt.bs2w . kwl.k2 . Pyy + 7.P
P21 = blrf.b12r . P22 + blrt.b12r . (k’?“lk’? . P21 + kr2.k2 . Pzz)
Pso = enterg.exity . bowf.bo2w . Ps

Petersons = (P | Pa| K1 | Bif | Bof ) \ L

The p-calculus formula ®3 expressing the intended liveness property
is constructed analogously to ®s. Note that the progress conditions

for actions b;2w etc. do not appear in the formula, simply because
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they do not appear in the process. Verifying ®3 for Petersons gave the

result true.

s = vZ [-]Z A [req1]P%

5 pX. [-]1X VvV {enter)tt
VoorY. ()b lwitt A [bilw]X A [b11lw] (X VY)
Vv (m){b2rtt A [bilw, b127] X A [=bilw, b2r] (X VYY)
VoorY. (m)balrytt A [balr bo2w] X A [=balr ba2w] (X VYY)
VoorY. (m){b2whtt A [b22w]X A [b22w] (X VY)
VoovY. (r)(k1)t A [k1]X A [k1] (X VY)
VoorY. (myk2 )t A [k2]X A [—k2] (X VY)
Vo vY. (entera)tt A [entery] X A [—enters] (X VYY)
Vo vY. (exita)tt A [exita] X A [—exits] (X VYY)
Vo ((hilw)tt A [bplw]X)
Vo ({balr)tt A [balr]X)
Vo ({(bi2r)tt A [b127]X)
Vo ((b22w)tt A [b22w]X)
Vo (k1) A [k1]1X)
Vo ((k2)t A [k2 ]1X)

For the case of interpreting the wait statement not with busy waiting
the necessary requirements turn out to be much weaker. In addition
to progress only fair writing for the variables b, and b5 is sufficient
for liveness. Here also the position of the request-probe makes a dif-
ference. In Walker’s version of Peterson’s algorithm the request-probe
was placed after writing b; to true. In this case we can show that
only progress requirements are sufficient to prove liveness. However,
one conflict is hidden in this version: process P; wishes to get into the
critical section, but is not able to set variable b; to true. Placing the
request probe before writing to by leaves the solution of this problem
to the fairness conditions.

The proof technique is the same as in the case above and we present

only processes and formulae verified.
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P = vreqy . bywt.b1 . kw2.kl . Py + 7.P;
P11 = bz?“f.bzl . P12 + krl.kl . P12

P12 = 6711567“1.61‘%1 . blwfbll . P1

Py = vreqy . bowt.bs2 . kwlk2 . Pyy + 7.1
P21 = blrf.b12 . P22 + kr2.k2 . Pzz

P22 = 6711567“2.61‘%2 . bzwbeQ . P2

Petersony = (P1|Ps|Ky|Bif|Baf ) \ L

®, expresses simply liveness under progress assumptions. It was eval-
uated to false for Petersony and processes P and Ps as above. For the
modification of P;, where the request probe req; comes after by wt.by1
(Petersons), it is the case that ®5 does hold!

For the request probe req; in the “correct” place as above fair writing
for variables b; and bs has to be guaranteed. The probes indicating
write (and read) access for by and bs have to be added. The formula

®,4 giving true Petersony is as follows:

o, = vZ. [-1Z7 A [req]P,

b = pX. [-]X VvV (entery)tt
VoovY. (r){blwitt A [bilw]X A [b11lw] (X VY)
Vv (m{b2r)tt A [bilw, 01271 X A [=bi 1w, b127] (X VYY)
VoorY. (m)balrdtt A [balr bo2w]X A [=balr b22w] (X VYY)
VoorY. (m){b2whtt A [b22w]X A [b22w] (X VY)
VoovY. (k1 k2)tt A [k1,k2]X A [—k1, k2] (X VY)
VoovY. (k1 k2)tt A [k1,k2]X A [—k1, k2] (X VY)
VovY. (entera)tt A [entera] X A [—enters] (X VYY)
Vo vY. (exita)tt A [exita] X A [—exits] (X VYY)
Vo ((hilw)tt A [bplw]X)
Vo ({balr)tt A [balr]X)
Vo ({(bi2r)tt A [b127]X)
Vo ((b22w)tt A [b22w]X)
Vo (kYtt A [k1]X)
Voo(k2)tt A [k2]1X)
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7.3 Experimental Results.

The local version of the Gaufl elimination algorithm presented in Sec-
tion 6.4 was implemented by Wallner [Wal93] and the processes and
formulae of this chapter have been verified using this implementation.
The program is written in C and Binary Decision Diagrams (BDDs)
[Bry86] have been chosen as data structure for Boolean expressions.
The BBD package from Carnegie Mellon University was used. The pro-
gram was run on a Sun UltraSparc 1. The transformation from CCS
agents to transition systems as input for the program was performed
with the Edinburgh Concurrency Workbench.

However, experiments showed that BDDs are probably not the most
suitable choice for our algorithm: each substitution step during the al-
gorithm makes a composition of BBDs necessary. The size of the BDDs
grew more than expected and made frequent and time-consuming re-
ordering necessary. Below we list the results from the verification
procedures. BDD sizes are included and here and we took only into

account the size of the BDD representing the right-hand side of the

Verification of Petersons’s mutex algorithm
Version of Peterson 2 3 4 4 5
states 203 203 139 139 139
formula (O (O (O by (O
fixpoints 10 10 10 10 10
result false true false true true
time 8min | 1I3min | 1 min | 1 min | 1 min
equations created 352 456 236 244 185
% of all equations 17 % 22 % 7% | 18% | 13%
maximal BDD size 5689 9868 2123 2123 289
average BDD size 577 423 231 175 49
substitution steps 106508 | 202121 | 50946 | 51182 | 23313
elimination steps 11219 11464 5078 4946 4088
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variable of interest (“the first equation”). Each formula introduced
in the previous section was verified for the version of Peterson’s al-
gorithm containing the relevant probes for this case. All formulae
express always-properties, which makes an evaluation of the formula
at all states necessary. It is to be expected that local model checking
is no advantage in this case. However, it turned out, that only 13-22%

of the possible equations had to be created.
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Chapter 8

Equivalent techniques.

The model checking problem for the modal g-calculus has been treated
also within other frameworks, and there exist reductions to problems in
automata theory and theory of games. Chapter 5 contains reductions
of the model checking problem to Boolean equation systems and vice
versa. In this chapter we will show the equivalence of solving Boolean
equation systems on one hand, and the nonemptiness problem for alter-
nating automata as well as the decision problem for games, i.e. which
player has a winning strategy, on the other hand. From the equivalence
it follows that algorithms solving one problem can be transformed in
order to solve the other problems. Furthermore the equivalence allows
us to apply the various properties for Boolean equation systems from
chapter 3 and Section 3.2 also to the kind of alternating automata and

games considered.

8.1 Alternating automata.

In this section we show the equivalence of alternating automata on
infinite words over a 1-letter alphabet with a parity acceptance condi-
tion and Boolean equation systems. It follows then according to the
results of section 5.2 that the nonemptiness problem for these alter-

nating automata and the model checking problem are equivalent too.
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For an overview over automata on infinite words and trees see [Tho90],

for alternating automata also [Var95].

Words and trees.

Let ¥ be a finite nonempty alphabet. A finite word over X is a finite
sequence ag, .. ., a, of elements of 3. The set of finite words over ¥ is
denoted by X*. An infinite word over X is a infinite sequence ag, ay, . . .
of elements of . The set of infinite words over X is denoted by X¢.

A tree 7 over the alphabet ¥ is a directed, acyclic graph. Each node
n is labelled by an element of X, written as 7(n) € X. The set of
nodes may be either finite or infinite. There exists one node without
predecessor, the root of 7. Each other node has one unique predeces-
sor, 1ts parent, and a finite number of successors, its children. The
number of its children is the arity of a node. Nodes without children
are called leaves. A branch b of a tree 7 is a sequence b1bs ..., such
that by is the root of 7 and each b; is the parent of b;11. It is either
finite, ending in a leaf, of infinite. Given a branch b of a tree we define
the set lim(b) C X as all elements @ of ¥ such that infinitely many
nodes of b are labelled with a. Note that if b is finite, then lim(b) = 0.

Alternating automata.

Alternating automata are a generalization of nondeterministic automata.
For our purpose automata over an alphabet containing a single letter
are sufficient.

An alternating automaton A is here defined as a tuple ({a}, S, s%, p, Q),
where

o {a} is a l-letter alphabet,

e S is the set of states of A,
o 59 ¢ S is the initial state,

o p:{a} xS — BT(S) a transition function, which maps a state of

S (and the symbol a) to a negation free Boolean expression over S,

e 1is an acceptance condition which has to be specified.
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For a subset S’ of S define an environment on states 65 such that for
all s € S’ we have that fg/(s) = true and false for all other states in
S\ 5. A subset S of S satisfies a negation free Boolean expression
f over S, if f(fs/) = true. For example when f is represented in
disjunctive normal form, all the states occurring in one disjunct form
a set which satisfies f.

A run of an automaton A over the (infinite) word w = a,qa,a,...is a
tree r over S with the properties:

o the root of r is labelled by the initial state s°

e if a node n has the children nq, ..., ng, and n is labelled by a state
s, where p(a,s) = f, then the label set {r(ny),...r(ng)} satisfies f.
A run r of A is accepting if the acceptance condition 2 holds, which
here is a parity condition. €2 includes a labelling of the states with
colours {1,...,m} for some m € IN, and an acceptance set F C S,
which contains for a subset of colours all states of these colours. The
acceptance condition is:
e every finite branch ends in a leaf labelled with a state s, such that

pla, s) = true

e for every infinite branch b the state with the least label in lim(b)
is contained in F'.

An automaton is empty if it has no accepting run.

We may also mention now that an alternating automaton over a single-

letter alphabet as defined above can be interpreted as a non-deterministic

tree-automaton and vice versa. In this case a run of an automaton A

over the (infinite) tree 7 is a tree r over S with the properties:

o the root of r is labelled by the initial state s°

e if anode n of r has the children ny, ..., ng, then for p(a,r(n)) = f
the set of labels {r(ny),...r(ny)} satisfies f

e define for s€ S the automaton A; as A, but with initial state s; for
each node n of r with children nq, ..., n; there exists a node n’ in
7 with children nf, ..., ny, such that every subtree of r rooted with
n; is a run of A, () over the subtree of T rooted with n.

The acceptance condition for a run is as above.
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Proposition 8.1 An alternating automaton A over infinite strings
and a 1-letter alphabet is nonempty iff the interpretation of A as

nondeterministic tree-automaton is nonempty.

From Boolean equation systems to alternating

automata.

Given a Boolean equation system £ and an environment 6 we construct
an automaton Ag g as follows.

Ag g = ({a}, Se, Xi, pe o, Qe 9), where

e Sg is the set of all variables of £, i.e. Sg = lhs(E) Urhs(E).

e Some variable X; of £ is taken as initial state.

o If oX = fis an equation of &, we define p(a, X) = f, otherwise
pla, X) = 0(X).

e The acceptance set F' contains all states X where v X = f is an
equation with a greatest fixpoint operator in £. The labelling of
the states follows the order of the variables in £: the first variable
gets the label 1, the second 2 etc.. States which do not correspond
to left-hand side variables in £ are only labels of leaves in all runs.

Hence their labelling is irrelevant.

Theorem 8.2 For a Boolean equation system £ and an environment
# 1t 1s the case that ([[8]] 9) (Xz) = true iff Agyg({a}, Sg, Xi, PE Y, ngg)
is nonempty. Moreover Ag o has size of O(|£]).

The proof is in the appendix.

From alternating automata to Boolean equation

systems.

The transformation from an alternating automaton over a 1-letter al-
phabet with parity condition to a Boolean equation system 1s simple.
Given an automaton A({a},S,s" p,Q) we construct a Boolean equa-
tion system £4 as follows:

e The set of states S is interpreted as set of Boolean variables.
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e For each s € SN F there is an equation vs = p(a,s) in 4.
e For each s € S\ I there is an equation us = p(a,s) in £4.

e The acceptance condition 2 includes a labelling of the states of S. If
for s;, 5; € S the label of s; is lower than the label of s; then s; < s;
in €4, i.e. the equation o;s; = p(a, s;) is before g;5; = p(a,s;) in
Ea. (If s; and s; carry the same label then they are in the same

block and their order is irrelevant.)

Theorem 8.3 For an alternating parity automaton over a 1-letter
alphabet A({a}, S, s% p, Q) there exists a Boolean equation system

Ea of size O(| A|), such that for any environment @ it is:

A({a}, S, 5% p, Q) is nonempty iff ([€4] 0)(s") = true.

Proof: Take the Boolean equation system £4 as constructed above
and transform it back to an automaton Ag, as in the previous section.
It is easy to see that we get the original automaton up to labelling.
The equivalence follows then from theorem 8.2. |
Now the equivalence of alternating automata and model checking prob-

lems follows easily:

Theorem 8.4 For an alternating parity automaton A({a}, S, s, p, Q)
over a l-letter alphabet there exists a proposition of the modal
p-calculus @ and a model M with the state space &, such that for
some renaming function A : S — &, any environment § and any

valuation V 1t is:

A(s) e||@|f iff A({a}, S, s°, p, Q) is nonempty. It is ad(®) < |F|+1
and the M is of size O(]A[?).

Proof: Apply theorems 8.2, 8.3 and 5.2. |

Complexity and relation to other work.

From the equivalence proved above and the results from section 6.5 we
know that the nonemptiness problem for alternating parity automata

over a l-letter alphabet is contained in NP N co-NP. In this section
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we want to relate this result to other complexity results for the same
problem in the theory of automata. For that purpose we consider
more standard acceptance conditions, the Biichi and Rabin acceptance
conditions.

The Biichi acceptance condition for a run r of an (alternating) au-
tomata consists of an acceptance set F' C S and the requirement, that
lim(b) N F # @ for every branch b of r.

The Rabin condition includes a set of accepting pairs {(L1,U1),...,
(Ln, Up)} and the requirement for a run r to be accepted is: for each
branch b of r there exists an ¢ € {1,...,n} such that lim(b) "N U; £ 0
and lim(b) N L; = 0.

The languages accepted by alternating automata on infinite words are
the same for all these three acceptance conditions (see e.g. Lindsay
[Lin&8]); it is the class of w-regular languages.

However, concerning the emptiness problem for alternating automata
over a l-letter alphabet the acceptance conditions make a difference.
There exist linear translations from Biuchi automata to parity au-
tomata and from parity automata to Rabin automata, which are es-
sentially only transformations of the acceptance conditions.

For the case of Biichi automata the states have to be equipped with
labels from {1,2}. The labels are chosen in such a way, that each
state contained in the acceptance set F' gets the label 1 and each
other state not contained in F' gets the label 2. The labelling together
with the acceptance set F' is then the equivalent parity acceptance
condition. Thus every alternating Biichi automaton A can be mapped
to an alternating parity automaton, and further with theorem 8.3 to
a Boolean equation system &4, such that the Biichi automaton with
initial state s” is nonempty iff ([€4] 6)(s°) = true for any environment
6. From the structure of Biichi acceptance conditions and the way
of construction of £4 it follows that £, has alternation depth of at
most 2; the first equations have greatest fixpoint operators, the last
equations have least fixpoint operators. Applying complexity results
from chapter 6.2 we get the proposition below. It follows also from

[Var95], prop.5 and proposition 8.1.
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Proposition 8.5 The nonemptiness problem for alternating Biichi
automata on infinite words over a l-letter alphabet is decidable in

quadratic time and space.

For the reduction of a parity automaton to a Rabin automaton we
also just the acceptance condition needs to be transformed. For each
colour i € {1,...,m} we define L; = {s € F | s is labelled with i}
and U; £ {s € S| s has a label lower than i}. Note that an accepting
pair (L;,U;) with L; = @ can be removed from the set of accepting
pairs, because 1t accepts nothing. It is easy to see that this Rabin con-
dition accepts the same runs as the original parity condition and vice
versa. However, here the nonemptiness problem follows from [EJ88]

and proposition 8.1.

Proposition 8.6 The nonemptiness problem for alternating Rabin

automata on infinite words over a 1-letter alphabet is NP-complete.

Representing p-calculus formulae as automata already has a long tra-
dition (e.g. [SE84, Niw88, EJ91, Kai96]). The modal p-calculus was
shown to be expressively equivalent to automata on infinite trees.
Among known results the closest to ours is the equivalence of the
model checking problem and nonemptiness of nondeterministic tree-
automata with parity acceptance condition from Emerson, Jutla and
Sistla [EJS93]. With proposition 8.1 the equivalence presented here
and their result are interderivable. Another approach (e.g. see [Var95,
BVW94]) is to represent a formula of the modal p-calculus and also the
transition system as (alternating, amorphous) Rabin tree-automata. If
the product-automaton of these is nonempty, then the formula holds
at the initial state of the transition system. However, this emptiness
problem is NP-complete, and hence the problems are not equivalent.
In this approach the NP N co-NP complexity of the model checking

problem follows from complementation arguments.
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8.2 Graph games.

Starting from the framework of Boolean equation systems we can de-
rive graph games as defined in [Sti96] and show the equivalence of both
approaches. In this section we assume Boolean equation systems being
closed and in standard form.

A game graph G consists of a set of vertices {1,...,n}, each of them
carrying one label from {I, IT} and another from {y,v} ! The graph
G contains one or two edges of the form ¢ — j for each vertex ¢. The
size |G| is defined as usual as sum of the number of vertices and the
number of edges of G.

A play p on the game graph G¢ is an infinite sequence of vertices
chosen by two players, player I and player II. The play starts at some
initial vertex . Whenever the current vertex is labelled with I then
player I has to move and chooses one of the successors, which then is
the current vertex. Dually, if it is labelled by II then player II has to
move and chooses a successor.

A strategy for a player is a decision function from the play done so
far to the next move.

Deciding who 1s the winner of a play p requires considering the set
lim(p) of all vertices which have been visited infinitely often. If the
least vertex of all vertices in lém(p) is labelled with p then player I
wins; if it is labelled with v then player II wins.

A player has a winning strategy for the game on G¢ with initial vertex
¢ if she can win every play.

A history free winning strategy is a winning strategy where the choice

of a successor does not depend on the initial sequence of the play done

!Tn [Sti96] game graphs are defined in such a way that each vertex carries only
one label from {I, IT}. For getting from the definition there to ours we equip each
I-node with a x4 and each II-node with a v. For the other way round we have to
take care of two cases: vertices carrying a I and a v, and, dually vertices carrying a
IT and a . In both cases a extra vertex has to be introduced which inherits all the
successors of the one considered, but is then the only immediate successor of the
original one. In the first case the original vertex gets the label II, its new successor
the label I, dually in the second case. In all other cases the labels 1 od v may just

be removed.
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so far. This means that in a history free winning strategy for player
I (IT) there exists a unique choice of a successor at every I-labelled

(TT-labelled) vertex.

From Boolean equation systems to graph games.

Given a Boolean equation system & we will define a game graph Gg.
Recall that for a given Boolean equation system &£ the dependency
graph (see section 6.1) consists of a set of vertices {1,...,n, true, false},
one for each left-hand side variable of £ and two for true and false. If
there is an equation ¢X; = X; V X (X; A Xy) in & then there will be
edges i — j and i — k in the dependency graph.

Essentially the game graph G¢ for £ is its dependency graph where
additionally each vertex carries two more labels. For every equation
cX; = f in £ vertex ¢ of Gg 18 labelled with o. Vertex false gets the
label pi, true gets the label v. If 0X; = X; A X}, is an equation of &
then vertex ¢ is labelled with I, and all other vertices are labelled with
IT. Two more edges are added to G¢ for technical reasons: false — false

and true — true.

Theorem 8.7 Player II has a winning strategy for the game on G¢
with initial vertex ¢ iff ([£] 6)(X;) = true. Moreover |Ge| = O(|€]).

The proof can be found in the appendix.
The existence of history-free winning strategies follows easily from
the corresponding properties for Boolean equation systems (see also

[Sti96]).

Proposition 8.8 If player I (II) has a winning strategy for the
game on Gg with initial vertex i, then she has also a history free

winning strategy.

Proof: Follows immediately from lemma 3.36 and theorem 8.7. |
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From graph games to Boolean equation systems.

From a game graph G we derive a Boolean equation system &g.
e If vertex i of G is labelled with o there will be an equation ¢ .X; = f;

in & . There will be no equations for true and false.

e If vertex ¢ has label I and i — j and ¢ — k are edges in G then
cX; = X; VX is an equation of &;.

e If vertex ¢ has label II and there are edges ¢ — j and ¢ — k in G
then 0X; = X; A Xy is an equation of &;. If there is just one edge
¢ — j from ¢ then 0X; = X is an equation of &;.

o Fori<jitis X; < X;in&g.

Theorem 8.9 Player II has a winning strategy for the game on G
with initial vertex ¢ iff ([€g] #)(X;) = true. Moreover |G| = O(|&]).

Proof: Follows immediately from the fact, that the game graph defined
by &g is again the original game graph, i.e. G = Gg,, together with
theorem 8.7 |

With linear reductions in both directions we have shown the equiva-
lence of determining whether there exists a winning strategy for one
player in a game and solving Boolean equation systems. This is an-
other proof that the decision problem for graph games is in NP N
co-NP. With the equivalence of the latter and the model checking prob-
lem in the modal p-calculus we get immediately an answer to an open

question in [Sti96].

Theorem 8.10 For a game graph G there exists a proposition of
the modal p-calculus @ and a model M with the state space &, such
that for a renaming function A : {1,..., n} — & and any valuation
Vit is:

A(i) €@} iff player II has a winning strategy for the game on G
with initial vertex i. Moreover |[M| = O(|G|?).

Proof: Follows from theorems 5.2, 8.7 and 8.9. |
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Relation to other techniques.

In this section a play has been defined as an infinite sequence of ver-
tices. The analogy to the automata approach is obvious: each play
can be interpreted as a branch of a run on an alternating automation
as defined in the previous section. The branch is accepted iff player 11
wins the play.

Equally a play on a game graph G can be defined as a finite sequence
of vertices ([Sti96]). Then the termination condition for a play is, that
a vertex has been visited twice. Player II wins such a finite play, if the
vertex with the least label between the first and second occurrence of
the one visited twice is labelled with v, otherwise player I wins. With
this definition a play is equivalent to a path in a tableau as defined
in Section 6.3. The question whether there exists a winning strat-
egy for player II or a successful tableau are the same. Consequently
an algorithm which solves the decision problem for finite plays has to
deal with same redundancy problem as tableaux have. One algorithm
solving this problem in a top-down manner is contained in [Mad92].
However, the criteria for possible “reuse” of prior information are in-
volved. A more efficient and simple algorithm avoiding redundancy is

Gaufl elimination of section 6.4.
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Chapter 9

Infinite Boolean

equation systems.

So far we have been concerned with model checking only for finite state
systems. It has been shown that there the problems of solving Boolean
equation systems and model checking are equivalent. Models with an
infinite state space easily arise when e.g. considering systems with un-
bounded buffers or programs using recursive data-structures such as
natural numbers or trees. In this chapter the framework of Boolean
equation systems will be extended to the infinite case. The model
checking problem for the modal p-calculus and systems with (pos-
sibly) infinite state space on one hand, and solving infinite Boolean
equation systems on the other hand will be shown to be equivalent.
However, such an equivalence is only useful, if there exists a finitely rep-
resentable method for solving infinite Boolean equation systems. Here
approximation techniques are not applicable. We present an elimina-
tion method similar to Gauss elimination in section 6.4 based on a rep-
resentation of infinite Boolean equation systems by set based Boolean
equation systems. This elimination method is closely related to the
tableau method of Bradfield and Stirling [BS91, Bra92]. It combines
the top-down approach of the tableau with a bottom-up evaluation.
In a tableau for an infinite state system the same effect can occur as

in the finite case: the tableau might contain many copies of similar
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subtrees. The bottom-up evaluation avoids this kind of redundancy.
To determine whether a tableau is successful or not it is necessary to
investigate so called extended paths. It turns out that the strategy of
the elimination method simplifies the success criterion. The nondeter-
minism contained in the tableau method is, of course, still contained
in the elimination algorithm presented here. It is intended that an
intelligent prover makes use of her (not generally formalizable) knowl-
edge about system and property to prove in order to deal with the
nondeterministic parts of the algorithm.

We define infinite Boolean equation systems and show how properties
for the case of finite Boolean equation systems can be transfered. Set
based Boolean equation systems are introduced as a finite represen-
tation for infinite Boolean equation systems. We show a substitution
step and elimination step similar to the ones in the Gaufl elimination
of section 6.4. With these an algorithm is formulated describing the
bottom-up version of the tableau method in [BS91, Bra92]. Small

examples demonstrate the technique.

9.1 Definitions.

In this section we define syntax and semantics of infinite Boolean equa-
tion systems. Furthermore, we show that for each infinite Boolean
equation system there exists a system in conjunctive form such that
both systems have the same solution. In terms of games this says that
there exist history free winning strategies.

In the case of infinite Boolean equation systems we have to deal with
two kinds of infinity: on one hand there might be an infinite number
of equations, on the other hand the right-hand sides of each equation
may consist of infinite conjunctions or disjunctions. However, what
still has to be finite is the nesting depth of infinite Boolean equation
systems. An infinite Boolean equation system therefore consists of a
finite sequence of blocks, where a block i1s a possibly infinite set of
Boolean equations all having the same fixpoint operator. The syntax

of an infinite Boolean equation system is as follows.
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Definition 9.1 The set of positive infinite Boolean expressions
over a countable set X of variables is denoted by B (X). Each
of its elements is of the form \/ieI X;, /\z’eI X; or X; where [ is a
countable index set and X; € X U {true, false}.

An infinite Boolean equation is of the form ¢ X = f, where o € {p, v},
X eXand f € BL(X).

A block ¢ is a set of infinite Boolean equations ¢ X; = f;, all having

the same fixpoint operator ¢, j € J and J is a countable index set.

An infinite Boolean equation system & is a finite sequence of blocks

1By ..o, B, for somen € IN.

Again, for technical reasons, we assume that in an infinite Boolean
equation system there are no two equations having the same variable
on the left-hand side. The definitions of the set of left-hand side vari-
ables [hs(€) and right-hand side variables rhs(€) of an infinite Boolean
equation system are as in the finite case. Also environmentsé : ¥ — B
are defined as in the finite case. We have (\/;.; X;)(0) = true, if
X; = true or #(X;) = true for some ¢ € I, and false otherwise. Dually
(/\ieI X;)(0) = false if for some ¢ € I either X; = false or #(X;) = false.
For some index set I and b; € B! we denote by 0[X;/b7] the si-
multaneous substitution of all X; € A by b; for ¢ € I, such that
01X1/br](X;) = b; for i € I and otherwise 0[X1/b1](X;) = 0(X;).

The semantic of an infinite Boolean equation system is defined recur-
sively. In contrast to the finite case in each step an infinite Boolean
equation system is not reduced to systems with one equation less, but

with one block less.

Definition 9.2 Let o8 € be an infinite Boolean equation system,
where lhs(cB) = {X; € X | i € I} for some index set I, and b € B .
[el¢ = 6
[eBENG = [€]60[X1/cX;.B(E])] , where
pX1B(E]) = ({beB'\Vie Lb > fi([€]6[X1/b])}
vXrB([E]) = | J{be BI|vie 1b; < fi([E]0[X,/b)}
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With this definition of the semantic we can make use of all the proper-
ties proved for fixpoint equation systems in chapter 3. In this case we
interpret a block above as one vector valued fixpoint equation. How-
ever, we often want to argue about a single Boolean equation, not
about a whole block. Therefore we need the property below about
splitting of blocks. Then 1t is also possible to split a single equation
from a block and consider it as one block. When arguing about in-
finitely many Boolean equations then blocks containing infinitely many

equations should be split before applying the relevant lemmata.

Lemma 9.3 Let
o uB, uBy and pBs be blocks, where pulBB = uBy U ubBs.

e &1, & be infinite Boolean equation systems,

e and # an environment.

Then [[81 /JB 52]] g = [[51 /iBl /JBQ 52]] 6.

Proof: Follows from Beki¢’s Theorem 2.24 and the transformation
from fixpoint expressions to fixpoint equation systems. Details are left
to the reader. d
We now show a property which is the infinite version of lemma 3.36. Tt
says that for every Boolean equation system & and environment 6 there
exists a conjunctive Boolean equation system £’ such that £ < &, and
[E76 = [£]0. In terms of games this means that also in the infinite

case there are history free winning strategies.

Theorem 9.4 Given an infinite Boolean equation system & =
o1B1 .. .0, B, and an environment # there exists an infinite Boolean
equation system & = o1B]...0,8], such that £ contains no dis-

Junctions on the right-hand side, such that
o If O'ij = /\iEI

an equation in B} of &

X; is an equation in block B; of £ then it is also

o If 7; X; = X; is an equation in block B; of £ then it is also an

equation in B} of £’
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o If O'ij = \/iEI

nonempty, then for some ¢ € [ the equation ¢;X; = X; is in

X; is an equation in block B; of & and [ is

block B} of £. If I is empty then ¢; X}, = false is an equation of
B of &
o [E]6=1ET6

A proof can be found in the appendix.

9.2 Equivalence to the model checking

problem.

Essentially the transformation of the model checking problem for infi-
nite state spaces to infinite Boolean equation systems does not differ
from the finite case. However, as we allow for infinite Boolean equation
systems only one conjunct or one disjunct on the right-hand side of
each equation we have to introduce new variables.

The transformation function E., maps a pair (®, M) consisting of a
modal p-calculus formula ® and a model M with a possibly countable
state space § to an infinite Boolean equation system.

The function E., performs the transformations from a nested fixpoint
formula to a fixpoint equation system and creates the basic block
structure of the whole system. By introduction of new variables and
constants it also reduces each right-hand side expression to a single
variable, constant, modality, disjunction or conjunction (and no com-
bination of those). E, refers to a set of functions {Eq, Ez, ...}, which
create the Boolean equations within one block. Each E; for i € IV is
related to state s; of the transition system.

We omit the argument M of E., when it is clear from the context.

E.(Q) = «
Eo(X) = ¢
B (@1 ADy) = Eoo(®1) Eoo(®2)
E. (<I>1V<I>2) = Eo(®1) Eoo(®)
B (d]®) = Bo(®)
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E..({(a)®) = E(®)

Eoo(cX.01V®s) = (0X1=E (X' VX")) (0Xs=Ep(X'VX"). ..

E. (O'X/ %) E (O'X// = &) for fresh X', X"

(e X )

Eo

(e X

Eo.(0X.®) A®y) = =E1 (X' AX")) (0 Xy =Ey(X' A X")) . ..

(O'X/ $,) Eo (O'X// = &) for fresh X', X"

Eo(cX.®) = 1=E1(®)) (6 X3=E2(?))... E(P)
if ® is not a conjunction or disjunction
and for ¢ € IV
true if s; €V(Q
Bi(Q) = { @
false else
Ei(X) = X,
Ei([®) = /\ E;(®)
s,—a>s]'

Ei(cX.®) = X,

The transformation function E., also maps to a valuation V an envi-
ronment #y, defined as follows:

HV(XZ) =true iff 5; € V(X)

Proposition 9.5 The property ¢X.® holds at state s; of tran-
sition system 7 in the model M = (T,V), s; Fam X ., iff the
corresponding infinite Boolean equation system has the solution true

for X;, i.e. for all environments 6y it is the case that
([Eoo (0 X=P), M)] Ov) (Xi) = true.

Proof: The proof is analogous to the one of proposition 5.1. The
introduction of new variables and equations is correct due to lemma
3.25. O
Also the backwards transformation from an infinite Boolean equation
system to a model checking problem works here. The construction of

section 5.2 is immediately applicable to the infinite case.
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Theorem 9.6 For each infinite Boolean equation system & there
exists a proposition of the modal p-calculus ® and a model M, such
that for a variable renaming function A on the variables of £, all

X €lhs(€) and environments @ we have
(I€1 6)(X) = ([E(®, M)] 0)(A(X))

Proof: See proof of Theorem 5.2 |

9.3 Set based Boolean equation systems.

So far we have introduced infinite Boolean equation systems, showed
that various properties of the finite case also hold for the infinite, and
that the model checking problem for possibly infinite state spaces and
infinite Boolean equation systems are equivalent. However this results
only become useful, if we find a finite representation of infinite Boolean
equation systems. This is the aim of this section.

The finite representation we give here deals only with infinite Boolean
equation systems which contain no proper disjunctions (i.e. if there
exist disjunctions, then they consist of not more than one disjunct).
Therefore here Theorem 9.4 is crucial. For every model checking prob-
lem we get an infinite Boolean equation system, and for every infi-
nite Boolean equation system & there exists another infinite Boolean
equation system &’ without proper disjunctions, but having the same
solution as £ and being finitely representable.

The kind of Boolean equation systems which will be introduced here
is called “set based”. Intuitively in a Boolean equation system derived
from a model checking problem there is one variable for each pair
consisting of a state and a fixpoint variable. The variable will be true,
if the fixpoint formula corresponding to this variable holds at the state.
Here this idea generalizes to variables for pairs consisting of a set of
states and a fixpoint variable, and the variable will be true, if the
corresponding fixpoint formula holds at all states contained in the set.
The sets considered here may of course contain infinitely many states

and this is the technique where finite representations can be obtained.
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Encoded in a set based Boolean equation system will be a transfor-
mation to an infinite Boolean equation system. The semantics of a
set based Boolean equation system is then defined by the semantics of
the infinite Boolean equation system, to which it is transformed. For
that purpose we need partial mappings p, p1, . ... Each right-hand side
variable in a set based Boolean equation system will be equipped with
such a mapping p.

For the state space § and some M C & let the function p be p :
M — PB(S). Then we also define p(N) = |J,cyp(s) for N C S.
The concatenation ps o p1 and union p; U pz of ps : My — P(S) and
p1 2 My — PB(S) are defined in the usual way:

o0 p1 M, — q3(8)
. s1 = {s€8|3s2 € Ma.sa € p1(s1) and s € pa(sa)}

and
My UMy, — ‘13(8)
prUps:
s o () Upsls)
Given a function p : M — PB(S) define

p° = Id, the identity function

P E plop

A=

1€IN
An order <, on M C § is defined by a function p: for si,s0 € M
define 51 < sy if 51 € p(s2). We will say p is wellfounded, if <, is
wellfounded.

We now define the syntax of set based Boolean equation systems.

Definition 9.7 A set based Boolean equation is of the form:
o(X, M) = /\jeJ(XJ’ M;, p;), where

o o€ {pvy,

o M, M;CSforalljeJ,

e (X,M) € X is a Boolean variable,
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e J is a finite index set,
o (X;, M;) € X U/{true, false},
o p; M —= M; forall jeJ.

A set based Boolean equation system 1s a finite sequence of set based

Boolean equations.

The semantics of a set based Boolean equation system & is defined
via a transformation T of £ to an infinite Boolean equation system.
Informally, a set based equation ¢(X, M) = /\jEJ(Xj,Mj,pj) will
be mapped to a set of infinite Boolean equations, each of the form
cXs = fs, where s € M and f; is a conjunction which will be defined
below.

Assume M = {s},s5,...}. Then

T(e) = ¢
T( (o(X,M)= N\ (X}, Mj,p5)) &) =
JjeJ
(eXy= N\ N\ X0 (0Xy = AN Xpa). T(E)
JEJtep;(sh) JeJtep;(sy)
where
. Xs/lEX,

o X;, € XU {true false},
o X;;=trueif X; = true,

o X;; = falseif X; = false.

Definition 9.8 The semantics of a set based Boolean equation
system & is defined relatively to an environment 8 and is itself an

environment.
[€]16 = 0", where 0'((X, M)) = (A;enr Xs)([T(E)] )

It is easy to see, that if in /\jeJ(XJ" M;, p;) for one of the disjuncts
(X;,M;) = false, then the infinite disjunction also gets false, i.e

([(e (X, M) = Njes (X5, Mj, pj)) E1O)((X, M) = false.

el
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9.4 Elimination method.

In this section we present an elimination method for set based Boolean
equation systems. Similarly to the finite case it can be interpreted as
a bottom-up evaluation version of the tableau method of Bradfield
and Stirling [BS91, Bra92]. In their method the success of a tableau
requires investigation of so called extended paths. In the elimination
method this task is solved by the mappings p in a very simple way.
Analogously to the finite case (see section 6.4) we define a substitution
step and an elimination step in a set based Boolean equation system,
and show that they preserve the solution.

First we show the substitution step. When performing one substitution
step in a set based Boolean equation system & this stands for a possibly
infinite number of simultaneous substitution steps in the corresponding

infinite Boolean equation system T(&).

Lemma 9.9 Let

e &1, &, &3 be set based Boolean equation systems,
e M,N N' CS8, where N C N’

e assuming that forall j € Jitis Y # X

I = (Y,N,py) N /\(Xjanapj)’
JjeJ
v = N\ Y Ne,pr),
keK
fro= Nk Nepyope) AN\ (X5, My, p)),
keK jeJ

e { an environment.
Then [& (ox (X, M)=fua) & (ov (Y, N')=fn) E] 0
= [& (ox (X, M)=[y) & (ov(Y,N')=fn) &E] 6.

The proof is in the appendix.

Next we show the elimination step. In case of finite Boolean equation
systems the right-hand side occurrences of the left-hand side variable
may just be substituted by true or false. Here when eliminating a vari-

able additionally the mappings p of all other right-hand side variables
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of this equation are extended. Intuitively this corresponds to the in-

vestigation of extended paths in the tableau method.

Lemma 9.10 Let

e & and &; be set based Boolean equation systems,

o o(X, M) = (X,M,p) N N;jc;(Xi, M;, pi) a set based Boolean
equation,

e @ an environment, and

o 0 = [& (o(X, M)=(X, M, p) AN (Xi, Mi, pi)) €210

If o = v then ¢/ = [&(o(X, M) = /\ieI(Xi’ M;, pi o p*))Ea] 0.

If o = p and p is wellfounded then @’ is as in the case for ¢ = v,

if p is not wellfounded then #'((X, M)) = false.

A proof can be found in the appendix.

Based on these both lemmata is the algorithm in Figure 9.1. Its task
is to show that for an infinite Boolean equation system & and envi-
ronment @ it is ([€] #)(X;) = true. Creating an equation ¢(Z,5")=g¢
includes a nondeterministic choice: from each disjunction on the right-
hand side of an equation 075 =g, in £ one disjunct is selected, whereas
all other equations o Z; = g remain unchanged. All these equations are
collected in the block T(¢(Z,S")=g). Evaluation Eval of conjunctions

is here done by the following rules:

(true, p) A /\(Xi,Mi,Pi) = /\(Xi,Mi,Pi)
iel iel
(false, p) A /\(XZ', M, pi) = (false, p)
i€l
/\@ = (true,p) for any p

The algorithm in pseudo code is as follows:

So far we presented an algorithm for solving set based Boolean equation
systems and proved it correct. The question is still, whether it is always
possible to find a representation of an infinite Boolean equation system
as set based Boolean equation system such that from solving the latter

the solution of the first can be derived.
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Create an equation ox (X, M)= fx, such that s € M;
E=ox (X, M)=fx;
Apply, if possible, an elimination step;
fx = Eval(fx);
while not fx = (true, p) or fx = (false, p)
do
Select (Y, N, py) from fx;
Create an equation oy (Y, N')= fy, where N C N’;
Insert oy (Y, N')=fy in £ according to the transformation;
Apply all possible elimination steps and substitution steps;
Evaluate each equation oz(Z, M') = Eval(fz);
od

Figure 9.1. Elimination algorithm for infinite Boolean equation systems.

Proposition 9.11 For an infinite Boolean equation system & and
environment 6, where ([£] 6)(X;) = true the algorithm in Figure 9.1

can evaluate a variable (X, M) to true, where s € M.

Proof: The algorithm includes two sorts of nondeterministic choices.
The one is the choice of disjuncts in the infinite Boolean equation
system &£. Theorem 9.4 says that there exists a choice of disjuncts
such that the solution is preserved. The other nondeterministic choice
consists in the selection of a set of states when creating a new equation.
(Note that this choice is comparable to the thin rule in the tableau
method.) We have to make sure that there exist choices, such that the
resulting set based system contains only a finite number of equations.
The simplest choice is collecting all variables of a block, which have
the solution true, i.e. Ny = {s € S| ([]6)(Ys)} = true. For each
block of & there exists one set of this kind, and therefore there is just a
finite number of these sets. When restricting the choice of sets to these
Ny the resulting set based system &’ is finite. Note that it contains all

variables of the system £ which have the solution true. Hence there are
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enough equations in order to apply the substitution and elimination

steps, which are correct according to lemmata 9.10 and 9.9. |

9.5 Examples.

We want to demonstrate the elimination method by two examples.
The problems are both contained in [Bra92].

For the transition system 7 below we want to show the property that
every path starting at s has only finite length. In terms of modal
p-calculus this is: s € |pZ.[-]Z|].

S00
S11 —& Si0

S22 —& S21 —& 820

A

S33 —B 832 —B S3;7 —E= Sjg

In a first step we derive the infinite Boolean equation system for the

model checking problem above.

K s = /\ieﬂ\f sy
Wosiy = s,y fore,jeIN and 0 <i<j
UZs,, = true fori e IN

The next step is to find a representation as set based Boolean equation
system. In general this is the part where the knowledge about system
and property to prove comes in. On one hand in each disjunction
of the infinite system one digjunct has to be selected, which is not
necessary in the case here. On the other hand for each block of the

infinite system a suitable partition of the state space has to be found.
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As abbreviation we introduce the sets and mappings
My = {4 |ie N\ {0}}
My = {(i,))e NxN|0<j<i}
Ms; £ {(i,0)€ N x N}

po s {(0,0)}
1 s My
My — P(Mo)
P2 (i,7) —={GEj—-1)} forj>1
(i,1) 0
M,  — P(Ms)
ps (i,7) —0 for j > 1
(t,1) —={(0)}
07 will denote an arbitrary mapping

The set based Boolean equation system is then:

w(Z,{st) = (Z, M1, p1) AN(Z,{(0,0)}, po) (9.1)
w2, Ma) = (Z, Ma, p2) AN(Z, M3, p3) (9.2)
W70y = (e po) 93

The procedure of solving this equation system is now done in detail.
We substitute the right-hand side of equation 9.3 into equation 9.2
getting for equation 9.2:

w(Z,Mz) = (Z, My, p2) N (true, p) (9-4)

Next we apply an elimination step to equation 9.4. Because py is

wellfounded we get:

w(Z, Ms) = (true, p7) (9.5)
In the last step we substitute the right-hand sides of equations 9.5 and
9.3 into equation 9.1.

w(Z,{s}) = (true, p2) A (true, p+) (9.6)
= (true, p?) (9.7)
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which gives the expected result Z; = true or s € | uZ.[-]Z|]. <
The second example is originally a Petri Net example in [Bra92]. Here
we demonstrate its version based on a transition system. The property
to prove is that on all paths a c-transition occurs only finitely often.
This will be shown for the initial state sgg of the transition system be-

low and the corresponding expression is sqg € | Y. v Z.[c]Y A [—c]Z .

Spo ——® Sp1 ————® Sp2 — ™ So3 — = ...

S10 = 811 < 812 < 813 <«— ..

We immediately present a set based system, where it is assumed that
i€ {l1,2},j,k € N and k > 0. Define the mappings

{ {(1,7)} forj>1

i) = ¢ U

L ) forj >1
p2((L,9) = { (1,00} forj=0
{(0,j +1)}

{15}

ps((1, k) = {{(1’k®_1)}) Eii:

p6((1’1)) {(1’0)}

™ D

H w

-
= =
o ©
o,

=

=z =
([

Then a set based Boolean equation system equivalent to the model

checking problem is:

p (Y, {00,001 = (2.4 :
(Ya {(L])}) = (Z’ {(lak)}a P1 ) N (Z’ {(LO)}a P2 ) (99)
(7, {(0,9)}) = (%, {

=

A
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v (Z’ {(l’k)}) = (Za {(Lk)}a p5) N (Z’ {(LO)}a p6) (911)
v (7, (1L,0)) = (trve, po ) (9.12)

After substitution of equation 9.12 into equations 9.11 and 9.9 and

elimination steps in equations 9.10 and 9.11 we get:

p (v A0.0)) = (2 {(0.4)), id) (9.13)
w (VLY = (2 ALK g1 ) A (e, pr) (9.14)
v (Z2A0.0)) = (VAL pross) (9.15)
v (Z (LK) = (true, pr) (9.16)
v (2 {(1L0)}) = (true, pr) (9.17)

Now we substitute the right-hand side of equation 9.15 in equation

9.13 and also 9.16 1n 9.14.

(Y, {(1,5)}, idopsopy) (9.18)
(Y, {(LJ)Y) = (true, pr ) (9.19)

=
—_
=
—_
\.O
.
—
v
[l

The last substitution of 9.19 in 9.18 gives the result

p (Y, {(0,0)}) = (true, pr)

and it is proved that sog € | pY.vZ.[c]Y A[—c]Z]]. <

9.6 Conclusion.

In this chapter we showed that the techniques for finite Boolean equa-
tion systems can be extended in order to deal also with infinite state
spaces. The model checking problem for infinite state spaces and solv-
ing Boolean equation systems were shown to be equivalent. Whilst the
theoretical approach differs very much from the one in [BS91, Bra92],
the tableau method there and the elimination method presented here
are closely related. The main advantages of the tableau method are the
ones of local model checking and computer assisted proving in contrast

to fully automatic proving. The first allows to consider only a relevant
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part of the state space, which is possibly a much smaller subset. The
latter gives the possibility to set up a proof following the knowledge
about the special structure and properties of a system in contrast to
traversing a whole state space and trying to prove every subformula
at every state, which makes proving properties impossible for infinite
systems. The elimination algorithm combines the top-down strategy
of the tableau with a bottom-up evaluation. With this combination
we get the advantages of the tableau method, but we are also able to
avold the inherent redundancy of tableaux as well as exploration of
extended paths for the success criterion.

Andersen [And94b] described another method for performing model
checking on infinite state systems, presented as a set of rewriting rules
and also similar to the tableau system of [BS91, Bra92]. It improves
the tableau method in the sense that the success criterion for a leaf is
derivable from the path leading to that leaf rather than by an explo-
ration of possibly the whole tableau.

Already Wallner [Wal94] transformed model checking for the modal
p-calculus to infinite Boolean equation systems, but did not derive a

finite representation.
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Chapter 10

Conclusion.

In this thesis we attacked model checking in the modal p-calculus.
The approach was an algebraic one: model checking was transformed
to solving Boolean equation systems and both problems have been
shown to be equivalent for both, models with infinite and with finite

state space.

10.1 Finite state space model checking

Equivalence to solving Boolean equation systems

Other people have reduced the model checking problem for finite state
spaces to solving Boolean equation systems. Further we have shown
the equivalence of both problems by a reduction which maps a model
checking problem to a Boolean equation system. With this result
any algorithm solving one of the problems also solves the other one.
Boolean equation systems as used here have a simpler structure than
the model checking problem: right-hand sides of equations are nega-
tion free Boolean expressions, the equations are ordered linearly, and
each equation 1s equipped with a minimality or maximality condition;
the logical modalities disappear, and the model is encoded in the equa-

tion system. Boolean equation systems are interpreted over complete
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lattices and results of lattice theory give support in finding new algo-

rithms.

Algorithms and complexity

There exist several algorithms which solve the model checking problem
for finite state spaces. However, they all have exponential time com-
plexity. The model-checking problem is known to be in NP N co-NP,
and 1t is believed that there exists an algorithm soving the problem in
polynomial time. But so far, no polynomial algorithm has been found.
Existing model-checking algorithms use various settings, and interpret-
ing all of them within one framework helped to get a clearer under-
standing. We introduced a new algorithm, similar to Gaufl elimination
for linear equation systems, in a global and a local version. It took
a long time to find an example where this algorithm has exponential
behaviour, i.e. the expressions created have exponential size. While
looking for it many examples occurred where the tableau method and
the approximation technique have exponential time complexity (and
also space for the tableau), but Gauf} elimination solves them in lin-
ear time and space. The difficulty in finding an exponential example
might indicate that the average complexity of the problem is much
better than exponential. Furthermore, we showed that complexity of
Gauf} elimination is independent of the alternation depth of a Boolean
equation system or a p-calculus formula (but depends on the structure
of the expressions). Approximation algorithms are exponential in the
alternation depth. Obviously, is not inherent to the problem that algo-
rithms solving it are exponential in the alternation depth. This gives
an argument, that there could be a polynomial algorithm combining

ideas of approximation and elimination approach.

Application

Fairness properties are quite difficult to express in the modal p-
calculus. Usually statements are restricted to the fact that the modal

p-calculus allows to express “infinitely often” and this is a necessary
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ingredient for fairness properties. We gave in section* 7 examples
which allow the derivation of a scheme for engineering “real” liveness
properties with fairness assumptions. Some fairness and liveness
properties can also be expressed in other temporal logics, such as
CTL*, but translation from these logics to modal p-calculus is for
all interesting logics exponential or even worse. Therefore it is useful
to formulate properties directly in the modal p-calculus and our

examples help with engineering of new formulae.

Other frameworks

Model checking in the modal p-calculus has already been treated in
other frameworks. We looked at them from the perspective of Boolean
equation systems and could show equivalences for automata-theoretic

and game-theoretic problems.

Automata theory

Mapping p-calculus formulae to automata already has a long tradition.
We were able to show a new result: the equivalence of solving Boolean
equation systems and the emptiness problem for alternating automata
on infinite strings over a 1-letter alphabet and parity acceptance con-
dition. The equivalence to model checking follows immediately with
results from chapter 5. In other work there are various reductions of
model checking in the modal p-calculus to automata-theoretic prob-
lems. However, all automata previously considered have been tree-
automata. There is a strong claim, that modal p-calculus expressions
correspond to tree-automata, and this idea has been transferred to
model checking work. Our result demonstrates that this is not a nec-
essary feature. No new complexity results follow directly from our
equivalence, but now also results of alternating w-automata may help

to find a solution.
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Game theory

We have shown the equivalence of solving Boolean equation systems
and graph games. In doing this we gave an answer to the open question
of whether graph games are reducible to model checking problems.
Game theory is an active area of research and there exist reductions of
graph games to e.g. simple stochastic game, for which there exists a
“subexponential” algorithm (2°V™) (see [Sti96]). There is some hope
that answers to open complexity questions in game theory will give an

answer to the complexity of the model checking problem.

10.2 Infinite state space model checking

Equivalence to solving Boolean equation systems

For the case of infinite state spaces we introduced infinite Boolean
equation systems and showed the equivalence of model checking in
the modal p-calculus and solving infinite Boolean equation systems.
Translating into game-theoretic terms, we also showed the existence of

history-free winning strategies for the case of infinite state spaces.

Algorithm

Analogously to Gauf} elimination for the finite case we derived an
elimination algorithm for infinite Boolean equation systems. Here,
the existence of history-free winning strategies was a crucial condi-
tion for representing infinite Boolean equation systems by finite, set
based Boolean equation systems. The algorithm is closely related to
the tableau method of Bradfield and Stirling [BS91, Bra92], but, like
in the finite case, avoiding redundancy of tableaux. The bottom-up
strategy for solving set based Boolean equation systems gave another
advantage: the complicated exploration of extended paths to deter-
mine success of a leaf is replaced by iterative function compositions
which seems to be easier treatable for an implementation.

Like in the tableau system there is a high grade of nondeterminism
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inherent in the elimination algorithm. The idea of making use of
knowledge about a system and a property to direct a proof is quite
attractive. If the supposed properties about a system and the system
do not coincide then the solution of the set based system constructed
will be false. This also immediately gives diagnostic information. It

would be interesting to try this approach with real world examples.
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Appendix A

Appendix

A.1 Proofs of Chapter 3.

Proposition 3.5 The solution of [¢] 8 is 6.

The solution of [(¢ X =f) £] ¢ is the lexicographically least
(wrt (6 X =f) &) environment 6y satisfying:

(1) f(61) =61(X) and

(2) 61 is the solution of [£]0[ X /61(X)].

Proof: Assume that o = p. The case o = v is dually.

(3) & = [E]10[X/0,(X)] from (2)

(4) 6(X) = F(€10[X/0(X)]) from (1)

() 6(X) > Nfala> f(EOLX/a)} from (3) and (1)
on the other hand for

(6) 0, = [E0[X ) uX.f(£]0)]

(1) o) = 601(X)

(8) 9’1 (X) > 0 (X) g: is lex. least env.

fulfilling (1) and (2)
O) 6(X) = pXf(€]0)] fom (5) and (8) [0
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Corollary 3.7 If [£]0 = 0’ then [€D]0' = ¢ for 1 < i< n.
Proof: Follows directly from proposition 3.5 |

Proposition 3.9 Let 0 X.f be afixpoint expression over a lattice (4, <)

and @ an arbitrary environment.

Then (0 X.f)(0) = ([E(cX.f)]0)(X).
Proof: For the proof of this proposition we need a property of Boolean
equation systems concerning the independence of equations with dif-

ferent variables.

Lemma 3.10 Let & and & be fixpoint-equation systems, such that

o [hs(&1) Nihs(E2) =0,

o Ihs(&) Nrhs(&Ex) = 0,

o Ihs(&) Nrhs(&E) = 0.

Then [£1][E5]60 = [£1E5]6.

The proof of proposition 3.9 is now by induction on the structure of
E.

e Assume vX.f is an unnested expression, i.e. E(vX.f) = vX.f, and

¢ an environment.

(wX.116)(X) = ([d0[X/vX [([]0))(X)
= (O[X/vX.F(O)D(X)
= WX.f)(6)

The same holds for unnested pX.f

e Now assume that o1 X1.f1,...,00X;.fi are the direct fixpoint sub-
formulae of vX.f (and by assumption the names of variables in
fixpoint expressions are unique, such that X; does not occur in
02 Xs.fa,. .., 00X fi etc.). Furthermore let for 1 <i <land S C A

[B(o: Xi fi)]0[X/S] = [10[X/S] = (0:.X:.fi)(0[X/5])

(X 710)(X) = (WX E()E@ X fr). . Bl X fi)]0)(X)
(WX E(N)E .. .a]0 )(X)
= ([&...&8)0 [X/VX.(E'(f)([g1 LLEIOD(X)
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= vX.(E'(f)([&...&]0)) (lemma 3.10)
= vX.(E'(f)([&].. . [&]0)
= vX.(E(NH(O[X1/o1X1.f1,. ., 00X fi))
= WX.f)(6)
Again the same holds for nested pX.f. d

Lemma 3.11 If ¢; < 05 then [£] 6, < [€] O5.

Proof: by induction.

For all 6; < 05 it is the case that [¢]6; = 61 < 62 = [¢] 05.

induction hypothesis: Assume that for all 8, < 5 it is [£]0; < [€] ba.

induction step:

(€16 < [£]6-
o X.f([€]101) < oX.f([€]62) g{ea;%nc:))t(o.ne)
h[X/oX.f([E]101)] < 6:[X/oX.f([E]01)] ( definition of <)
€10, X/oX F(E)0)] < [E)0aX/oX F(E]6)] (ind. byp)
[(cX=f) &6 < [(cX=F) &b (deﬁniﬁion) of .

Lemma 3.14 If £ ~ &, then £& ~ £E&s.
If 81 j 82 then 551 j 552
Proof: For the second part we show [(c X =f) £1]10 < [(¢ X =f) &] 0.

The lemma as stated follows then from iterative application of the

weaker statement.

[(cX=7) &]0 &]0[X /o X f([£]9)]
E0[X/oX . f([£]0)]
E)0[X/oX.[([£]0)]

(0 X =f) &]0.

IN A

[
[
[
[

The first part follows the immediately. a
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Lemma 3.16 If & < &; then also & =% &

Proof: by structural induction
Assume f < g. Then

[oX =110

01X/ (o X.F)(0)]
01X/ (0X.9)(0)]
= [oX=g]0

IN

Assume f < g and & < & with [£1]6 < [£] 6.

[(cX=F)&]0 = [&]0[X/cX [([&:]0)]
< [&]0[X/oX.g([61]0)]
< [&)0[X/oX.g([€:]0)]
< [&]0[X/oX.g([€:]0)]
[(cX=yg) &0 -

Lemma 3.18 If ([(U'X:f) 5]9)()() = ([(UXIg) 5]9)(}()
then [(eX=F) &0 = [(¢X=g) &]0.
Proof: Follows directly from proposition 3.5. |

Lemma 3.19 Let

o £=& (6 X=]) &,

e ([£]10)(X) =a, and

o &=& (6X=a)&.

Then [£]6 = [£]06.

Proof: Note that here we can not simply apply proposition 3.5 or
lemma 3.14, because the equivalence [(c X =f) &0 = [(¢ X =a) &]0
does not hold for all environments 6.

The proof is done by contradiction. We assume that for [£]0 £ 6] it

is 8] # 6; and derive an infinite number of subsystems of £ and &,

which must have different solutions.
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01 and @7 coincide in all variables which are not bound in &, or &’
respectively. Let n be the number of equations of £. Foralle, 1 <i<n
holds, [£(0]6; = 6;.
Now choose the first variable Y of var(€) (first with respect to the
order of equations in &), for which holds 6, (Y) # 61(Y), such that
for all previous variables #; and 6] coincide. Fix the 7 such that
E0) = (0, = ¢)&0HY  and &) = (0;Y = ¢)&'0+D,
6, = [W]g

= [(o:Y =g) €WV

= [ 0,[Y/0:Y.g([€9H] 61)]

0, = [,
= [(o:Y =g) &g,
= [&F0,[Y /0 Y. g€V 61)]

Hence, because 01(Y) # 61(Y) also
oY g([E0HD]01)] # o:Y.g([€70F1] 1)),

and therefore [£0+D] 0, £ [€/0+D] 9, = ¢/

On the other hand still #1(X) = a and also 6{(X) = a. Therefore we
can apply the same argumentation to E+1) 4, &0+ and ¢/, and so
on. Altogether we can derive that there must be an infinite number of

subsystems £ and £(") having different solutions relative to #;. O

Lemma 3.20 [81 (O’X = Cl) 82] = [81 82] 0 [X/Cl]
Proof: For all environments é we have [(cX =a)&2]0 = [E2] 0[X/a].
For some &£,&’ and all environments 6 let [£]6 = [£']6[X/a]. Then

[(cY=7) £]6 (€101 /oY [([€]6)]
= [EN0[X/allY/oY.f([T6[X/a])]
[(eY = f) £76[X/a]. O



150 Appendix A. Appendix

Lemma 3.21 Let

o 0 Z[& (cX1=f) (6Xa=F) E]0, and
o 0y Z[& (0Xa=fo) (6 X1=11) &]0.
Then 6; = 05.

Proof: follows from Beki¢’s theorem and the transformation from

nested fixpoints to fixpoint-equation systems in proposition 3.9. O

Lemma 3.22 If

e X is not free in fo,

e X5 is not free in fy,

o 0 = [& (1 Xi=11) (02 Xa=fa) &]0

o Oy Z[& (02Xo=F) (nX1=11) )0

Then 6, = 6-.

Proof: Straightforward application of the definition of the semantics
shows that

(1 Xi=Ff1) (02X2=1f2) £310 = (02Xa=f2) (o1 X1 = /1) E2]0

for all environments 6. Then lemma 3.14 can be applied. |

def

Lemma 3.23 Let

o 01 Z[& (uXi=11) (vXa=fa) &6, and

o 0 = [& (vXa=fo) (nX1=11) &0

Then it 1s #; < 05, and moreover, if the inequality is strict then
01(X1) < 02(X1) and 61(X32) < 62(X2).

Proof: According to lemma 3.14 it suffices for the first part of the
proposition to show that for all environments 6 1t is

[(pX1=f1) (W Xa=f2) E]0 <[(vXa=f2) (pXa=Ff1) &]0.

Let [(uX1=f1) (v Xa2=f2) &0 « 07. We know that

o fa2(0]) = 07(X2) (proposition 3.5),

o [(pX1=11) &]0) = 0] (lemmata 3.19, 3.20)
Due to proposition 3.5 these are the two properties which the solution
0, of [(vX2 = f2) (X1 = f1) &) must have, and furthermore the
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solution 6 is the lexicographic least one of those environments 6’
having these properties. Hence the solution 6% is lexicographically
lower or equal to 01, i.e. 05(X2) > 61(X2).

If 65(X3) = 07(X2) then applying lemmata 3.19, 3.20 shows that both

solutions must be equal.

0, = [(pXi=h) (wXa=[2) E]0
= [(wX1=11) &]0[X2/ 01(X2)]
= [(wX1=11) &]0[X/ 05(X2)]
= [(vXa=f2) (pX1=11) &) 0

If 0 (X2) > 0 (Xo) then 04 > 0} and 0 [X2/ 04(X2)] > 0[X2/0 (X5)]

and with lemma 3.11 also

0, = [(uX1=11) E)0[Xa/05(X2)]
< [(uXi=f1) E]0[Xa/ 01(X2)]
- 0. O

Lemma 3.24 Let
o 01 Z[& (uX=f) &)0, and
o 0y Z[& (WX =) &),

Then it 1s #; < 05, and moreover, if the inequality is strict then
gl(X) < HQ(X)
Proof: In order to prove the first part of the lemma and according to

lemma 3.14 it suffices to show that [(uX =f) &) 0 < [(v X =F) &]0.
[(pX=1) &0 = [E]0[X/nXo.[([€:]0[X/Xo])]

< [E]6[X/vXo.f([E2]0[X/X0])]
[(vX=F) &]0.

For the second part of the lemma assume that the solutions coincide at
X and show that then they must be identical. Substitute the solution
01(X) = #2(X) = a in the equation systems due to lemma 3.19 and

eliminate 1t with lemma 3.20:
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&1 (uX=f) &0 =

Lemma 3.25

([(eX=FiAfo) E]6)(Y) = ((eX=Fi A X') ("X =[2) E]0)(Y),
([(eX =11V o) E]6)(Y) = ((e X =iV X') (¢'X'=[2) E]0)(Y),

where X' is a new variable, i.e. (*) X’ does not occur on the right

hand side of £ or in f or fa, and (**) Y # X'.
Proof: by straightforward application of the definition of the seman-

tics.
((eX=f AX") (X' =f3) £]0)(Y)
(' X' =fo) E]0[X/aX.(f ANX)([(o' X" =f2) E10))(Y)
([(e'X'=12) €]

0[X/oX.(f1([(e'X"=f2) £]16) A X' ([(c' X" = f2) €]0))])(Y)
([(e'X'=12) €]

0[X/o X (L([E10[XY ) A XN([E101X" /o' X" 5 ([E]O)))D(Y)
= ([(o'X'=12) £]0[X /e X.(f1([£]10) Ao’ X" fo([E10)))(Y)
= ([0’ X'=r2) E10[X/o X.(f1([€]0) A F2([E]10)])(Y) ()
= ([(0'X'=12) E1O[X/o X.(fi A [)([E1O)])(Y) ()
= ([E]O[X/aX.(fr A L) ([E]ONXT/ . )(Y)
= ([E]O[X/aX.(fr A L2)([E]O)I(Y) (%) ()
= (eX=finf2) E]0)(Y)
The proof for V is analogous. a

Lemma 3.26 Let

[81 (O’Xl If) (O'Xzzf) 52]9

[E1[X1/Xo] (0Xo = [[X1/X5]) E[X1/X0]] 0
05[X1/05(X>)]

Then 91 = 92.

f
.9/2

f

o o
o o

o 0
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Proof: We will show the lemma for the case of ¢ = u. The other
case of ¢ = v i1s dual. Moreover the proof is done for & = e. The
generalization to arbitrary &; follows then by lemma 3.14 and 3.19.
For the proof here the alternative characterization of the solution of
a fixpoint-equation system in proposition 3.5 turned out to be more
suitable.

Show that 8, < 6;:

(1) 61(X1) = 61(X2) proposition 3.5

(2) 01(X2) = f(6r) proposition 3.5

(3) [E2[X1/X0]10, = [&]6, (1),(2), proposition 3.5
(4) [E2]60 = 64 corollary 3.7

Hence, with proposition 3.5, it is 85 < 6;.
Show that 6, < f:

(1) [E2]X1/Xa]]02 = 64 proposition 3.5
(2) 0:(X1) = 02(X2) by definition
(3) [E2]02 = B4 (1),(2), lemma 3.19
(4) f(02) = 02(X2) proposition 3.5
(5) [(pX2=f) &0 < b (3), (4), proposition 3.5
(6) Fl(uXa=1) E102) < f(b2) (5), monotonicity of f
(1) pXo f([(uXo=F) E]0:) < 02(X1) (2), (4), (6), Theo. 2.16
(8) 0:(X1) < 0:(X1) (7)
(9) [(nXo=1) E]0 < [(pX2=[) &0

(8) & proposition 3.11
(10) 0 =[(nX2=1) &0 < 0 (9), (5), prop 3.5

Proposition 3.30 Let £ be a Boolean equation system, X = f a
Boolean equation, ¢ an environment, b, = false and b, = true. Then

for the solution of a Boolean equation system holds:
[e]6 =46

[(eX=F) E10 = [E]101X / F(IETO[X/bo]) ]
Proof: Apply lemma 3.29 to definition 3.3. |
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Proposition 3.31 For each Boolean equation system & there exists a
Boolean equation system £’ in standard form and a renaming function
A, such that ([€]0)(X) = ([E']16)(A(X)), and & has size linear in the
size of £.

Proof: The transformation from a Boolean equation system & into
standard form is performed by introduction of additional variables
(proposition 3.25). The number of additional variables is linear in the
size of the right-hand side expressions of £. The size of the right-
hand side expressions of £’ is linear in the size of the right-hand side

expressions of £. Renaming does not influence the size. d

Lemma 3.35 ([£] 6)(X) = false iff ([E] )(X) = true.

Proof: by induction on the structure of £

([ 0)(X) (X

)
)
0)(X)
(X)

(X
[€]
[€]

induction hypothesis: ([[]] 0)(X) = ([E] 6)(X)
Show ([(1Y =[) €10)(X) = (I(vY =7) E]6)(X)

6
0

2y

—_— o~
~—

([(wY=1) €16)(X)

= ([T /FEI0Y ffals)])(X)  definition of semantics
= ([E]0Y/FIET O ffalse)])(X)  induction hypothesis

= ([E101Y/T([ETOD [alse]))(X)  complementation of ¢

= (100 /FIETOD [alse) ) (X)  de Morgan

= [E10Y/TIENO /false)])(X)  induction hypothesis

= [E100 /T (EN LY /rruel) (X) complementation of 8

= ([wY=7F) o)) definition of semantics ]
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Proposition 3.36 Given a Boolean equation system & and an envi-
ronment @ there exist Boolean equation systems &’ and £” with the

properties:

e &' isin conjunctive form,

o &' <&, and

o [E]0=1]&]6.

For £” the dual properties hold:

e &"is in disjunctive form,

o £">& and

o [E"6=1[E&]6.

For the proof of this proposition we need lemmata A.1 and A.2.

Lemma A.1 Given Boolean equation systems &, &, &> with the
properties:

(1) &1,&5 are in conjunctive form,

(2) gl S ga ‘(/‘2 S ga

(3) [&1] 0[X /false] = [£] 0 [ X /false],

(4) [E2]0[X/true] = [E€] 0 [X/true].

Then there exists a Boolean equation system &3 in conjunctive form,
such that £ < & and

o [E3] 60X /false] = [E] 6[X /false],
o [Es] 01X /true] = [E] [ X /true].
Proof: Assume
& = (1 X1=f) ... (enXn=Fn) and
&= (1 X1=g1) .. . (6n Xn=0gn).
Let 0, X;=f; be an equation of &, if ([£1] 6 [X/false])(X;) = true and
o1 Xi=gi, if ([€1] 0 [X /false])(X;) = false.
By construction of &3 follows
(5) [&1] 0 [X /false] < [E3] 6 [ X /false],
(6) & < &, and

(7) &s is in conjunctive form.



156 Appendix A. Appendix

From (3), (5), (6) and proposition 3.16 follows that

[E3] 0 [ X /false] = [£] 0 [ X /false].

We also know that [€2] 0[X/true] < [E3] 6 [X/true], because at the
variables where & and & differ &3 has the solution true for # [ X /false]
and hence also for 6 [X/true].

With (4) and (6) follows that [E3] 6 [X/true] = [E] 0 [X/true]. O

Lemma A.2 Given Boolean equation systems &, &, &> with the
properties:

(1) &1,&5 are in disjunctive form,

(2) &12&,& > €,

(3) [&1] 0[X /false] = [£] 0 [ X /false],

(4) [E2]0[X/true] = [E€] 0 [X/true].

Then there exists a Boolean equation system &3 in disjunctive form,
such that £ < & and

o [&s] 0[X /false] = [E] 6[X /false],

o [Es] 01X /true] = [E] [ X /true].

Proof analogous to the proof of lemma A.1 d
Proof of proposition 3.36: by induction

Here we assume that the Boolean equation system is in normal form,
i.e. each right hand side expression is either a conjunction or a disjunc-
tion of two variables. Then we have to investigate the equations which
have a disjunction as right hand side and show that we can select one

of the disjuncts preserving the solution.

[oX=(X;VX)l0 = 0[X/(XiVX;)(0[X/bo])]
= O[X/0[X/b,)(Xi) VO[X/bs)(X;)]
= 0[X/0[X/bs](Xi)]

(if (X v X;)(8') = true
then assume wlog X;(6') = true)

= [eX=X;]6.
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Now assume that for £, 8 there exists & such that [£] 6 = [£1] 6. Let

0, = 0[X/b,]
b = O[X/(XiVX;) ([E]0[X/bo))]

b5 = 6[X/b,], where true = false and false = true
[(oX=X:V X;) €16 = [€]0[X/(X: v X;)([€]6[X/bo])]

= [E] 01X/ (X v X;)([€]6,)]

= [£]0:

- )

We have to consider two cases:

(1) (X5 VX;)([€] 61) = bs, and hence 6 = 05. Then there exists &

such that [£] 6; = [&1] 6; for i = 1, 2.

(1) = [&EDO[X/(Xa v X5)([E]0[X/b])]
= [&101X/(X)([E] 0 [X/b])]

(as in the base case:
choose a disjunct which gives the correct result)

= [(eX=X))E]0

(i) (X; V X;)([€]61) # bo, and hence 85 = 03. Now there exists a
different equation system for either 6;, & with [£] 8, = [£1] 64

and 83 with [[g]] 93 = [[83]] 93.

Then due to proposition A.1 there exists &4 with [€4] 61 = [€] 61

and [£4] 05 = [€] 5. Hence

(x) = [E]OIX/(Xi Vv X5)([€a] 01X/ bo])]
[€a1 0 [X/(X:)([€4] 0[X/bo])]
(again choose a suitable disjunct)

[(cX=X;)E4] 0.

The proof for the dual fact, that there exists a conjunctive system

which has the same solution as £ works analogously.

d
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A.2 Proofs of Chapter 5.

Theorem 5.1 Let 0 X.® be a formula of the modal p-calculus, M =
(T,V) amodel and s; a state of T.

Then for all environments 6y, it is the case that

siEmoX.® iff ([E((cX=0),M)]0b)(X;)=true.

Proof of theorem 5.1: The mapping E is divided in three steps: the
first leads from a p-calculus formula to a p-calculus equation system,
the second to a equation system over the power space of the state
space, the last one to Boolean equation systems. For each domain we
give a semantics and show that in each case the problems to be solved
are reduced stepwise.

The first transformation, E,, leads from the set of y-calculus formulae,
uL to sequences of unnested p-calculus formulae, denoted by pLi*.
This transformation was already given and proved in definition 3.8 and
proved in proposition 3.9. Here we just present the transformation for
the actual scenario.

E, : uL — pLq™ is based on a mapping E/, and is defined as follows:

E.(Q) = e
E,(X) = ¢
E (®1A®y) = E,u(P1) Eyu(®s)
E (®1V®2) = Eu(®1)E.(P2)
E,([a]®) = E.(®)
E,((a)®) = E.(®

)
)

E,(cX.®
E(Q) = @Q
E/,(X) X
E/, (@1 ADs) = E,(®1)AE], (Do)
E, (01 V) = E, (P1)VE,(P)
E,([ad]®) = [dE,(®)
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E,(a)®) = (a)E,(®)
E, (0X.®) = X

From proposition 3.9 follows: s € | e X.® |y iff s € ([E,(cX.®)] V)(X).
Note that here we interpret the valuation function V' as an environ-
ment.

The second transformation, E g, maps a sequence of p-calculus formu-
lae to a fixpoint-equation system over the powerset of the state space.
Formally, this is the step from the logical formulae to their seman-
tic domain. Technically, we perform only a syntactical transformation
from logical variables to set variables, from the Boolean connectives V
and A to the set operations U and N, from the modal operators [a] and
(a) to set operators [a]” and (a)7 .

Let ¢ X.® be an unnested p-calculus formula and £ a sequence of
unnested p-calculus formulae. The transformation Exq : pLi* —

pP(S)" is based on a mapping E/\, and defined as follows.

Em(e) = ¢
Enl(0X.8)€) = (0X=Ej () Es(€)
Mm@ = V@)
" (X) X
E (<I>1/\<I>2) = Ey(®1) NE),(®)
Bl (@1 V®y) = Ey (@) UE, ()
B (a)8) = [ (By(@))
M(@®) = (a)T (B (@)
(O'X<I>) = oX=E\(?)

Recall that the semantics of a fixpoint-equation system was given in

definition 3.3. Here f denotes a monotone set function on P(8).
[e]V v

[wx=p &V = [EVIX/| S 8IS rIElvIX/sh)

[px=p €V = [EVIX/(USCSISC FIEIVIX/S)}
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Correctness of the transformation follows immediately from the defi-
nitions of the semantics: [(¢X.®) ]V = [(¢ X =E/,(®)) Em(E)]V
In the last step the isomorphism between the powerset of the state
space and a Boolean vector space allows to represent a set expression
as a Boolean vector expression and equivalently as a vector of Boolean
expressions. According to Beki¢’s theorem such a simultaneous fix-
point expression can be eliminated and substituted by a sequence of
simple fixpoint expressions. In addition the set operators [a]” and
{a)” can be eliminated by evaluation, because here each Boolean
expression describes a set expression at a particular state of the un-
derlying transition system and at each single state the set operators
can be evaluated easily.

Altogether the transformation function Ep : pP(S)" — pIB* maps
a fixpoint-equation system over sets of states to a Boolean equation
system. It refers to a set of functions {Eg 1, ..., Eg}, where n =|§|

is the size of the state space.

Egp(e) = ¢
En((0X=1)&) = (eXi=Ei())...(0Xn=En(f) En(&)

EBJ(S) - { :;Lljsee :eflséz “
Ep:(X) = X

Epi(A1UA2) = Epi(A1)VEp,;(A2)

Epi(A1NA2) = Epi(A)ANEp(A2)

Epi((a)”4) = \/ Emp;(4)

Epi([d74) = A Ep;(4)

The semantic of a Boolean equation system was already given in section
3.2. The environment 6y derived from the valuation V is defined as
above:

Oy (X;) = true iff 5; € V(X)

In order to show the correctness of the transformation Ep we have to
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prove for a set equation system & and a valuation V:

si € ([EIWV)(X) ift ([Em(E)]0v)(X:) = true.

The proof here requires Bekié¢’s theorem 2.24 for the transformation
of an n-ary simultaneous fixpoint to a nested fixpoint and the trans-
formation of a nested fixpoint to a fixpoint-equation system given in
definition 3.8 and proposition 3.9.

Altogether the transformation function E from a p-calculus expres-
sion and a model to a Boolean equation system can be composed by
the transformations E,, Exq, and Ep as defined above, and it holds:
E(®) = (Eg ocEa 0 E,)(®) where o is the usual composition of func-
tions, and from the correctness of these transformation with respect
to the semantics given we can conclude that

[E(eX.0)] Oy (X:) = true iff s; €]@]7. =

A.3 Proofs of Chapter 8.

Theorem 8.2 For a Boolean equation system E and an environment
6 it is ([€] 6)(X;) = true iff Ag o({a}, Se, Xi, peo, 2 ) i1s nonempty.
Moreover Ag ¢ has size of O(]£]).

Proof: In the following we often argue with automata which differ only
in their initial state, but coincide in the set of states Sg, the transition
relation pg ¢ and the accepting condition Q¢ ¢. Then we will explicitly
talk about the automaton Ag ¢ with initial state X;.

(*) Note, if we have an accepting run r of the automaton Ag ¢ with
initial state X; and a run »' of Ag g with initial state X, such that
every branch &' of v consists of a finite initial part by continued by a
branch b of r, i.e. b = bsb, then b’ fulfills also the acceptance condition
Q¢ ¢ and hence 7 is an accepting run of Ag » with initial state Xj;.

Now th proof is by induction on &.

([l (X:) = true
iff  0(X;) = true
iff pegla, X;) = true

iff  Acp with initial state X; has an accepting run.
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induction hypothesis: VX;, & of length n, 6 : ([£]0)(X;) = true iff
Ag o with initial state X; has an accepting run.

Show VX;, & of length n, 8,0, X, f:

([(eX=7) £10)(Xi) = true iff Aox=) ¢ with initial state X; is
nonempty.

(=)

case 1 ([(vX =) £]10)(X;) = true = ([E] O[X/ F(IE] 01X /true)]) (X:)

1.1 ([€] 0] X /false]) (X;) = true
Then there exists an accepting run r on Ag y4x/false) With initial

state X; and no node of r is labelled with X, because otherwise

this node would be a leaf and this branch not accepted.

The tree r is then also an accepted run of A, x=s) ¢4 with ini-
tial state X;, because Pe o[x /false] and p(, x=y) ¢ coincide on all
states different from X and no node of r is labelled with X.
Furthermore, if a run is accepted by QE,G[X/faIse]) then it is also

accepted by the “weaker” acceptance condition 2, x=f) ¢ 4-

1.2 ([€] 01X /false]) (X;) = false
(1) Then it must be the case that f([€] ]X/true]) = true, i.e. for
a satisfying set of f {X;1,..., X} it is that
([€] 81X /true])(X;1) = true for 1 <! < k. For each Xj; there is
according to the induction hypothesis an accepting run r;; of the

automaton Ag g[x/true] With initial state Xj;.

(2) We show now that there exists an accepting run rx on

A(vx=y) €6 with initial state X.

Consider a tree rx/ where the root is labelled with X and the suc-
cessors of the root are rj1, ..., 75 from (1). Let rxn be the tree
rx: where all leaves labelled with X are substituted by a copy of
rx:. Continue substitution of X-labelled leaves by rx: getting
finally the tree rx. It is easy to see that rx follows the transi-
tion function p(,x=s) £,¢ because it coincides on all r;1,... rjx
with pe g[x/true) O all states apart from X and at the nodes
labelled with X the sucessors are labelled with a satisfying set
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of f according to the transition function p(, x=) ¢,¢(a, X) = f.
It remains to show that the run rx is also accepted. Note that
each branch bx of rx consists either of a finite initial part fol-
lowed by a branch from some r;;, where 1 <! < k, in which no
node is labelled with X, or bx contains infinitely many nodes
labelled with X. In the first case bx is accepted by the fact that
each branch containing no X-labelled node which is accepted by
Ag g1x/true] With initial state X is also accepted by A, x=f) ¢,6
with initial state X;; and argument (*) above. In the latter case
bx is accepted by the acceptance condition €2, x=5) ¢ ¢, because

X 18 a v-variable and gets the least index.

(3) We finally have to show that there is an accepting run r on
A(vx=s) £,¢ with initial state X;. According to the assumptions
it must be the case that ([E] 0[X/true])(X;) = true and with the
induction hypothesis we know that there must be an accepting
run ' of Ag gix/true] With initial state X;. Now take the run
r’ and substitute each leaf labelled with X by the run rx from
(2). Tt is easy to see that rx follows the transition function
Pwx=f) ¢,4- Bach branch of 7’ containing no X and accepted bt
Qe o[x/true] Is also a branch of r and accepted by Q,x=f) ¢4-
All other branches are accepted by argument (*) above.
case 2 ([(X =) €10)(X:) = ([E] 61X/([E] 61X /falsel)]) (X;) = true
2.1 ([E] 0] X /false])(X;) = true

According to the induction hypothesis there is an accepting run r
on

Ag o[X /false] With initial state X;. No node of r is labelled
with X, since such a node would be a leaf of a not accepted
branch. Hence r is also an accepting run of A(,x—s) ¢ with
initial state X;, because p(,x=f) £9 and pg gx/fa1se] coincide
on all states apart from X and X does not appear in r.
Then €2, x=5) £¢ accepts every branch that is accepted by

Q¢ o[x/false]-

2.2 ([£] 0] X /false]) (X;) = false
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(1) Then it must be the case that f([€] 6[X/false]) = true, i.e.
there must be a satifying set {X;1,..., X;x} for some k € IV of
f such that ([£] 0[X /false])(X;;) = true for 1 <1 < k. Accord-
ing to the induction hypothesis for each 1 <1 < k there is an
accepting run rj; on Ag g[x/false] With initial state X;;. Since no
node is labelled with X each tree rj; is also an accepting run
of A(ux=r) £,¢ with initial state X;;, because the transition func-
tions pg g[x/false] a0d p(ux=f) £ ¢ coincide on all states apart from
X and €, x=5) £ accepts every infinite branch that ¢ g/x/false]

accepts.

(2) Show now that A, x=s) ¢ ¢ with initial state X has an accept-
ing tun rx. Let rx be the tree where the root is labelled with
X and the successors of the root are the trees r;q,...,7;; from
(1). Since {Xj1,...,X i} is an accepting set of f, rx follows
the transition function p(,x=s) ¢4(a, X) = f, which coincides
with pg g[x/fa1se] On all states other than X. With argument (*)
follows that rx is also accepted by A, x=5) -

(3) Tt remains to construct an accepting run r of A(ux=f) £, With
initial state X;. We know that ([£] #[X/true])(X;) = true and
according to the induction hypothesis there must be an accepting
run ' of Ag g1x/true] With initial state X; Let r be as v’ where
all leaves labelled with X are substituted by rx from (2). Note
that all branches of 7’ containing no X are also accepted by
A(ux=f) £,o with initial state X;. All other branches are accepted
by argument (*).

(«<=) We make use of complementation of Boolean equation systems

and alternating automata with parity condition.
Assume ([€] 0)(X;) = false, then by lemma 3.35 ([£] 0)(X;) = true and
according to the first part of the proof we know that Az 7 with initial

state X; i1s nonempty. The complementation of alternating automata

with parity condition is easy (see [EJ91]): the complement of Azz
with initial state X; is Ag ¢ with initial state X;, and if Az 7 has an

accepting run, then Ag 4 is empty. a
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Theorem 8.7 Player Il has a winning strategy for the game on G¢ with
initial vertex ¢ iff ([€] 0)(X;) = true. Moreover |Gg| = O(|€]).

Proof: It follows immediately from construction that the size of G¢ is
linear in the size of £.

(=)

Assume ([€]0)(X;) = true. According to lemma 3.36 there exists a
Boolean equation system &£’ in conjunctive form, where £ < £ and
and [0 = [€] 6. All conjunctions of £ are contained in &', but from
each disjunction of &£ there is only one disjunct in the corresponding
equation of &’. Consider the game graph Ge/. In every play on Ge:
player Il never takes a move, because there are no vertices labelled
with V.

We now want to show by contradiction that for the game on Gg: with
initial vertex labelled with ¢ player II wins every play. Then a win-
ning strategy for player II is to choose in every I-labelled vertex this
successor which 1s also contained in Gg.

Assume p is a play of Gg: with initial vertex ¢ which 1s won by player
I. Let j be the least vertex in lim(p). For each vertex in lim(p) it
must be the case that there is (at least) one of its successors in lim(p)
and also (at least) one of its predecessors. Moreover there must be
a subsequence p’ = vy, vy,...,v, of p, where vg = v, = j and v €
lim(p) \ {j} for 0 < j < n. We now want to show that in the Boolean
equation system &’ the variable X; has the solution false. Assume
J # false. Consider all equations ¢ X = fi in & where k is a vertex in
lim(p). We know that pX; = f;, the equation corresponding to vertex
Jj, 18 the least one with respect to < among these equations. Now
p’ defines a sequence of substitution steps (lemma 6.3) in &’: first the
equation corresponding to vertex v; is substituted into f; giving uX; =
fjl, then the equation corresponding to vertex vs into fj1 giving uX; =
sz and so on. After n — 1 substitution steps we have an occurrence of
the variable X; on the right-hand side of p.X; :f]n_1 and may apply
)

an elimination step (lemma 6.2). Because f](n_l can only consist of
a disjunction or a single variable the equation evaluates to p.X; =false

and it is the case that ([£']6)(X;) = ([£]¢)(X;) = false. The initial
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part of p defines a sequence from X; to the first occurrence of X; in p
and going this initial sequence backwards applying substitution steps
for constants (lemma 3.19) we get that ([£']0)(X;) = ([E])(X:) =
false which contradicts the assumption. For the case j = false we just
have to apply the last argument above and get the same contradiction.
(=)

The other direction follows by duality arguments. Analogously to the
first case of the proof we can show that from ([£]0)(X;) = false it
follows that player I has a winning strategy. Since only one of the
players can have a winning strategy and ([€] 6)(X;) must be either

true or false the proof is complete. a

A.4 Proofs of Chapter 9.

Theorem 9.4 Given an infinite Boolean equation system & =
oc1B1...0,B, and an environment 6 there exists an infinite Boolean
equation system &' = o1B]...0,B, such that & contains no

disjunctions on the right-hand side. In particular:

o If O'kX' = /\iEI

an equation in B3} of &'.

X; is an equation in block B; of £ then it is also

o If 0, X; = X; is an equation in block B; of £ then it is also an
equation in B} of £

o If o0 X; = \/ieI X; is an equation in block B; of £ and [ is
nonempty, then for some & € I the equation ¢, X; = X; is in block
B of £. 1f I is empty then o4 X; = false is an equation of B of £’

o [E]6=1ET6

Proof: by induction on the structure of £.

The argumentation here is similar to the one in the proof for the finite

case (proposition 3.36). There in the induction step we have to con-

struct one Boolean equation system based on two others (lemma A.1).

In contrast to the finite case here we have to construct one Boolean

equation system based on countable number of other ones. However,

the idea and technique is very much the same.
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base case: Let £ = € and # be an environment. Then &’ = ¢ fulfills the
requirements.

induction hypothesis: for each infinite Boolean equation system & with
fewer blocks than n and environment # we can find an infinite Boolean
equation system &£’ having no disjunctions with more than one disjunct
on its right-hand side and [£] 0 = [£'] 6.

induction step: assume that pB8 £ 1s an infinite Boolean equation sys-
tem, that for some index set I lhs(B) = {X; | i € I'}, and that 0 is an
environment. Then

1B €16 = [£101X1/uX1 B 0)

Now we proceed as follows:

Define

b0 = false!
bt = B([E] O[X /b

o \/ b

a<A

for o an ordinal, A a limit ordinal. By proposition 2.20, b = #* for some
&, and since the b* form an ascending chain in the product lattice B,
% 18 countable.
Climbing up the b* we first construct a system &’ having the same
solution as & for all §[X;/0%]. Then & and & also have the same
solution for the least fixpoint b, i.e. [E]O[X /0] = [€]0[X1/b]. Af-
terwards we construct a block uB’, also climbing up the 5%, such that
B([E]0[X1/6%]) = B([E] [ X1/b%]). Then we get also B([E] 0[X1/b] =
B'([€] 6] X1/b] = b The theorem follows then by application of the def-
inition of the semantic.
We first construct a system &’, such that
(1) [E] 0] X1/6%] = [E] 0] X1/b%] for all .
For this we use the fact that according to the induction hypothesis for
each « there exists an £/ having the required form and [€] [ X/6%] =
[€1101%1/b°].
The construction of & works as follows:
For a = 0 select all X € lhs(&) where ([€] [X1/0°])(X) = true. We
know that then also ([&(] [X1/5%])(X) = true. For each of these X let
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the equation o X = f’ from & be an equation of £ in the corresponding
block. Whatever the remaining equations of £ will be (they might all

be false, see 3.19), we have
(*) (IETLX/6°N(X) = true = ([E] [X1/6°])(X).
For each « select all variables X; € lhs(&) such that
([ET00X/6°F] )(X;) = true
([ETOLS /DN (X)) = false
and for all these X; let the equation o.X; = f; in &/, be an equation
of £, such that 0 X; = f; is contained in the corresponding block to
the one of £ containing o .X; = f;.
The argument now is by induction. Assume that for all other Xj
(having lower signature)
if ([E1 01X 1/6°)(Xk) = true
then ([E'T0[Xr/b%])(Xk) = true.

This is, because of monotonicity, for all 8 > «

it ([ET0[X1/0°)(Xk) = true

then ([E0[X1/6°))(Xk) = true,

Hence we know that for all these X}, where

([EL10)(Xk) = true = ([E] 0)(Xk) that also ([E'] 0)(Xs) = true.

With the base case (*) we can now conclude (1). (See also the argu-

mentation for lemma A.1 in combination with lemma 9.3).

Furthermore
if [€]01Xr/b°] = [€T0[X1/b7]
then B([E]0[X1/b%]) = B([ET0[X/bY]) = pott

From the above we also can conclude

(2) wXrB(IENO) = uX1 BT 0)

Next we construct pf3’ in such a way, that for each a
BIEDOLX1/6°)) = B/([€] 61X 1/6%)).

e Let each equation pX = A..; X; for some index set J in pf5 be

JjeJ
also an equation of pB’.
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If there is an equation in uBB of the form pX = X; or pX =V Xj,
where the disjunction contains only a single disjunct, then let uX =

X; be an equation of pf3’.

If there is an equation in pB of the form pX =\/,.; X; for some

JjeJ
index set J and there is one of the disjuncts true, then let ¢ X = true

be an equation of uB’.

For each equation uX = \/..; X; in pB8 where ([uB £]0)(X) =

X;, say Xj;, and let

jed
false choose any of the diSjliIEICtS from \/jEJ
#X = X; be an equation of uf3'.

In all other cases for X; € lhs(B) we have ([uB £]6)(X;) = true
and the equation for X; is of the form puX; = \/jeJXj for some
index set J. For each of these X, there exists an « such that
(01X /b)) (X;) = true and (0[X7/b°])(X;) = false. Select from
VjesX; a variable X, such that ([€]0[X7/b%])(.X;) = true and
let X = X; an equation in pf3’. Hence (B'([E] 6[X1/b%])); = true

according to the choice of X;.

It follows from the construction that
(3) B([EDO[Xr /b)) = B/ ([E] 0[X1/6H1])
Altogether we have then that

[1B €16 = [€160X1/nX; B(E]0)]

[€100X1/uX 1B ([€10)] (3)
[€160X:/nX, B([ET6)] (1), (2)
= [uB €76

The dual case for vB & works similarly. |

Lemma 9.9 Let

&1, &5, E3 be set based Boolean equation systems,
M,N, N CS8, where N C N’
assuming that for all j € J it is Y £ X
fwo= (S Npv) A NG, M, p),
Jjed

I = N\ Y Nie, i),

keK
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e = N\ Ok Neoy o) A NG, M, pp),
keK jeJ

e { an environment.
Then [& (ox (X, M)=fu) & (ov(Y,N')=fn) E] 0
= [& (ox (X, M) =[y) & (ov (Y, N')=fn) &E] 6.

Proof: Transform both equation systems to infinite Boolean equation
systems &4 and &s.
For m € M and n € N &, contains the equations

A Yon A/ X and

n€py (m) Jj€J te€p;(m)

UyYn = /\ /\ Yk,n’

kEK n'€pr(n)

UXXm

in &4. According to lemmata 9.3, 6.3 we can apply infinitely many sub-
stitution steps in the infinite Boolean equation system &4 substituting

all the Y}, and getting the new equation

oxXm = A A N Ve A AN X

n€py (m) kEK n'€pr(n) jeT tepi(m)
= A A Ve A AN X
k€K n'e(propy)(m) jeJtepi(m)
This is an equation of the infinite Boolean equation system &s. |

Lemma 9.10 Let

e & and & be set based Boolean equation systems,

M O-(X’M): (X,M,p) A /\

ier(Xi, My, p;) aset based Boolean equa-

tion,
e 0 an environment, and
o 0 E 8 (o(X, M)= (X, M, p) A gy (X0, M, 1)) 210
If o = v then ¢ = [&(a(X, M) = /\z’eI(Xi’ M;, pi o p*))Ea] 0.
If o = p and p is wellfounded then @ is as in the case for o = v,

if p is not wellfounded then & ((X, M)) = false.
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Proof: In a first step the set based equation system is transformed to

an infinite Boolean equation system, where the set equation
O-(Xa M) = (Xa Map) A /\(XZaMZapZ)
i€l

for s € M is mapped to a block ¢B containing the equations

oX, = /\XSIA/\ /\ Zi g1

s'€p(s 1€l s'ep;(s)

The equation

o(X, M) = /\(Xi,Mi,Pi °p”)
i€l
is mapped to a block ¢B* in an infinite Boolean equation system,

containing the equations

cX, = /\ /\ Zist

i€l s'e(piop*)(s)
We will abbreviate the (infinite) vector of all X; for i € I by X.
Let & = “ T(&) and & = “ T(&2). For the cases that p is wellfounded
or ¢ = v we have to show that [&] oB &5]6 = [& oB* &£]6 and
according to lemma 3.14 we just have to show the equivalence above
only for the case & = ¢, i.e. [oB &) 0 = [oB* £4] 0, and according to
the definition of the semantics it suffices to show that e X .B([£4] ) =
o X.B*([E]6)
Now we want to apply a substitution step to each X;:. For apply-
ing infinitely many substitutions within block o5 we need proposition
2.17(6) and lemma 9.3 rather than lemma 9.9.

cXs = /\ /\ X A /\ /\ Zz',s”) A /\ /\ Zi s

s'€p(s) s""€p(s’) i€l s €pi(s') i€l s'€pi(s)
= A Ken AN G a AN
s'€p(p(s)) i€l s €(piop)(s) i€l s'€pi(s)
B Y S
s'ep(p(s)) i€l s'e((piop)Upi)(s)

applying these substitution steps loga(n) times
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R Y S
s'e€p™(s)) i€l s'e(pso(pPUptU...pn=1))(s)
Let these equations be collected in a block B” for n € 27 m € IN
It follows from proposition 2.17(6) that [oB™ £5] 0 = [oB £L] 6 for all
B”.
Define

b oX.B([E]6
0 = [oBE]O
oY eX B (€] 0
TR Y

and it follows that
b = oX.B([E]L0)

With lemmata 3.19 and 3.20 it is the case that 85, = [oB] 65, and
b= B(#:0), and also 8, = [¢B*] 0%, and b* = B*(07,))

We abbreviate 5, [X/b](X;) by bs and 05, [X/B(0501)](Xs) by
(B(501))(X5), and analogously for b* and B*. Now we assume o = v.
It suffices to show that & = b* and for that purpose we show that

(1) vX.B*(0s01) = b and (2) vX.B(07,,) = b*

(1) implies that B*([£]40[X/b]) = b and hence b < b*,

(2) implies that B([£] 50[X/b*]) = b* and hence b* < b.

Show now v X.B*(50) = b

(1) Because in B* there is no free X; on the right-hand side, it is the
case that vX.B*(0501) = B* (0501)

If for B*(fs,) and an equation vX; = /\z’eI /\s'e(p,op*)(s) Zi s in B
we have that (/\;c; /\s'e(p,op*)(s) Z; 1) (8501) = false then there for some
Z; ¢ 1t must be that 0,,(Z; ;1) = false. Then we can find a B”, where
the equation for X, has this 7Z; ;v on its right-hand side and also
(B™(0501))(Xs) = false and hence we have also (v X.B"(0;4))(Xs) =
false and also (v X .B(f;4))(Xs) = bs = false. Therefore is b < B*(0;501).
(ii) Define 8 = true! and b*+tT = B(0,,[X/6]).

Assume that (v X.B(050))(X;) = false.
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Show that then also (B*(050))(X;) = false. Then there must be some
a such that b¥ = false and b1 = true. (a is called the signature of
X5.)

If & = 1 then there must be a Z; ,» for some 7 € I, s’ € p;(s), where
Os01(Z; s1) = false. But then it is also (B*(0:0:))(X,) = false.

If & > 1 then there must be a X7 for some s’ € p(s) with 05, (Xs) =
false and X’ having a signature o’ < «. Applying this argument repeat-
edly then the signature eventually reaches 0, and then we have a 7; ./
for some ¢ € I, 5" € (p;op™)(s), for some n, such that 0,0 (Z; ;+) = false.
Hence it is (B*(050))(X;) = false.

Altogether from (v X.B(0;50:))(X) = false follows that (B (0501))(Xs) =
false and hence B*(6,,) < b.

From (i) and (ii) we can conclude that B*(0;,) = b

When showing that 6* = B(6%,,) apply the same arguments as above
to 6%, instead of f;,. From (i) follows then that v X.B(6%,) < b*,
from (ii) that b* < vX.B(6%,,).

For the case o = u note that if p is wellfounded for each S € M there
exists some n € IN such that p"(s) = ) and the equivalence of B” and
B* follows immediately.

If p is not wellfounded then define 6° = false! and b2T!
B(0s0[X/b%]). Assume an Xy being true at the least fixpoint
and let a be its signature. For all s € p(s’) X,» must be true and
have a lower signature. Repeat this argument for X;». Because p is
not wellfounded we can find an infinite chain of decreasing signatures,
which is a contradiction.

d
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