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Abstract

This paper is an attempt to investigate the possibilities to link algebraicSaziheory
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1. INTRODUCTION

AFS theory was proposed by Xiao Dong Liu in 1995. Much relevant research was done
in recent years. AFS theory is based on AFS structures, a special kind of conddinat
objects, and AFS algebra, a family of completely distributive lattices.tA€&@y has

been applied to fuzzy clustering analysis, fuzzy classifiers desighe;np@gcognition

and hitch diagnoses, fuzzy cognitive maps, concept representations, fuzpndeees,
fuzzy identification of systems, credit rating analysis etc.

Word graph theory was developed from 1982 on at the University of Twente. The basic
idea is to describe words by graphs. The links, edges or arcs, are of tetkatriober of
types. The vertices represent units of perception and may correspond to both stnmple a
very complex concepts. Word graph theory has been applied to model expert systems,
decision support systems, as well as to describe texts. So word graphs alsoddisleng t
field of knowledge representation. It is this aspect that ties up knowledge giiéiphs w
AFS theory. In an earlier paper [1] the authors considered fuzzy concepts asd in thi
paper we want to investigate the relation between AFS theory and knowledge graph
theory further.

In Section 2 we will recall basic facts of AFS theory. Knowledge graphs ardigvaphs
will be discussed in Section 3. In Section 4 we will focus on the methods of finding the
basis of an El algebra In Section 5 we will shortly discuss hypergraphs. VYé&hovil in
Section 6 how word graphs can be embedded in the algebraic framework. Section 7
shortly discusses the linguistic link between the two theories.

2. El ALGEBRA

The El algebra is one of the AFS algebras which are a family of comypletibutive
lattices. It has been proven that the El algebra has a more gendvedialggucture than
the Boolean algebra.

Let M be a set of fuzzy or crisp concepts, we then consider
EM = {ZioA |AOM,i 01, lis any finite non-empty indexing set}.

A “standard” notation),in/A for the summation 8y + A, + ... +A,. The operation +
applied to two concepts, is to be interpreted as an “or’-operationCs@ifdC, are
conceptsC; + C; is a new concept which can be understoodzaf C, . A; denotes a
new concept coming from the operation of taking the union of elemehtswoé will
call this operation “and’A; + A; + ... + A; denotes a new concept formed by the
operation “or” between all the concepisi = 1, 2, .., |, that were formed by the
operation “and”.

For example, leM = {female, teacher, male, doctor, lawyer, worker}, then {female,
teacher} + {male, doctor} is an elementEf , namely the new concept of “female
teacher or male doctor” , which was formed by first the operation “and” on cencept



“female” and “teacher” , respectively “male” and “doctor”, and secoadfieration “or”
on concepts “female teacher” , and “male doctor”.

In [3, 4], onEM*an equivalence relatidRis defined, and we denoiM’/R asEM. Two
elements, are equivalent if

R oA, 2maB)) R = 0ill, O0j0 J, such tha®y O ByandUjdJ, L 01 such thaB; O A;.

It is easy to prove
Proposition 1: Let M be a setXq/A O EM, if A, O A, u, vl, uzv, thenXigA =
2ioLi»A, which means thafin/A andXio i»A are equivalent.

Definition 1: For anyXiniA, 2muB; O EM,
2ioA O 2500B; = 2unuCu (1.1)
an@inA O 209B; = 2inijosA OB (1.2)

HereU is the disjoint union of andJ. ForuJU, C,= A, if ulll andC,=By, if uJ J.
(EM, [, ) is called theel algebra overM.

Let M be a set of fuzzy or crisp concepts, then a great number of fuzzy concepts can be
expressed by the elementsEM and the fuzzy logic operations of them can be
implemented by the operationls [ of the completely distributive lattidei, 0, 0). If

n

()
attribute seM hasn elements, then there are more t@rﬁ:l(z ' =1) elements irEM

and each element can be interpreted semantically. A few fuzzy concbpiday a role
similar to the role of a basis used in linear algebra. The logic operations pkkigan

EM can be implemented by the logical operations expressed on a few fuzzy camcepts
M. Let us stress that the complexity of human concepts or attributes is typiciéct
result of the combinations of a few relatively simple concepts. We now cortsider t
definitions in [2] related with the base of an El algebra.

Definition 2: Let M be a setEM be the El algebra ové. S EM, (S, [, [) is called a
sub-algebra of (EM, [J, O)) if foranya, SO S (1) aOLOS (2) aOL0 S

Definition 3: LetM be a setEM be the EIl algebra ovéM, /A [0 EM. Then
(Me ={ Go (U,5rY) I IO A il Tis any indexing set) is a sub-algebr&M. (Mg is
called sub-algebra &M generated by /.

Definition 4: LetM be a finite set=M be the El algebra o¥l, D={ a1, a, ..., an} O EM
a1, o, ..., an are callecEl independent if Oa; O D, a; (DY ai}) g), otherwisea, @, ...,
an are calledEl dependent.



Definition 5: Let M be a finite setS[0 EM, Sa sub-algebra &M, A 0 S, N={ ¢, &>,
..., an}, then/is called a base @if 1) (Neg =S 2) oy, o>, ..., a, are El independent.

3. WORD GRAPH THEORY

In [1] the authors studied fuzzy concepts against the back ground of knowledge graph
theory. In that theory concepts are represented by graphs, the verticeshoarehi
concepts themselves. The links between the vertices are of a restrictea atitypes,

like EQU(al) for two synonyms, ALI(ke) for similar concepts, SUB($at)describing

the (material) part-of relationship, etc. As in [1] we will not distinguyges, as our main
goal is to relate suahord graph or concept graphs with the algebraic structure discussed
in Section 1. As an example, that we will also discuss later, we considered the concept
“credit”. In the appendix we give 10 definitions, as found in internet and also for each
definition adefinition graph. Combining these 10 definition graphs into one gives the
concept graph for “credit”.

The concept is fuzzy in that not all definitions are the same. Words occurringt & leas

times are: vi reputation(5 times) vz opinion(2 times)
Vo trust (5 times) Vg promise(2 times)
vz others(3 times) Vo payment(2 times)
v4 confidence(3 times) Vip goods (2 times)
Vs person (2 times) vi; esteem(2 times)
Ve buying(2 times) vi2 honor(2 times)

Restricting the concept graph to these 12 vertices gives the disconnected digjineof

1.
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(v

Figure 1: combined definition graph for “credit”

The rather diverse definitions yield a somewhat unsatisfactory grapliemdy v; and
vz, “reputation” and “opinion” and use the warg opinion. We also identify, andv,,
“trust” and “confidence” and use the worg trust. Then we identifys andvg, “buying”



and “payment” and use the worgl payment. Of the other concepts we only kegp
“promise” and relate it twg, payment, to obtain Figure 2.

We have added three double links, using our personal view. The trust in the promise,
made by the person, is based on the opinion, that others have on the person. In Section 6
we will see that also the concepts on which the opinion is based can be included in the
discussion.

others
trust @ opinion

payment promise

\@ person

Figure 2: transformed combined definition graph

4. FINDING A BASE OF AN EI ALGEBRA

Let M be a finite setEM be the El algebra dfl, then two lemmas and two algorithms for
finding the base of a given sub-algebrd&bf are the following:

Lemma 1: Any two elements generate a sub-algebra which contains at most 4 elements
Lemma 2: The elements dEM that also belong tM must be in any base BM.

Algorithml: Finding a base of a sub-algebra
1: Initialize the seBto contain all the elements EM andB=1[1.
2: If Scontains more than two elements, then:
Form the bas® by selecting two elements and a» randomly inS, B:= { oy,
a.} and apply the operations!’ [ in EM. If some new elementgs, as, which
differ from these two elements and are contained imare generated, then
updateSwith S= S\{ ;, a, a3, as}.
Else
the bade =S go to End.
3: Repeat
Select one elemermi, randomly fromSand add it td3, B:= B 0{ ak}.
Apply the operations of generating a sub-algebra (Definition 8 lfyany new
elementa; also belongs t&, then updat&with S = S\ { &;}. If any new element
ai also belongs t8, then updat® with B: = B\ { ay}.
Until S=0 orB=S
End.



From this algorithm we can see that it is possible that the startingrétemaend a, can
eventually be deleted from the bd&eThis algorithm can find one base but not all the
bases.

Algorithm 2a: Finding all the bases of a sub-algebra
1. Initialize the seSto contain all the elements M. Initialize the listL of bases as
L=0.

2. List all the sets which contain two element$Saind put them int®: P = {ps, p2, ...,
pn}-Apply the operations[], [' to each paip; = {pi1, piz} of two elements , and add
any new elements; anddg. to pi, sori = {pi L{ di1, gi2}}. Then form setR, R = {ry,
r2, ..., 'n}.

3. Initialize B=1.

If there is a se® of melements {1, ., ...an} in Swhich also belong t¥, then
B:=Bl S =%, by Lemma 2. Apply the operationS,"TI" in all possible ways to
all elements irB.

If B generate&M, then
B is a base, which, also by Lemma 2, is minimal. This base is
the only base, put it intb, go to End.

Else update by deleting all the pairs which are generated by the elemeBts of

4. For each combination of element®axtendB with the elements of the sets
corresponding to the chosen elemgntd the combination and with the elements
generated b. Apply the operations of generating a sub-algebra (Definition 8) by
If EM is generated, then the elements originally contain@dand the elements from
Spotentially form a base, that can be addeld to

5. From the list. of potential bases remove those that contain another potential base in
L.

End.

Algorithm 2a can find all the bases, of course including the minimum base. This
algorithm is using “brute force”, in particular in step 4. Before describmgra
sophisticatealgorithm we want to discuss the following points.

First, if all one element sets generate the algebra, then they form 8pasanma 2 this
is a minimal base that is contained in any potential base as considered in step 4. Hence
these potential bases are not bases, because the elements are not nécesparibent.

Second, it is possible there are more than one base for a sub-algebra, we are more
interested in finding minimal bases than in finding all bases. This strongly sugmgests
consider a procedure in which bases are grown by addition of single eleByents

Lemma 1 two elements generate a sub-algebra of 2 or 4 elements. In caseethere a
single—element sets in the algebra that have to be chosen in the base, due to the binary
character of the operatiohksand[], the procedure has to start with considefmghe set

of pairs. A paimp; generates a sgt Addition of a third element, not i, top; means that

then we consider three elements and three pairs are considered epadepanating a

setr. The elements of the three setgenerate another sub-algebra, that might be the



whole algebra, in which case the three considered elements form a base etéhrents.
If not, extension with a fourth element, not in any of the threer seés be considered

4
leading to(zj =6 pairsp with corresponding sets etc.

Third, we want to point out that a graph-theoretical problem can be formulated, the
solutions to which correspond with the bases we are looking for. We only consider the
case in which there are no single element sets. (If there are there sentedslifficulty
introduced). We represent the elementB ak the vertices of one class of a bipartite
graph and the elements of tBealgebra as the vertices of the other class. A veriex
connected to the elementsrinOur problem then is to find sets of vertideslinked to all
vertices of the other class, the pairs of elements of which jointly form an mikspeset

of elements in the algebra. We will not pursue this line of reasoning, but willleacr
second algorithm to find all base without using the idea of potential base.

Algorithm 2b: Finding all the bases of a sub-algebra

1. Initialize the seSto contain all the elements &EM. Initialize the listL of bases as
L=0.

2. List all the sets which contain two element$Saind put them int®: P = {ps, p2, ..

Pn}.

3. Initialize B=1.

If there is a se® of melements {1, a», ... am} in Swhich also belong t¥, then
B:=Bl S =%, by Lemma 2. Apply the operations of generating a sub-algebra
(Definition 3) byB.

If B generate&M, then
B is a base, which, also by Lemma 2, is minimal. This base is the
only base, put it intd, go to End.

Else
upd&tey delete all the pairs which are generated by the
elements oB.
4. For each elemeptin P, Do

Putp; into B, soB := Bp;. Apply the operations of generating a sub-
algebra (Definition 3) b¥. If any new elemendy also belongs t8,
then updat® with B: = B\ { ai}.If they generat&EM, then the
elements contained B form one base, put it inloas a new element.

For each two elemergs p; in P, Do

Putp;, p; into B, soB := BOpLIp;. Apply the operations of generating a

sub-algebra (Definition 3) b. If any new elementy also belongs t8,

then updat® with B: = B\ { ai}. If they generatd&M, then the elements

contained irB form one base, put it infoas a new element.

For all the pairs iR, Do



PutP into B, soB := BOP. Apply the operations of generating a sub-
algebra (Definition 3) b¥. If any new elementx also belongs t8, then
updateB with B: = B\ { ai}. If they generat&M, then the elements
contained irB form one base, put it infoas a new element.

End.

5. HYPERGRAPHS

Definition 6: A hypergraph H = (V, &) consists of a sat of vertices and a s& of
hyperedges, nonempty subsets & [5]

A graph G =V, E) consists of a set of vertices and aEsef pairs of vertices, called
edges. A hyperedge can be any nonempty sub&étsof also a single vertex can be a
hyperedge. Hypergraphs are also cafi#dystems. ComparingV with the seM of an El
algebra, the subsets fcan be seen as hyperedges of a hypergraphvvih vertex set.

We want to establish a map between the elements of the El algebra anddphserget
M be a finite set, and leEM, [J, [)) be the El algebra &fl. The elements &M can be
cast in a standard form using only theperation. We map the elements>.i;,A; of EM

to hypergraptd (M, &), and eacld; is corresponding to one hyperedge.

Examplel: M ={1, 2, 3, 4},a=A, + A,={1, 2, 4}+{2, 3}O EM, £={{1, 2, 4}, {2,
3}}, then the elementr in EM can be mapped to the hypergr&iiM, &). Ay = {1, 2, 4}
is corresponding with hyperedge {1, 2, 4} aldwith {2, 3}.

In analogy with the operations in the El algebra we formally define the foljptwo
operations on hypergraphs.

Definition 7: LetH; (V, &) andH; (V, &) be hypergraphs, then
Hi (V, & O Hi(V, §) =H(V, &),
where&, ={e|le=el g ,0g0& Ug 0} and
Hi(V, &) OH;(V, &§) =H(V, &),
whereé& = &0 §.

Corresponding with Proposition 1, we give the Proposition 2:

Proposition 2: LetH (V, &) be a hypergraplg, 0§, if & 0 & then
H(V, & =H(V, &), where&' = &\ &.

Example2: £={{1, 2, 4}, {2, 3}}, &'={{3}}, then H(V, & OH(V, &) =H(V, &),
where&” = {{1, 2, 4}, {2, 3}, {3}}={{1, 2, 4}, {3}}, by proposition 2.



H(V, & OH(V, &) =H(V, &), where&E""={{1, 2, 3, 4}, {2, 3}} = {{2, 3}}, also by
proposition 2.

In this way the operations on the El algebra are simply translated to operations on
hypergraphs.

6. RELATING El ALGEBRASWITH WORD GRAPHS

Having established a direct correspondence between EI algebras and ipysengea
now describe how word graphs can be represented as hyperedges of a hypergraph.

Recall thatM was seen as a set of attributdew, let us look at another example. Mt
be a set of some simple attributes. FowaH >i;)A 0 EM, a has a well-defined
semantics. For example, suppose that the simple attributésaiea as followsm, =
male,m, = female mg = salary highm, = old, ms = high fortune. Letr = {my, mg, my} +
{my, my, mg} + { mp, mg} + { My, mg} IEM. a can be considered as a description of a
complex attribute “credit” (interestingly enough, this complex conceptasédit”
implies that there could be different individuals coming with different combinatibns
the simple attributes). This attribute is what we referred to in Section 3iafdrahe
opinion.

We could see the attribute détas the vertex set of a graph without edgdss a
concept set, but a word graph is a more general structure as vertices, tipéscanee
also linked by an edge detLet G(V, E) be the word graph, then we interpret bdtand
E as concepts and consider

M=VOE

as the hyperedge of a hypergraph. Note thEi(\fy £), £ may contain the hyperedye
This is the situation that we are considering for the word graph. Any subgrdph of
word graphG is also a subset ™ and therefore also a hyperedge on the basiél sete
the appendix.

The operation§landl] on elements of the El algebra have corresponding operations on
hypergraphs.

Let us now consider a combined definition graph of a concept. Each of the definition
(word) graph of a concept used in its construction can be seen as a hyperedgeton the s
M of vertices and edges of the combined definition graph. The El algebra generated by
these subsets ™M has elements that are corresponding to graphs or to pairs, triples, etc.
of graphs. A minimal base of the algebra determines a set of concepts, wirsl Tinase
word graphs correspond to words that form a natural ontology for describing the
combined definition. This also holds in case for a certain knowledge graph, degaribin
certain field, one or more ontologies, sets of words, are used. The describetidrattsla

an El algebra enables to find a most appropriate ontology.



7.DISCUSSION

The AFS framework provides an effective tool to convert the information in training
examples and databases into membership functions and their logical operations, and the
membership functions and their logical operations are determined by algoritbeasdra

the distribution of the original data.

Theoretical studies and their applications show that the AFS framework is a new
approach to knowledge representation and inference that is essential tebiggnt
system. It offers a flexible and powerful framework for representingahudtnowledge
and studying large-scale intelligent systems in real world applications

In this paper we are not so much interested in the fuzzy aspects. Of course, the concept
“credit” is a fuzzy concept in the sense of our earlier paper[1]. The frequevithes

which vertices and edges occur in the definition graphs determine a naturalrstembe
degree with respect to the basicMetEvery word graph and its corresponding

hyperedge, i.e. set of vertices and edges, has a natural membership functewaythi

Our interest lies primarily with the remark in the paper of Wang and L.ithfat “by this
approach AFS theory can be used to study natural language”. In Sectionréady al
mentioned the example= {my, mg, my} + { my, my, me} + { My, mg} + { My, mg} JEM,

that could be considered as a description of a complex attribute “credit’nlelsraent
of an El algebra on the gt of attributes. A graph theoretical interpretation of a set of
attributes is a graph consisting only of vertices. We quatemans the concept: man
who is old and whose salary is high or a man who is old and with high fortune or a
woman whose salary is high or a woman with high fortune”.

The attributes man, woman, high salary and high fortune do not occur in our combined
definition graph for “credit”. It is clear that there is a difference initkerpretation of

the concept. Each of the four combinations of the four attributes is considered to “define”
credit. But “woman with high salary” for example niet what is meant with “credit”.

What is clearly meant in [2] is that credit can be given to a woman with higly.salar

high salary is a basis for the trust that one can have in payment. A more pregisis anal
should be given to incorporate this into the knowledge graph of credit.

This can be done by “expanding” the concepts occurring in the combined definition
graph. This means that, for example, the vertex with name trust is replacedhy a
graph of “trust”. One of the links may be to a concept that has a causal relatioritbhip wi
trust. If this concept is salary, the expansion brings “salary” into the exgpharuid

graph of “credit”, and, via the hyperedge, into the realm of the El algebra. i§teere
“pars pro toto” construction. A part of the knowledge graph for “credit” is used to talk
about “credit”.
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APPENDI X
The 10 definitions of “credit” found are the following:
1. A reputation for sound character or quality; standing.
2. Influence based on the good opinion or confidence of others.

3. Reputation for solvency and integrity entitling a person to be trusted in buying or
borrowing.

4. To confide in the truth of; to give credence to; to put trust in; to believe.
5. Reliance on the truth of something said or done; belief; faith; trust; confidence.

6. Reputation derived from the confidence of others; esteem; honor; good name;
estimation.

7. That which tends to procure, or add to, reputation or esteem; an honor.

8. Influence derived from the good opinion, confidence, or favor of others; interest.
9. Trust given or received; expectation of future payment for property tratsferrof
fulfillment or promises given; mercantile reputation entitling one to be truspgdied to

individuals, corporations, communities, or nations; as, to buy goods on credit.

10. Credit refers to the ability to obtain money, goods or services in the presast aga
the promise to pay for them in the future.

We now list the 10 graphs, restricted to the 12 concepts mentioned in Section 2:

G @ reputation Y Gpinion@ — @ others
confidence
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Gs: reputatlor@ @ person 4:® trust
trust @ ’ payment

Gs: @ trust confidence & Gther@ — confidence
@/ reputation

V10 goods Vi1 esteem vi2 honor

Gr: @ reputation @ esteem@ honor

Gg: other — opinion &reputatio - trust
O © Co—()

promise payment
confidence buying —@ goods

Gio: promise — payment

goods

These definition graphs can also be seen as hyperedges. The vertex seftpairtjragh
H=(WM, §is:

M = {v1, V2, Vi3, Vs, V5, Vs V7, Vg, Vo, V10, Vi1, Va2, {V1, Vo}, { V1, Via}, { V2, Vio}, { V3, Va}, { Vs,
vz}, { Va, vz}, { Vs, Va}, { V6, Vao}, { Vs, Vo), { Vo, Vio}}-

The hyperedges i are:

& ={va}, & ={Vs, V4, V7, {V3, Va}, { V3, V7}}, & = {V1, V2, V5, Vi, {V1, V2}, { V2, Vio}, { Vs, Vo}},
& ={Va}, & = {Vo, Va}, & = {V1, V3, Va4, V10, Va1, Va2, {V1, Va}, { V3, Va}}, & = {Vv1, V1, Vag},
& = {V3, Va, V7, {V3, vz}, { V4, V7}}, & = {V1, V2, V6 , Vg, Vg, V1o, {V1, V2}, { Ve, Vig}},

&10 = {Vs, Vo, V10, {Vs, Vo}, { Vo, V1o}}.
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